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NOTES FOR CONTRIBUTORS 


I, GENERAL 


1. Submission of a paper to the Journal of 
the Physics and Chemistry of Solids will be taken 
to imply that it represents original research 
not previously published (except in the form of 
an abstract or preliminary report), that it is not 
being considered for publication elsewhere, and 
that if accepted, it will not be published else- 
where in the same form, in any language, without 
the consent of the editor-in-chief. It should deal 
with original research work in the field of the 
physics and chemistry of solids. 

2. Papers should be submitted to the appro- 
priate regional editor (all English-language papers 
to be sent to the U.S. editor). 

3. Papers will be published as quickly as possi- 
ble after acceptance, and, subject to space being 
available, should appear in the following issue, 
if this is due for publication not earlier than three 
months after the acceptance date. Short com- 
munications under the heading of “Letters to the 
Editor” will receive priority for publication, and 
will be published in the issue following receipt, 
if accepted not later than the beginning of the 
month preceding publication. 

4. Fifty free reprints of each paper are sup- 
plied. Additional copies can be obtained at a 
reasonable cost if ordered when proofs are 
returned. A reprint order form will accompany 


first proofs. 


II. SCRIPT REQUIREMENTS 

1. Papers submitted should be concise and 
written in a readily understandable style. Scripts 
should be typed and double spaced and submitted 
in duplicate to facilitate refereeing. 

It will be appreciated if authors clearly indicate 
any special characters used. An abstract, not 
exceeding 200 words, should be provided in 
the language of the paper. French and German 
papers should be submitted with English abstract 
and titles, but if this is not possible the abstract 
will be translated by the publishers. To conserve 
space, authors are requested to mark less important 
parts of the paper, such as details of experimental 
technique, methods, mathematical derivations, 
etc. for printing in small type. The technical 


description of methods should be given in detail 
only when such methods are new. Authors will 
receive proofs for correction when their papers are 
first set; page proofs will be sent-gnly when the 
amount of alteration makes it advisable. 

2. Illustrations should not be included in the 
typescript of the paper, and legends should be 
typed on a separate sheet. Line drawings which 
require redrawing should include all relevant 
details and clear instructions for the draughtsman. 
If figures are already well drawn it may be possible 
to reproduce them direct from the originals, or 
from good photo-prints if these can be provided. 
It is not possible to reproduce from prints with 
weak lines. Illustrations for reproduction should 
normally be about twice the final size required. 
The lettering should be sufficiently large and bold 
to permit this reduction. Photographs should only 
be included where they are essential. 

3. ‘Tables and figures should be so constructed 
as to be intelligible without reference to the text. 
Every table and column should be provided with 
an explanatory heading. Units of measure must 
always be clearly indicated. The same data should 
not be published in both tables and figures. The 
following standard symbols should be used on line 
drawings since they are easily available to the 
printers:©O,@,+,X,0, BBA, A, O, 0 V7.9: 

4. References are indicated in the text by 
superior numbers in parentheses, and the full 
reference should be given in a list at the end of 
the paper in the following form: 

1. Hitt R., J. Iron St. Inst. 158, 177 (1948). 
2. Pearson C., The Extrusion of Metals, p. 
Chapman and Hall, London (1944). 

Abbreviations of journal titles should follow 
those given for Physics Abstracts. It is particularly 
requested that authors’ initials, and appropriate 
volume and page numbers, should be given in 
every case. 

Footnotes, as distinct from literature references 
should be indicated by the following symbols—*, f, 
t, [f, commencing anew on each page; they should 
not be included in the numbered reference system. 

5. Due to the international character of the 
journal no rigid rules concerning notation and 
spelling will be observed, but each paper should 
be consistent within itself as to symbols and units. 
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Abstract—The energies of the lowest-lying levels of the direct exciton in germanium and the in- 
direct excitons in germanium and silicon have been calculated in the effective-mass approximation 
by a variational procedure. These energies are compared with the experimental values obtained 


from optical absorption experiments. 


1. INTRODUCTION 
EFFECTs attributable to the formation of excitons 
have recently been observed by a group at R.R.E.® 


in the optical absorption spectra of both silicon 
and germanium and by a group at Lincoln 
Laboratory®) in the spectrum of germanium. 
These observations allow values of the binding 
energy of the lowest-lying exciton states to be de- 
termined. The values found are in rough agree- 
ment with estimates made by DressELHAUS®) on 
the basis of an effective-mass approximation for 
the exciton. 

The description of exciton energy levels by 
means of an effective-mass approximation was 
first proposed by WANNIER™) and developed by 
him for the case of simple valence and conduction 
bands. DressELHAUS®) has reformulated this 
treatment and extended it to cover the cases in 
which the band extrema are degenerate and occur 
at arbitrary points in the Brillouin zone. It follows 
from this work that the degeneracy of the valence- 
band edge in germanium and silicon leads to a 
description of the exciton system in these sub- 
stances by a set of coupled differential equations 
which are very similar to the equations describing 
acceptor impurities in germanium and silicon.) 
These equations have recently been solved by a 
variational method.* ” We present in this paper 


A 


the details and results of a similar calculation of 
the exciton energy levels. The direct exciton states 
have a degeneracy similar to that found in the 
acceptor states.) This degeneracy is partially lifted 
for the indirect excitons as the electrons bound in 
these states are associated with several equivalent 
conduction-band minima with anisotropic mass. 
A detailed group theoretical discussion of these 
excitons is given here by a method which is general 
and could be used in more complicated cases. 

In germanium two types of exciton have been 
observed, one type being produced by direct 
optical transitions and the other by indirect optical 
transitions involving the creation or annihilation 
of a phonon. We shall refer to these as direct and 
indirect excitons respectively. In silicon only in- 
direct excitons have been observed. We shall limit 
our considerations to these three cases. 


2. THE EXCITON HAMILTONIAN 

The exciton consists of a hole in the valence 
band close to k = 0 bound to an electron close to 
a conduction-band minimum at wave-vector k 
k-. In both germanium and silicon the valence 
band is threefold degenerate at k = 0 when spin 
is ignored, and when spin is taken into account the 
sixfold degenerate band is split by spin-orbit 
interaction into a fourfold and a twofold band with 
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the fourfold band uppermost. The conduction 
bands have only spin degeneracy, and since we shall 
not take into account the spin-orbit interaction be- 
tween the electron and hole, we may ignore the 
conduction-band spin and take the bands to be 
non-degenerate. 

The wave-function of an exciton at the exciton- 
band minimum may be written: 
(2.1) 


“I wf i 
VP nel e,Th) p> F nke(T vol Th here( Te) 


t 
where wicx(1e) and dbo(Th) are the Bloch functions 
for the conduction- and valence-band edges, re is 
the position of the electron, rp that of the hole and: 


fr = fe—Th. (2.2) 


The 7 summation runs over the degenerate valence- 
band states at k = 0, and the subscript m denotes 
the internal state of the exciton. The functions 
Fhe.(r) describe the relative motion of the electron 
and hole. 

We are going to classify the exciton states group 
theoretically, so we require to know the group of 
transformations under which the exciton Hamil- 
tonian is invariant. The Hamiltonian consists of a 
sum of three terms representing the electron—hole 
interaction energy and the effective-mass kinetic 
energies of a hole close to k = 0 in the valence 
band and an electron close to k = k; in the con- 
duction band. The presence of the kinetic-energy 
terms in the exciton Hamiltonian requires that the 
transformations applied to rg and r», must be con- 
tained in the symmetry groups associated with the 
points k = k, and k = 0 respectively. Further, 
the interaction energy depends on the electron- 
hole separation |r|, and this term is maintained in- 
variant only if the transformations simultaneously 
applied to the electron and hole co-ordinates r, and 
rp, are identical. We therefore have the result that 
the group of the Hamiltonian includes those 
operations in which a transformation contained in 
the intersection of the groups of the k-vectors of 
the valence-band maximum and the conduction- 
band minimum is simultaneously applied to the 
electron and hole co-ordinates. For the cases we 
shall consider, the group of k,, G say, is either 
equal to that of k = 0 or is a subgroup of it, so 
that the required intersection is just the group G 
itself. 

Now consider the transformation properties of 
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the exciton wave-function (2.1). Under the oper- 
ations of the group of the Hamiltonian, it is clear 
that the wb! (rn) and ycx.(t'e) are basis functions for 
representations of the group G, the former func- 
tions generating a representation corresponding 
to the point k = 0 and the latter a representation 
associated with the point k = k,. It remains to 
consider the effect of these operations on the 
functions Fn,z,(r). These functions satisfy a set 
of coupled differential equations derived by 
DreEssELHAUS®), which are defined as follows for 
the case of germanium and silicon. The valence 
bands are described for small values of k by the 
well-known 6X6 matrix given, e.g., by Koun 
(Ref. 5, equation (8.4)) and which we denote by 
H(k), while the conduction-band energy is repre- 
sented by H*(k—k,). We take the interaction be- 
tween the electron and hole to be of the Coulomb 
type modified by the static dielectric constant 
xk, ie. —e2/xr. Then the Hamiltonian for the 
relative motion of the electron and hole is: 


? 


:, es ; 
HE? je(-iv)- - |ou—15(-1¥) 
(2.3) 
where Y/ is the gradient operator in r-space, and 
the Fn,,(r) satisfy the set of equations: 


KY 


Ente nec(?)- (2.4) 
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It is clear from the definition (2.2) that under 
the operations of the group of the exciton Hamil- 
tonian r experiences only the rotational parts of 
the operators of G, since the same translation 
applied to r, and r, cancels when the difference is 
taken to obtain the transformed value of r. The 
Hamiltonian (2.3) for the relative motion of the 
electron and hole is therefore invariant under the 
operations of the point-group, Go say, isomorphic 
with the space-group G, these operations being 
applied now to the co-ordinate r. Hence, under the 
operations of the group of the total exciton Hamil- 
tonian, the wave-functions Fie.(r) for the relative 
motion are basis functions for representations of 
the point group Gy. However, space-group irre- 
ducible representations corresponding to the 
point k = 0 can be formed from those of the iso- 
morphic point-group by associating a factor unity 
with the translational part of the space-group 
operation whose representation is required.) The 
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functions Fy,,(r) therefore form a basis for a k = 
0 representation of the space-group G, where it is 
important to remember that the transformations 
of this group are applied not to the co-ordinate 
r but to the co-ordinates rz, and rp. 

We have shown that under the operations of the 
group of the exciton Hamiltonian the three com- 
ponents of the exciton wave-function (2.1) form 
bases for representations of the group G of the 
wave-vector of the conduction-band minimum, 
the first two components generating representa- 
tions corresponding to the point k = 0, and the 
third component giving a representation associated 
with the point k = k,. The transformation proper- 
ties of the total exciton wave-function ‘Vnz,(fe, Tn) 
are determined by calculating the direct product 
of the three representations. 

We now consider the form of the Hamiltonian 
for the relative motion of the electron and hole for 
each of the three cases in which we are interested. 


(a) The direct exciton in germanium 

For the case of germanium the splitting between 
the fourfold and the twofold degenerate valence 
bands is about 0-3 eV, which is about 300 times 
the observed exciton binding energy. We may 
therefore neglect the contribution to the exciton 
wave-function from the twofold degenerate band. 
Hence we take just the upper left-hand 4x 4 part 
of the matrix H%(k), which describes the full 
valence-band structure in germanium for small 
values of k, and denote this 4x 4 matrix by H)(k). 

The conduction band is spherical for small 
values of k and its energy is: 


where m* = 0)-037m is the effective mass, and is 
known from magneto-absorption measurements, 9) 
m being the free electron mass. We are measuring 
energies from the valence-band edge, so that Eo 
is the energy gap at k = 0, 1.e. the direct energy 
gap. Substitution of these expressions for H°(k) 
and H°(k) into (2.3) gives the Hamiltonian for the 
relative motion of the direct exciton in germanium. 
The binding energy of the exciton in state n is 
Eo—Eno. 

The Bloch functions for the four degenerate 
valence bands at k = 0, ice. pt (r) ¢= lI, 2, 3, 4, 
form a basis for the irreducible representation 
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I+ of the full cubic double group,“ while the 
conduction-band Bloch function y¢o(7r) transforms 
as I‘, neglecting spin.7”) We use the notation for 
irreducible representations given by BOUCKAERT 
et al.23) and ELttiotr“*), and we shall also make 
use of the tables in these two articles. We note that 
the product of Bloch functions in (2.1) transforms 
like gf is =T-, which is a four-dimensional 
irreducible representation. To obtain the repre- 
sentation by which the total exciton wave-function 
transforms, "> must be multiplied by the appro- 
priate representation for Fno(r), whose nature we 
consider in Section 3. 


(b) The indirect exciton in germanium 

The conduction band in germanium has minima 
at the zone edges in the (111) and similar directions. 
The indirect exciton consists of an electron in the 
conduction band at one of these minima and a hole 
in the valence band at k = 0. The constant-energy 
surfaces close to the (111) direction minimum are 
ellipsoids of revolution about the (111) direction, 
and it is convenient to take a Cartesian co-ordinate 
system (1, 2, 3) in which the 3-axis points along 
this direction. For k close to k,, the conduction- 
band energy is then: 


He(k—k,) = Eg+ — (Ak? + Ak?) +—Ak3 (2.6) 
2m 2m; 

where m; = 1-60m and m, = 0:0813m are known 

from cyclotron-resonance measurements and AR= 

k—k,; Eg is the minimum energy gap between the 

valence and conduction bands—the indirect 

energy gap. 

For H°(k) we can again neglect the contribution 
to the exciton wave-function from the twofold 
degenerate valence bands and take just the upper 
left-hand 4 x 4 block of the complete valence-band 
matrix. The co-ordinate axes (x, y, 2) for H;j(k) 
are normally taken in the crystal directions (100), 
(010) and (001). For the indirect exciton Hamil- 
tonian it is more convenient to apply to H{(k) a 
unitary transformation which alters the reference 
axes to (1, 2, 3). We denote this transformed matrix 


by H,,(k). Substitution of the above valence- and 
conduction-band Hamiltonians into (2.3) gives the 
exciton Hamiltonian. In state m the exciton binding 
energy is Eg—Enpz,, where the Enz, are the eigen- 
values of this Hamiltonian. The energy levels of 
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the excitons with wave-vectors corresponding to 
the other conduction-band minima are degenerate 
with the Ey,.. 

The Bloch functions at k, form bases for the 
irreducible representations of the symmetry group 
L, which is a subgroup of the full cubic group [. 
The L representations corresponding to k = 0 and 
k =k, are different, and we must therefore dis- 
tinguish between them by quoting the k-vector. 
relation and L 


The compatibility between I? 


representations 1s: 
PL, (0)+-L;(0)+L, (0). 


L+(0) is two-dimensional and L*(0) and L*(0) are 
both one-dimensional, being degenerate by time 
reversal. The conduction-band Bloch function at 
k, transforms as the scalar representation L,(k,), 
so that the product of Bloch functions in (2.1) 
transforms either as Lv(Re) +L(Re) or as 1 (Re). 
Apart from accidental degeneracy, the exciton 
states in this case cannot have a degeneracy greater 


than twofold. 


(c) The indirect exciton in silicon 

In silicon the experimentally determined bind- 
ing energy of the indirect exciton is about 0-01 eV, 
which is about one-third of the estimated spin- 
orbit splitting of the valence bands at k = 0. The 
twofold degenerate valence bands may therefore 
make a significant contribution to the exciton state. 
On account of this one should use the complete 
6x6 valence-band matrix H%(k) in forming the 
exciton Hamiltonian. However, this leads to rather 
have therefore 


lengthy computations, and we 


carried out calculations in two extreme limits, 
firstly proceeding as in the case of germanium and 
considering only contributions from the top four 
valence-band states (infinite spin-orbit splitting), 
and secondly taking the spin-orbit splitting to be 
zero, which corresponds to neglecting the valence- 
band spin. 

The conduction-band minima in silicon lie in 
the (100) and similar directions inside the first 
zone. Near the minimum in the (001) direction 
situated at k 


are ellipsoids of revolution about the (001) direc- 


k,, the surfaces of constant energy 


tion, the energy being given by: 


he 1 
He(k—k) = Eg-+—(Ak?+ Aki) +— 


2m 2m, 
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where m; = 0-:98m and m =0:19m are known 
from cyclotron-resonance measurements, and the 
co-ordinate axes (x, y, 2) are defined in Section 
2(b). 

Assuming infinite spin-orbit splitting, we take 
for the valence-band matrix in (2.3) the matrix 
H;(k) defined above. The Bloch functions at k, 
now form bases for irreducible representations of 
the A subgroup of the full cubic group, the con- 
duction-band Bloch transforming as 
Ai(k-). The A representations corresponding to 
k = 0 and k = k; are not identical, so we display 
the k-vectors of the representations in parenthesis. 
The compatibility relation between ye and A group 


function 


representations is: 
-Ae(0)+A7(0). 


If we assume zero spin-orbit splitting, we must 
take for the valence-band matrix in (2.3) the 3x3 
matrix which describes the valence-band edge in 
the absence of spin-orbit coupling) and which 
we shall denote by H,(k). In this case the three 
degenerate valence-band Bloch functions at k = 0 
form a basis for the full cubic group representation 
I’;;. When the symmetry group is restricted to A, 


this representation decomposes as follows: 
l,,>A,(0)+A5(0). 


Since the conduction-band Bloch function 
transforms as the scalar representation, the sym- 
metry character of the product of Bloch functions 
in (2.1) is the same as that of the valence-band 
Bloch functions alone, except that the k-vector of 
the representation is changed from zero to k,. The 
exciton states again cannot have degeneracy greater 
than twofold. 


3. THE VARIATIONAL PROCEDURE AND TRIAL 
FUNCTIONS 

In none of the three cases is it possible to solve 
equations (2.4) exactly for the Fy,,(r), and we 
therefore adopt a variational procedure taking 
trial functions for the Ft. Much labour can be 
avoided by a suitable choice of trial functions, and 
we construct our trial functions by using the method 
of SCHECHTER”). We write the Fi,.(r) in a column 
matrix which we note by Fy,,(r), and we take as 
trial function for this matrix a linear sum of 
column matrices, the coefficients in the sum being 
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variable parameters. This is the Ritz—Rayleigh 
variational procedure. We are most interested in 
the ground state of the exciton for each symmetry 
type, and we expect that the functions Fn,,(r) will 
be dominated by a term of s-like symmetry for 
such states. However, the form of the exciton 
Hamiltonian suggests that there should be some 
admixture of higher angular-momentum states. 
For example, without these higher states one 
effectively neglects the fluted nature of the valence 
bands. Now the exciton Hamiltonians are even 
under inversion, so that they do not mix states of 
different parity. Hence the functions included in 
the ground-state trial function must all be even 
under inversion. After the s-term we expect that 
terms of d-like symmetry will be the most impor- 
tant, and in fact we shall not include in the sum 
matrices of higher angular momentum than d. 
Taking only the s-term in the trial function, the 
Fre) will transform like scalars, and hence the 
total exciton wave-function as given by (2.1) will 
transform in the same way as the product of valence- 
and conduction-band Bloch functions. For ex- 
ample, in the case of the direct exciton in ger- 
manium ‘Y'no(fe, Tn), Where refers to the ground 
state, must transform like ea When matrices of 
d-like symmetry are included in the trial function, 
these matrices must be such that Wn (r-., rp) still 
transforms as I’,. This fact enables us to restrict 
the number of d-terms which need be included in 
the trial function. The number of such d-terms 
may be determined as follows, still taking the 
direct exciton in germanium as an example. Under 
the operations of the cubic point-group, the five 
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exp(—7/’2)+¢4 


SILICON 


angular-momentum d-functions form a basis for 
the point-group irreducible representations corre- 
sponding to [jz and I'5;- Hence, using terms of d- 
symmetry in the trial function, the F) (r) form a 
basis for the irreducible representations I'j2 and 
I3, of the full cubic space-group. We emphasize 
again that the transformations of this group are 
to be applied simultaneously to r, and rp, not to r. 
It follows that the products of three functions 
appearing in the exciton wave-function (2.1) form 
bases for the following representations: 


(Tyo +135) 


Ys = 2rg+l5)+3Py. 

The representation ['- occurs three times in the 
reduction of the direct product. This shows that 
there are three different matrices of d-symmetry 
which can be included in the trial function for 
Fno(r) such that the total exciton wave-function 
has [~ symmetry. 

The actual determination of the d-type matrices 
can be carried out by standard group theoretical 
methods involving the use of projection operators, 
or by a simpler method described by SCHECHTER). 
For the radial parts of the trial functions we take 
exp(—r/r1) for the s-terms and exp(—r/r2) for the 
d-terms. We consider the algebraic form of the 
trial functions separately for the three cases in 
which we are interested. 


(a) The direct exciton in germanium 

The number of d-terms in the trial function has 
been determined above, and the complete function 
is found to be: 





exp(—?/72). 
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Here the four c’s are variational parameters and 
also r; and re. The last matrix in the sum is not 
coupled to the s-matrix by the exciton Hamilton- 
ian, but only to the other d-matrices, so that its 
effect on the exciton binding energy is small. There 
are, of course, three other functions similar to the 


above, but since they are degenerate with it they 


need not be considered. 

We note that an exciton state of this type can be 
produced optically, for the matrix element govern- 
ing such transitions contains the ground-state 
wave-function of symmetry I’; and the gradient 
operator transforming as I’}5, so that the final state 
lis 
for the matrix element to be non-zero. The elec- 


wave-function must transform as I) x Is: 


tron spin function must now be included and trans- 
forms like Dy,2 of the rotation group, so that 
the total exciton wave-function has symmetry 
D2 x Diez =P o+Tist+l 20. This contains T's, so 
that optical transitions into this exciton state are 
allowed. 


(b) The indirect exciton in germanium 

We have shown above that the products of 
valence- and conduction-band Bloch functions in 
this case form a set of basis functions for L7(hc)+ 
Le (Re) +L 6 (Re). The angular-momentum d-func- 
tions can be used to form a basis for the irreducible 
representations L;(0)+2L3(0). The products of 
these two sets of functions therefore form bases for: 


[L1(0)+2L9(0)] x [L7(ke) + Li (Re) +15 (Re)] 
3[Lj (ke) +L (ke)] +715 (Re). 


There are therefore three matrices of d-symmetry 
which can be included in the trial function for the 
Ly (Re) + L2 (Re) exciton and seven such matrices 
for the case of the L¢(k-) exciton. We shall not 
exhibit here the actual form of the trial functions, 
but will confine ourselves to giving the result of the 
variational calculation below. It is easily verified 
that both these exciton states can be excited by in- 
direct transitions involving either of the two 
acoustical phonons at the L symmetry point, but 
not the optical phonons. 


(c) The indirect exciton in silicon 

(i) Infinite spin-orbit splitting. There are two 
twofold degenerate exciton levels having symmet- 
ries Ag(k,) and A7(k,). The angular momentum 
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d-functions can be used to form a basis for 


Ax(0)+ Ao(0)+ A5(0)+ A5(0). We have: 
[A1(0)+A2(0)+A5(0)+A5(0)] x [Ae(Re) +Ar(Re)] 
5A6(Re) + 5A7(Re) 


so that for each exciton there are five d-matrices 
having the correct symmetry properties for in- 
clusion in the trial function. Either of the two 
types of exciton level can be excited by indirect 
transitions involving any type of phonon in the A 
symmetry direction. 

(ii) Zero spin-orbit splitting. The two exciton 
levels are a singlet A‘(k,) and a doublet A5(k-). 
Now: i 


[A1(0)+ Ao(0)+A5(0)+A5(0)] x [A5(Re) + As(Re)] 
2Ai (Rc) + 2A) (Re) + Ao(Re) + 2A5(Rc) + 4A5(Re) 


so there are two d-type matrices for the Aj(R-) 
exciton trial function and four such matrices for 
the As(k,) exciton. Either exciton level can be 
excited by indirect transitions involving any type 
of phonon in the A symmetry direction, with the 
one exception that the Aj(k,) level cannot be 
excited by a transition involving the longitudinal 
acoustic phonon. 


4. RESULTS 

Minimizing the energies, corresponding to the 
various trial functions, with respect to the para- 
meters cj, 2 1,2... m,7r, and rg involves finding 
the minimum latent root of a certain nxn deter- 
minant (whose elements are functions of r; and rg) 
which can be produced by variation of r; and re. 
This minimization procedure was carried out 
numerically in each case on the R.R.E. electronic 
computer. The results are shown in Table 1 for 
germanium and Table 2 for silicon. 

For the direct exciton in germanium the calculated 
binding energy of 0-0014 eV is only about 10 per 
cent larger than the value obtained by taking only 
the s-part of the trial function, so that one would 
expect the inclusion of higher angular-momentum 
states than d-states to produce a negligible increase 
in the binding energy. This value agrees reasonably 
with the R.R.E. experimental value of 0-0011+ 
0-0001 eV, but is in disagreement with the Lincoln 
Laboratory value of 0-0025+0-0004 eV. However, 
both of these values may be in error; the R.R.E. 
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Table 1. The binding energies of excitons in ger- value was obtained from an analysis of the absorp- 
manium, using both s-type and (s+d)-type trial tion spectrum appropriate to a material having 
functions and band parameters quoted by Koun®), simple band edges, the error quoted here merely 
and the corresponding values of the variational para- being due to a scatter in the values obtained at 
meters 11 and ro. different temperatures; the Lincoln Laboratory 

value was obtained more directly, but from a speci- 
Pie =| men in a state of strain which has been shewn to 
porn ‘ influence considerably the value of the energy 

| (eV) gap."6) This strain resulted from the difference in 

thermal contraction of the thin slab of germanium 

ee | 0:00127) 350 and the glass mounting to which it was cemented. 
unction . ee 4 : 
Direct exciton—s- and d- | 0-00138| 320 220 2 n cooling to a reaoromes ca" pet whens 
type functions | orm isotropic strain in the plane of the germanium 

m slab is thus set up. In the presence of a strain of 

Indirect exciton—s-type | 0-00244 | | this type, the valence-band degeneracy at k = 0 is 
function — | lifted, giving two valence-band edges and corre- 
Sainte aad | SHEN spondingly two groups of exciton states. At 

d-type functions : 

"(Lt +L) sufficiently small values of k, the surfaces of con- 

Indirect exciton—s- and | 0-00288| 150 stant energy for the two valence bands are ellipsoids 
d-type functions | of revolution about the direction of the slab nor- 
L; mal, being prolate ellipsoids for one band and 

: oblate ellipsoids for the other. If we assume that 








Table 2. The binding energies of the indirect excitons in silicon, using both s and (s+d)-type trial functions 
and band parameters quoted by KOHN"), and the corresponding values of the variational parameters ry 
and ro for both zero and infinitely large spin-orbit coupling and for both positive and negative values of the 

effective mass parameter (L—M).@°) 





Binding 
energy 


(eV) 








| 


s-type function | 0-0120 


0-0132 


s- and d-type functions 
0-0137 


0-0145 
s- and d-type functions (L—M)>0 


Zero s.o. coupling 


0-0133 





s-type function (L—M)S0 0-:0120 | 





0-0130 


s- and d-type functions (L—M)<0 
0-0124 


0-0124 
s- and d-type functions (L—M)>0 


Infinite s.o. coupling 


0-0130 











| 
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the splitting between the bands at k = 0 is large 
compared with the exciton binding energy, then it 
is this region of ellipsoidal energy-dependence 
which is important in determining the hole effec- 
tive mass for use in the exciton wave-equation. 
Taking the conduction-band effective mass at k 

0 to be unaltered by the strain, the exciton func- 
tions Fy o(r) then satisfy an equation similar to 
that for a donor state in germanium or silicon, and 
the ground-state binding energies can be calcu- 
lated by the same method as has been used for the 
donor problem.@” It is found that the excitons 
due to both bands have approximately the same 
binding energy of about 0-0013 eV. Since the 
measured value of the valence-band splitting in 
the Lincoln Laboratory experiments was 0-005 
eV,18) the exciton binding energy is as large as 
one-quarter of the splitting, so that the assumption 
on which the above estimate is based is not very 
well satisfied. However, the calculation indicates 
that the difference between the binding energies 
observed by the two experimental groups is not 
likely to be entirely accounted for by the strain in 
the Lincoln Laboratory specimen. 

As for the accuracy of the calculated binding 
energy, we may note that a similar theory applied 
to the ground states of acceptors in germanium‘) 
gives a binding energy which is about 20 per cent 
smaller than that measured experimentally, and 
the discrepancy is thought to be largely due to 
breakdown of effective-mass theory in the immedi- 
ate vicinity of the impurity atom. However, the 
mean radius of the direct exciton wave-function in 
germanium is almost ten times that of the ground- 
state acceptor wave-function, so that effects due 
to the breakdown of effective-mass theory when 
the electron and hole are close together would be 
expected to be correspondingly smaller. Further, 
for the exciton there is no distortion of the lattice 
analogous to that introduced by the inclusion of 
the impurity atom which renders the effective- 
mass theory less accurate for the case of an 
acceptor. A better agreement between the calculated 
and experimental results for the direct exciton in 
germanium might therefore be expected. 

For the indirect exciton in germanium, the cal- 
culated ground-state binding energy is 0-0035 eV, 
and an excited state lies above this by an energy 
0-0006 eV. The two binding energies represent 
substantial increases over the values obtained by 
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using only an s-type trial function. Experimentally, 
the R.R.E. value for the ground-state binding 
energy is 0-0027+0-0004 eV, with an excited state 
at 0-0010+0-0001 eV above this, while for the same 
quantities Lincoln Laboratory measures 0-00334 
0-0004 and 0-0010 eV, respectively. The reported 
ground-state binding energies are therefore con- 
sistent with a value of about 0-0030 eV, and the 
splittings between the two levels agree at 0-0010 eV. 
There is fair agreement between experimental 
and theoretical values for the ground-state binding 
energy, but for the splitting between the two levels 
the calculated value is significantly lower than that 
measured experimentally. We note that the 
energies calculated with the present trial functions 
are larger than the values of 0-0025 and 0-0033 eV 
calculated by the Lincoln Laboratory,(?: 1 using 
the trial function exp{—[a?z?+ b?(«?+-?)]}. 

For the various cases considered for the indirect 
exciton in silicon, the inclusion of the d-states in 
the trial function produces at most an increase of 
about 20 per cent over the binding energy found 
by using only an s-type trial function. The calcu- 
lated ground-state binding energy is about 0-012- 
0-014 eV, and the excited state lies above this by 
about 0-0005-0-0012 eV. These results are to be 
compared with the values measured at R.R.E. of 
about 0-01 eV for the binding energy, and 0-0055 
eV for the splitting. The agreement between the 
calculated and observed ground-state binding 
energies is fair considering the uncertainty in the 
latter, but the agreement between the splittings 
is so bad as to suggest that the excited state observed 
experimentally is not that whose energy we have 
calculated. 

The mean radii of the indirect exciton wave- 
functions are smaller, particularly in silicon, than 
that of the direct exciton in germanium, and, on 
the basis of the above remarks concerning the 
breakdown of effective-mass theory when the 
electron and hole are close together, we should 
expect the calculated values for these indirect 
exciton binding energies to be less accurate than 
the calculated binding energy of the direct exciton 
in germanium. However, the mean indirect exciton 
radii are larger than the ground acceptor state 
radii in the same semiconductor by a factor of about 
three, so that the accuracy of the exciton calcula- 
tions would be expected to be correspondingly 
better. 
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For each of the three types of exciton there is 
fair agreement between the measured and calcu- 
lated values of the ground-state binding energies. 
A more detailed comparison of theory with experi- 
ment must await more accurate experiments on 
silicon and a reconciliation of the two experi- 
mental groups whose differing observations of the 
direct exciton in germanium we have discussed. 
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FLUCTUATIONS 


Résumé—On étudie les fluctuations d’aimantation des substances ou plusieurs types d’ions mag- 
nétiques sont simultanément présents. 

On détermine d’abord au moyen d’une forme locale de |l’approximation de champ moléculaire, 
l’intensité des fluctuations correspondant 4 chaque vecteur d’onde. On montre en particulier que 
les résultats obtenus au-dessous du point de transition se raccordent exactement, aux basses tem- 
pératures, avec les formules rigoureuses déduites de la théorie des ondes de spin. On envisage ensuite 
la relaxation des fluctuations dans le domaine paramagnétique, et plus particuliérement les phé- 
noménes de “‘relaxation lente’’. 

On retrouve les phénoménes connus d’opalescence critique, mais avec des anomalies de comporte- 
ment qui ne se rencontrent pas dans les cas les plus simples envisagés antérieurement. Certaines de 
ces anomalies sont observables par diffusion magnetique des neutrons. 

Le calcul de ces effets est présenté en détail pour la magnétite, ot l’on doit décomposer les ions 
magnétiques en six sous réseaux. On montre également que pour |’opalescence critique des anti- 
ferromagnétiques, la relaxation est lente, et la distribution de fréquences Lorentzienne: ceci provient 
d’un effet de freinage thermodynamique, et ne se relie pas 4 une diffusion de spin comme dans les 
ferromagnétiques. 


Abstract—This paper deals with fluctuations in magnetization in substances in which several types 
of magnetic ions are present simultaneously. 

First, by means of a localized form of the molecular field approximation, the intensity of fluctua- 
tions corresponding to each wave vector is studied. It is shown, in particular, that the results obtained 
below the transition temperature agree exactly at low temperatures with the rigorous formulae de- 
duced from the theory of spin waves. Next, the relaxation of fluctuations in the paramagnetic range is 
considered, particularly the phenomena of “‘slow relaxation’’. 

Critical opalescence phenomena are found, but they show important differences in behavior 
from what is known from the simple situations considered up to now. Some of these anomalies may 
be observed in neutron-scattering experiments. These effects are worked out numerically for mag- 
netite, where six non-equivalent sublattices have to be considered. It is also shown that for anti- 
ferromagnets the relaxation of the critical fluctuations is slow, and, that their frequency spectrum is 
of the Lorentz type. This is a thermodynamic effect and is distinct from the spin diffusion effect 
familiar in ferromagnets. 


1. INTRODUCTION d’aimantation. Les parametres phénoménologi- 


Des anomalies de la diffraction des neutrons au 
voisinage de certaines réflexions de Bragg ont été 
mises en évidence dans différentes substances 
ferro-(—®), antiferro-(7-®) ou ferrimagnétiques®—)©) 
pour des températures proches du point de 
transition. 

L’analogie entre ces phénomenes et |’opalesc- 
ence critique des fluides a été remarquée par VAN 
Hove, et il les a attribués a des fluctuations 


ques introduits par lui a cette occasion (pour un 
cristal ferromagnétique cubique 4 1 spin par 
maille) ont été calculés ensuite“@?-15) moyennant 
certaines approximations de nature statistique; 
toutefois, lorsque l’on en vient 4 des situations 
plus complexes, la disparition de certaines symé- 
tries fait que l’analyse phénoménologique de VAN 
Hove doit étre modifiée de facon non triviale. 
Nous avons noté ce fait pour la premiére fois a 
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propos de certains antiferromagnétiques cubiques 
tels que MnO.@5) A la suite des expériences de 
RisTE et al. sur la magnétite, 9 il nous a paru utile 
de discuter plus généralement |’opalescence 
critique magnétique dans les réseaux complexes, 
puis d’illustrer ces considérations par l’exemple de 
FegO3. Pour pousser les calculs jusqu’aux appli- 
cations pratiques, nous aurons fréquemment re- 
cours a : 

(a) une approximation semi-classique, 

(6) une version locale de l’approximation de 
champ moléculaire (seule praticable pour les 
cas qui nous intéressent ici). 





KH —— pl Trin; Sr; ‘ Sr; 
ij 
RiRj 
Nous négligeons completement I’effet de la relaxa- 
tion spin réseau sur la cinétique des fluctuations. 
Le modeéle physique étant ainsi précisé, nous 
rappellerons brievement comment la_ section 
efficace de diffusion des neutrons se relie aux 
fluctuations. 
Si l’on néglige l’effet du magnétisme orbital, 
cette section efficace différentielle par élément 
d’angle solide dQ s’écrit@) 


nt ; | 
(R)Fi(k) | — exp(—iat) SY Sp,(0)Sp(t) exp [ik(Ri—Rj)] (8, 


Du point de vue physique le modele adopté est 
celui de Heisenberg : les spins Sp, sont localisés 
aux noeuds R; d’un réseau. 

La maille de référence contient m ions magné- 
tiques, de coordonnées 


11, 12, «+, Tn: 


La maille que nous adoptons ici est la maille 
“magnétique’’, et elle peut étre plus grande parfois 
que la maille cristalline. Cette convention permet 
d’unifier l’exposé relatif aux températures supé- 
rieures ou inférieures au point de transition. 
(Pour un calcul explicite sur un exemple, il peut 
étre plus simple de s’en tenir a la maille cristalline 
comme dans la réf 15. 

Les coordonnées les plus générales des ions 
magnétiques sont : 


Ri = ritveaatvebtrec 


| do 


dQdw 








ou a, b, c définissent le groupe de translation du 
cristal; vg vp ve sont des entiers. 

Nous supposons que les spins sont couples 
entre aux uniquement par une énergie d’échange 


iwt) > Tix(0)T},-u(2)> exp [iR(r1—1))](8ey — | 


RR; €N 


Dans cette formule Ako et ky sont les impulsions 
initiales et finales du neutron. L’énergie et l’im- 
pulsion transférées lors du choc sont respective- 
ment 

he 
2M 
M est la masse du neutron, e?/mc? le rayon classique 
de l’électron, F4(k) le facteur de forme magnétique 
de Vion (i), normalisé pour que F;(0) = 1. Le 
symbole <... > représente une moyenne ther- 
mique sur les niveaux du systeme de spin. 

Nous poserons 


Tj. p32 Sp; exp[zk(R;—1;)] 
R; 


hw (ko?—k*) et hk = h(ko—k;) 


(3) 


(le facteur de phase étant choisi tel que T;,, ait en 
fonction de k la périodicité du réseau réciproque). 
La section efficace peut alors étre récrite 


hy) 
k2 |} 
(4) 


€7 


On peut séparer dans cette formule : 


(a) un terme de diffusion strictement élastique 
da al’ordre a longue distance des spins, non nul 
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seulement en-dessous du point de transition T; et 
dans les directions de Bragg, 

(b) un terme (généralement ineélastique) da aux 
fluctuations d’aimantation, qui nous intéresse seul 
ici, et qui s’é€crit explicitement : 


1.91 2\2k 
LS) Fy(k)F; 
mc2 hy — 


C’est ce terme que nous allons étudier plus en 


iétail dans les sections suivantes. 


2, APPROXIMATION QUASI-STATIQUE 


Lorsque l’energie du neutron incident est 


grande devant la moyenne des transferts he ,on peut 


écrire directement la section efficace intégrée sur 


les énergies finales du neutron sous la forme: 


91 & 


[ 


mic~ 


) S F(R)F(k) (TS) — 


T 


radicalement 


Dans (6) toutes les variables sont 


méme 


prises au 


ce gui simplific le 


Nous 


un 


instant, 


calcul des moyennes. allons maintenant 


relier ces moyennes a systeme de suscepti- 
bilités pour une perturbation magnétique exte- 
rieure de vecteur d’onde k. 


Nous 
d’ Yvon“ 


suivons la méthode de _ perturbation 
) déja appliquée précédemment a des 


réseaux simples d 
A chaque SITE R 


l’ion de coordonnée R; porte alors 


e spins. (15 

nous appliquons un champ 
extérieur H; 
un moment magnétique moyen 


Tr{ Sp, exp[—P(H%o0+8H)] 
Tr exp —f[(Ho+5F )] 


A —LUB > Spr,-Hx, 
jR 


g est le facteur de séparation spectroscopique égal 


Oo 


(7) 


a 2 puisque nous supposons le moment orbital 


€ »9 2 be 
OV Ri Pg" 
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bloqué, et wz le magnéton de Bohr électronique. 
B = 1/kpT. 

Dans toute la suite nous envisagerons seulement 
la limite classique des propriétés de notre assemblée 


de spins. On peut s’attendre, a priori, a ce que 


2, Tix(0)T}-«(t) >— 


€? 


a 
| 


€ 


A abe 7] 
Tir 


j,k 


7 


kk, 
exp (—1wt) 


b2 
cette approximation soit acceptable lorsque la 
longueur S des spins est notablement supérieure 
a 1 (en continuant toutefois 4 écrire 
Se? = Si(Si + 1) 
Un critere plus 
detaillé de validité est obtenu en écrivant que pour 


pour améliorer la précision). 


toutes les fréquences w qui sont contenues dans le 


(6) 


kk, 
ke 


spectre de puissance des fluctuations considerées 
hw kpT 


Dans le domaine d’opalescence critique la relaxa- 


on a: 


tion des fluctuations intéressantes est lente (pour 
différentes raisons que nous étudierons plus loin). 
Le spectre de puissance est alors étroit, et la con- 
dition ci-dessus est satisfaite (méme pour S = 4). 
Cette remarque é¢tant faite, le calcul de HR, 
peut étre poursuivi en négligeant dans (7) la non 
commutation de l’hamiltonien d’échange #9 avec 
6# . Si nous appelons dup, la différence entre LR, 
et sa valeur d’équilibre en champ nul, nous ob- 
tenons au premier ordre en H: 


an is st a® 
’r{exp(—BHAo) Sr, Sp;} 


Z 


” 
Ri 


jR; yj 
mh vé th A % v7 
Ir{exp(—BHo) Sr} Tr{exp(—BHo) Sry} ig 
"Fe Ry 
VA 
(8) 
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ou Z = Tr exp(—B#/). 


Suri Bg’ 2) >< SryShi 


}: R; D] 


ve a) 
Sr SR; | Hr, 


Introduisons maintenant les transformées de 
Fourier 
Vir = ouBliz 


Hin => HavexpliK(Ri-)] (10) 


et définissons un systeme de susceptibilités par 
les relations 


Nuix ‘ en xii ( j 


(oN est Je nombre de mailles du spécimen). 
L’équation (9) relie ces susceptibilités aux 
corrélations, 
én 9 2 ve ot 
Xij(k) = Be*u’p 2 [<SriSrj> — 


> D 
R;R; 


(11) 


— (Sp,><Sp;>Jexp [ik( Ri—1i)—ik(Rj— 


ey 


Xi](R) TirTj,-2> — 


Bev al 


nt ae 
— <Tin> <T;,-2 >]. (13) 
Cette derni¢re formule permet de relier la section 
efficace dans l’approximation quasi-statique (6) 
aux susceptibilités que nous venons de définir 
do 1,91e? kpT 


ek ee * 
AQ) tiuet me* } gu, 


yon k, R, 
PP, k)X;;(R) Be = pe 


exp[ik(r; — 1))] 


Enfin les susceptibilités X;/(k) peuvent étre cal- 
culées 4 partir des intégrales d’échange en écri- 
vant que chaque spin est en équilibre sous |’action 
du champ extérieur et du champ moléculaire du 
4 ses voisins. Nous conduirons ce calcul successi- 
vement pour les températures supérieures et in- 
férieures au point de transition. 


(14) 


ATION ET OPALESCENCE 


CRITIQUE 


FLUCTUATIONS DANS LE DOMAINE 
PARAMAGNETIQUE 


Au-dessus du point de transition, une forme 
locale de l’équation de champ moléculaire s’écrit : 


Si(Si+1) 
E Ar: + > 2Trnsns| ( \ 15) 


3kpT y 
iR; 


LR; 


Nous définirons une matrice A hermitique, de 
rang m, pour chaque vecteur d’onde k par la 


olen 
_ 2 2]rir; X 


x exp [1k-(R; — Rj — ri + 1;)] 


F (k ; 3kpT 
ij(R) SS: 1) 
(16) 


La relation (15) peut étre récrite 


> Albus ou Hin 


ou, en faisant intervenir la matrice inverse A-}, 
et en comparant avec (11) 


Ng?y,[4 l(R) |i. j% Ui] 


(17) 


(18) 


\(k)]i; exp [tk(ri—r;)] (19) 


x> Fi(k)F(k)[A 
Pour chaque vecteur d’onde le calcul de la section 
efficace est ainsi ramené a linversion d’une 
matrice A de rang nm. Nous poserons explicite- 
ment 


(20) 


ou A est le déterminant de la matrice A, et Aj le 
mineur relatif a l’élément A;;. Toutes ces quan- 
tités sont des fonctions de k qui ont la périodicité 
du réseau réciproque. A est un polynome de degré 
nen T. Ajj est un polynome de degré n—1 en T. 

Chaque terme (7) de la section efficace (19) 
comprend 

(a) deux facteurs de forme, 

(b) une fonction [A-1(k);]; qui a la périodicité 
du réseau réciproque, 

(c) le facteur exp[zk(r; — 1j)] qui n’est pas en 
général périodique dans le réseau réciproque. 
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A chaque température T il est particuliérement 
intéressant de déterminer les vecteurs k pour 
lesquels la diffusion est maximum. Ce probléme 
dépend simultanément des facteurs (a), (6), (c). 
Nous discuterons plus particuli¢rement le cas ou 
es facteurs de forme des différents ions ont méme 
dépendance en k. 

Leur réle est alors trivial, et la section efficace 


est, pour chaque k, proportionnelle 


3kpT S* Aij(k)exp[ik(ri—rj)] 
(20) 
A(k) S° Si(Si+1) 


1 


La normalisation de J est telle que, a température, 
infinie, J(k) = 1, les propriétés générales de I(k) 
sont les suivantes : 


(1) J(k) est extremum pour k 0, mais pas, en 
général, sut les autres noeuds du réseau réciproque. 
Si toutefois les coordonnées rj des atomes mag- 
nétiques ne dépendent d’aucun parametre, les 
facteurs exp [ik(r; — r;)] ont une période commune 
multiple de celle du réseau réciproque. J(k) est 
alors extremum sur les noeuds du réseau réci- 
progue t séparés de l’origine par un nombre 
entier de ces périodes. Nous dirons que de tels 
noeuds sont équivalents a k = 0. Ils correspon- 
dent 4 un maximum de /(k) pour les substances 
qui, en-dessous du point de transition, sont ferro- 
magnétiques et 4 un minimum pour les anti- 
ferromagnétiques (pour les antiferromagnétiques 
du type MnFs ou MnO, J(k) coincide avec la 
quantité X(k)/X; définie et étudiée dans la réf (15). 
Nous verrons plus loin que pour une ferrite comme 
la magnétite, les noeuds équivalents a O corre- 
spondent a un maximum relatif de J(k). 

D’une facon générale, si J(k) est maximum sur 
les noeuds équivalents a O, et si le cristal est 
cubigue on peut caractériser la diffusion au voisin- 
age de ces points par deux parametres 7;(0) et x1 
définis par 


Oxi + (k—-t)] (21) 


vg 
S xs 


t 


Ss X;;(0) 


ij 


de GENNES et J. 


VILLAIN 


en complete analogie avec la notation de VAN 
Hove), Les Xi, désignent les susceptibilités des 
sous réseaux en l’absence d’interactions d’échange. 
On verifie facilement que, pour toutes les sub- 
stances autres que les antiferromagnétiques, x} 
s’annule a 7; et croit linéairement avec la tempéra- 
ture au voisinage supérieur de T~. 


(2) Etudions maintenant les conditions générales 
de l’opalescence critique, c’est a dire de l’appari- 
tion de valeurs trés grandes de J(k) pour T voisin 
de Zo. 

Une valeur infinie de J ne peut étre obtenue que 
si le déterminant A s’annule. Ce déterminant est 
positif dans tout le domaine paramagneétique, quel 
que soit k. I] s’annule pour 7' = T, si k coincide 
avec certains vecteurs critiques k;: toutes les direc- 
tions d’opalescence critique sont comprises dans 
les Re. 

Du fait de la périodicité de A(k), tous les points 
déduits d’un vecteur critique ke par une transla- 
tion du réseau réciproque sont aussi les extrémités 
de vecteurs critiques. Mais le comportement de 
I(k) au voisinage de ces différents points n’est pas 
le méme puisque les facteurs exp[ik(ri — 1;)] 
n’ont pas en général la périodicité du réseau 
réciproque. On devra donc étudier ce comporte- 
ment séparément sur tous les points Re non 
équivalents, et vérifier en particulier que le 
numeérateur de J(k-) dans (20) ne s’annule pas en 
méme temps que A. 

La question centrale est alors la suivante : est-il 
possible de développer 1/I(k) au voisinage des 
vecteurs critiques Rk;, en faisant apparaitre seule- 
ment deux parametres 1}, et «1, Comme nous 
l’avons fait au voisinage de k = 0 et des noeuds 
équivalents. 

La réponse est que ceci est en général impossible 
méme pour un cristal cubique, sauf si les con- 
ditions suivantes sont réalisées : 


(a) on s’intéresse uniquement au voisinage im- 
médiat de 7¢, 

(b) le vecteur critique envisagé Re, coincide avec 
un noeud t du réseau réciproque, 

(c) le numérateur de (20) n’est pas nul pour 
k = k,, T = T;. On peut alors développer 1/I(k) 
en considérant simultanément k —t et T — T;, 


comme des quantités petites, et on obtient 





FLUCTUATIONS d’AIMANTATION ET OPALESCENCE CRITIQUE 15 


; 2X Si(Si+1) 


I(k) 





a — 
Ska T XA j(t)exp [¢r(rj—1i)] 


a2A 
*») ok, ak, 


x [r-me canis aXe —7,)(k 


(23) 


Les dérivées sont prises pour k = 7, T 
Le terme d’ordre 0 s’annule puisque T est un vec- 
teur critique. Les termes linéaires en k — Tt sont 
nuls car A(k) a la périodicité compléte du réseau 
réciproque et se comporte au voisinage de tT comme 
au voisinage de 0. Pour un cristal cubique, on peut 
alors mettre 1/J(k) sous la forme 


(24) 


rp TMnE+ e—aP 


2X) 
(0) 5 Xi4(0) 
7] 


E S(Si+1) 


18keTE A ij() exp [ir- (rj 


x, a la méme valeur dans toutes les directions 
d’opalescence critique. Si l’on exclut le cas des 
antiferromagnétiques, que mous avons traité 
séparément,“5) R = 0 est une telle direction, et 
l’on peut calculer x; par les formules (22) et (25). 
Lorsque les hypotheses énumérées ci-dessus sont 
satisfaites, on peut d’ailleurs montrer que les 
corrélations entre spins éloignés ont la forme 


exp ( x1| Ri— 
constante ——-—— 
. 


26 
-_ (26) 


Sr; Sry > = 


(le signe de la constante dépendant en général du 
couple (7) envisage). 

Nous avons di limiter la définition de 7;(t) au 
voisinage immédiat de T¢, car, si t n’est pas équi- 
valent a 0, I(t) n’est plus en général un extremum 


pour les températures supérieures 4 Ty. (Le 
développement (23) contient des termes en (T— 7) 
(ke—7e)). 

Dans la magnétite les conditions d’existence de 
ri(7) et x, sont satisfaites (voir section 6). Nous 
avons montre par ailleurs“ ) qu’elles ne le sont pas 
dans les antiferromagnétiques du type MnO. 

Les propriétés qualitatives de J(k) que nous 
venons de citer résultent de certaines symétries 
dans les positions et dans les interactions des 
ions: quoique déduites d’une approximation de 
champ moléculaire, elles se retrouveraient dans 
la solution exacte du probleme statistique. 

En effet, si l’on fait choix d’une approximation 
plus raffinée que le champ moleculaire, |’équation 
(15) est remplacée par une formule plus generale 
exprimant le champ Ap, comme une combinaison 
linéaire des moments py; portes par les sites 
voisins. Ce type de developpement a été utilisé 
pour le premiere fois par Yvon.* Les coefficients 
sont plus compliqués que ceux de (15), mais 
(a) ils decroissent rapidement avec la distance 
|R; —R;| et (b) ils on les mémes proprietes de 
symetrie que ceux qui figurent dans (15). 


4. INTENSITE DES FLUCTUATIONS POUR 
Tr < Te 


Aux températures inférieures a 7’, l’'approxima- 
tion quasi-statique de |’équation (6) devient mau- 
vaise car les transferts d’énergie entre le neutron 
et les spins sont forts (voir Fig. 1 de la réf. 17) et 
donnent un spectre approximativement discret. 
Les fluctuations d’aimantation que nous calculons 
ici ne sont donc plus directement mesurées par les 
expériences de diffusion des neutrons. Leur calcul 
est néanmoins instructif car il relie continument 
les fluctuations du domaine critique aux fluctua- 
tions de basse température, dues aux ondes de 
spin. 

Nous nous limitons toujours a des spins classi- 
ques (ce qui est ici une restriction plus sérieuse 
que pour T' > 7;); nous désignons par (i; |’aiman- 
tation moyenne de l’ion Rj, et par sa variation due 
aux champs extérieurs Hr,. L’équation de champ 
moléculaire qui remplace (15) s’écrit alors : 

Bi(| Fr, + Ap;|) (27) 


BR; = Bi + opr; = BR; 


* Yvon, I, Cahiers Phys. A, 28 (1945); B, 31 1 (1948). 
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B,(A) est proportionnelle a la fonction de Bril- 


louin du site 7: 
BiH) beup{ (2S;+1)x 


x coth Beup( Sit} )H—coth}SenpH} (28) 


Fr,t+Hp,; ” 
Up; U pi 
Fr,t+Hp; 


Fr est le 


champ moleculaire local du site Rj, 
donnée par 


Fr my Triry UR: 


ou . 
By B jR; 


(29) 


Nous excluons explicitement les configurations 
obliques pour les aimantations des ions réseaux en 
al 


ysence de champ extérieru. Tous les 4 ont une 
conditions, 


l’e 
méme orientation (+ Oz.) Dans ces 


l’équation vectorielle (27) donne pour les com- 


posantes paralleles a Oz (“‘longitudinales’’) : 
Sur; 


>2 2 Jr i Woe 30) 


s 


x 15H, + 
oy 


(F; représente le champ moléculaire sur les 
sites (7) en l’absence de champ extérieru). 
On obtient aussi pour les composantes 


’ (Ox ou Oy) 


*'trans- 
versales’ 


x Pa 
OLR; ag 


i 


2 Jrirs Ben, 
* SHR, = > 
g- ior 


jR 


7 


(31) 


Ces équations permettent de calculer le tenseur 
des susceptibilités 
Xij(k) = Nbepg?p, [A(k) is 


ou les [A*]-! sont les matrices inverses des 
définies par 
a 


OB; 
| oH a 
-> 2 Trin, exp [ik(Ri— Rj—ri+1))] 


jR; 


Ai,(k) 
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— >, 2 runs exp [ik( Ri— Ry— t+ 15) (33) 


iR; 


En reportant (32) dans (14) on obtiendrait la 
section efficace dans l’approximation quasi-sta- 
tique, au sujet de laquelle on peut développer une 
analyse analogue a celle de la section 3. On re- 
trouve en particulier une opalescence critique au 
voisinage inférieur au point de transition, dans les 
directions k, déja envisagées. 

Pour une étude de ces questions sur des cas 
simples, nous renverrons le lecteur aux références 
14 et nous insisterons plus particuliérement ici 
sur les différences de comportement entre fluctua- 
tions longitudinales et transversales. 

(1) Les fluctuations Jongitudinales ne 
notables qu’au voisinage du point de transition 
(aux températures plus basses elles sont tres 
fortement réduites en amplitude du fait de la 
On peut encore leur associer, dans le 


sont 


saturation). 
domaine critique, des paramétres x1 et rj(t), «1? 
étant proportionnel a (7, — T), moyennant cer- 
taines restrictions analogues a celles que nous 
avions formulées dans le domaine paramagnétique. 
(2) Les fluctuations transversales ont un com- 
portement tout différent. Le determinant A*(k) 
de la matrice A*(k) s’annule pour k = Tt quelle 
que soit la température 7 < T,. La quantité x? 
relative a ces fluctuations est identiquement nulle, 
et la diffusion des neutrons est anormale, au voisin- 
age des raies magnétiques, dans tout le domaine 
Aux basses températures, cette diffusion 
anormale résulte de la présence d’excitations 
collectives (ondes de spin). En effet la formule : 


d’ordre. 


TinT;, NkpT [A2%(k) Ji; (34) 
déduite de (32) et (13), reste valable, méme aux 
basses températures, pour des spins classiques. 

Quoique dérivée ici par une méthode de champ 
moléculaire, c’est en fait une formule rigoureuse 
dans le domaine des ondes de spin. Dans ce do- 
maine, on peut en effet récrire l’energie d’échange 
(1) sous la forme approchée : 


_ 2. Jury 515+ Sr Sryt SR Ski 


a) 
RR; 
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ae, +(SR,)' 7]— (35) 


1; 
 « 


[SR )2+ (SH) 


en négligeant seulement des termes d’ordre plus 
élevé en S* ou SY, Ceci peut étre mis, 4 une con- 
stante additive prés, sous la forme : 


UD {[Ao(k) |i Tie Tj + 


k ij 


+ [A0(—R)]is Tite 70} (36) 
ou la somme k est étendue a la premiére zone de 
Brillouin du réseau réciproque, et ot les matrices 
Aj, Aj sont précisément les matrices définies par 
(33) et calculées 4 température nulle. Enfin, dans 
le domaine des ondes de spin, les variables T;,, 
Tj, peuvent étre considérées comme indépend- 
antes, et leur répartition thermique est pondérée 
par le facteur exp(— Bo). Une formule intégrale 
classique permet alors de rétablir (34) dans la 
région de basses températures ow les matrices A et 
Az coincident, a condition que les spins puissent 
étre considérés comme classiques (kg7T' > fiw). 
Il est bien connu que l’approximation de champ 
moléculaire, sous sa forme usuelle (macroscopique) 
donne des resultats incorrects dans le domaine des 
ondes de spin. Toutefois, sous la forme locale qui 
est utilisée ici, c’est une méthode beaucoup plus 
puissante, qui devient rigoureuse aux deux ex- 
tremités de l’echelle des températures. 

Il n’est pas surprenant d’autre part que la for- 
mule (34) qui apparait ainsi comme la généralisa- 
tion d’un résultat d’ondes de spin, reste une 
approximation raisonnable méme au voisinage de 
T,. Dans le langage de Dyson“®) ceci résulte 
d’une compensation entre les effets des inter- 
actions cinématiques et dynamiques entre ondes 
de spin. 

Pour nos spins classiques on peut dire que les 
limitations géométriques sur la longueur des S; 
lendent a diminuer l’intensité des fluctuations 
transversales quand la température croit; par con- 
tre l’énergie des différents modes d’onde de spin 
décroit en gros comme les aimantations spon- 
tanées et ceci augmente |’excitation thermique de 
ces modes. 


B 


d’AIMANTATION ET 


OPALESCENCE CRITIQUE 


5. RELAXATION DES FLUCTUATIONS : EFFET 
DE RALENTISSEMENT CINEMATIQUE 


Nous donnerons d’abord une description quali- 
tative des phénoménes de relaxation, fondée en 
partie sur des études antérieures™% et en partie 
sur les raisonnements plus spécifiques qui vont 
suivre. Pour un vecteur k fixé les quantités 


Oij(k,t) = exp [tk -(ri— 15) ][ <Tix(0)T; (2) > — 
T;,-r>] (37) 


ont en général, en fonction de ¢, un comportement 
complexe que l’on peut décrire qualitativement 
par : 

(a) la valeur pour t = 0, c’est a dire l’intensité 
des fluctuations, étudi¢e dans les sections précé- 
dentes; 

(6) un temps de corrélation 7 tel que la fonction 
étudiée soit négligeable pour ¢ > +. Ces temps 7 
sont en géneral de l’ordre de h/2J (ou J est une 
intégrale d’échange typique) dans tout le domaine 
paramagneétique. Mais, pour certaines positions 
particulieres de k, il arrive que le temps de corré- 
lation d’une certaine combinaison linéaire des 
Qi; devienne tres long devant h/2J. Ce “freinage”’ 
de la relaxation peut étre di a l’existence de cer- 
taines constantes uniformes du mouvement qui 
limitent le domaine d’extension en phase accessible 
a partir d’une configuration initiale (freinage 
cinématique). 

I] peut aussi étre da au fait que certaines con- 
figurations ordonnées sont presque stables au 
voisinage supérieur du point d’ordre (freinage 
thermodynamique). Les deux effets peuvent co- 
exister. 

Dans cette section, nous considérons unique- 
ment le premier de ces effets, et nous nous limitons 
en outre au domaine paramagnétique. 


— (Tx 


(1) Au voisinage des noeuds du réseau réci- 
proque équivalents a0, le temps de relaxation de la 
somme 


2 Qij(0,t) = <(L Ti,0(0))(& Tj,0(¢)) 
7 J 


[& Ti,o(0)P 


est infini pour des interactions purement d’échange 
qui conservent le spin total du spécimen. Lorsque 
k differe peu de 0, le temps de corrélation est fini 
mais trés supérieur 4 4/27. On peut alors décrire 
cette rétrogradation lente de fluctuations de 
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grande longueur d’onde comme une diffusion de 
spin(!1,19) et poser (pour un cristal cubique) 


X O0i;(R, t) XY Oij(k, 0) exp (— Aj?) (38) 

ij ij 
Un tel coefficient de diffusion A; a été mesuré 
récemment aux temperatures élevées (JT > T;) sur 
MnF»2 et aussi, quoique plus difficilement, sur 
le fer au voisinage de T,.©) Dans ce dernier cas, 
il est d’ailleurs diminué par un effet de freinage 
thermodynamique prévu par VAN Hove“), 

(2) On peut se demander si un tel allongement 
du temps de corrélation se retrouve au voisinage 
des vecteurs critiques non équivalents a 0. 

En fait, l’amplitude de diffusion pour k = Tt est 
une certaine combinaison linéaire des aimantations 
des différents sous réseaux; elle peut étre décom- 
posée en un terme proportionnel a |’aimantation 
totale (temps de corrélation infini) et en un terme 
qui fait intervenir les differences d’aimantation 
entre sous réseaux : ces différences disparaissent 
en un temps microscopique de l’ordre de h/2J et 
donnent lieu a une composante de diffusion in- 
élastique, méme lorsque k coincide exactement 
avec Tf. 

Nous allons maintenant discuter cette décompo- 
sition plus en détail. Lorsque le vecteur k envisage 
coincide avec un noeud du réseau T, nous n’avons 
a étudier que les aimantations globales MM)... Mn 
des différents sous réseaux. L’intensité J(k), que 
nous considérerons seule ici, devient par une 
transformation simple de (20) 


X <MiM;> exp [it(ri—15)] 


I(t) (39) 


M; désigne la composante de M; selon un axe 
arbitraire (Ox par exemple) et Xj la susceptibilité 
du sous réseau iz en l’absence d’interactions 
d’échange. La fraction de J(t) qui correspond a 
une diffusion élastique s’écrit d’aprés (5) (voir réf. 


11): 
> Vit 


— 


0)M;(t 00)» exp [rt(ri—1';)] 
Te} -~ |" an 
Rpl 2X5 
(40) 
et c’est cette fonction que nous allons déterminer 
maintenant par un calcul purement thermo- 
dynamique. Nous chercherons tout d’abord la 


G. de GENNES 
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variation du potential thermodynamique ® lorsque 
le systeme de spins passe reversiblement de son 
état le plus probable a un état voisin, de méme 
température, ou chacune des aimantations M; a 
une valeur prescrite. 

Dans ces conditions l’orientation 
imposée a chaque spin est tres inférieure a sa valeur 
l’entropie augmente d’une 


moyenne 


de saturation, et 
quantité 
M; 


=) 
27 + xi 


(41) 


Dans la méme transformation, l’énergie d’échange, 
varie de 
— 4 yw MiM; 
aj 
avec, dans l’approximation de champ moléculaire 
| 
rij e +9 2 Jriny = Ani 


o-~ 
5 f RB R; 


(43) 


Le potentiel thermodynamique cherchée est 


® = U-Ts—>D MH; 


(44) 


ou nous avons supposé que des champs extérieurs. 
H;, différents étaient appliqués sur les sous réseaux 
(i = 1, ..., m). On vérifiera aisément sur l’expression 
ci-dessus que le minimum de @ correspond aux 
valeurs des aimantations prévues par l’approxi- 
mation de champ moléculaire. 

Dans la solution exacte dy modéle statistique, on 
retrouverait un potentiel de méme forme, les co- 
efficients Aj; ayant seulement des valeurs un peu 
modifiées. 

La connaissance de © détermine la probabilité 
d’une configuration (M)... Mn), qui est propor- 
tionnelle 4 exp[— B@d(M, ... dM,)| Ceci permet 


de rétablir les formules 


MM; gy [4 1(0) Ja 


ou les matrices A et A~! sont définies comme dans 
section 3. 

I] est utile d’introduire ici un espace a m dimen- 
sions (espace des aimantations) dont les M; sont 
les coordonnées orthogonales. Dans l’espace des 
aimantations les surfaces () définies par O = 
constante, sont du type ellipsoide pour 7 > T¢. 
Pour 7 = T-, elles dégénérente, et l’on peut 
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définir une direction de facile fluctuation (Dj, De, .. 
Dn) telle que 
D7.(M,+€&D,), Mo+€Daz, ...,.Mn+éDn) 
= O7,(Mj,Mp, ...,Mn) 


a 


(46) 


Nous supposerons, conformément aux situations 
usuelles que dans toutes les autres directions @ se 
comporte comme une forme définie positive méme 
pour 7’ = T;. (Nous verrons plus loin, 4 propos 
d’un exemple plus complexe ot cette hypothése 
n’est pas satisfaite). 

A chaque temperature T' l’examen des surfaces 
(=) permet de situer qualitativement les fluctua- 
tions qui sont prédominantes. Nous illustrons 
leur aspect par la Fig. 1, qui est relative au cas de 
deux sous réseaux. 

Considérons maintenant dans l’espace des aim- 
antations une certaine configuration initiale (Mj, 
..-» Mn). Du fait des interactions d’échange, cette 
configuration évolue. L’aimantation totale du 
spécimen étant une constante du mouvement, le 
point représentatif se déplace sur un hyperplan 
x M; = constante. Il n’existe pas d’autre con- 
stante du mouvement pour limiter ses trajectoires 
possibles, car l’énergie peut étre échangée entre la 
composante de Fourier particuli¢re que nous 
étudions ici et toutes les autres composantes. Dans 
ces conditions il est conforme aux postulats géné- 
raux de la thermodynamique d’admettre que le 
point représentatif tend vers une position d’équi- 
libre P qui correspond au minimum du potentiel 
thermodynamique dans l’hyperplan auquel il est 
lié (Fig. 1). 

Les coordonneées P; de P peuvent étre calculées 
d’apres cette condition en fonction des coordon- 
nées M; de la configuration initiale 


o® 
——(P) = P | 
oM, 0M2 OMy 
Ce systéme admet une solution unique dans tous 
les cas, sauf pour les antiferromagnétiques (au 
point de Néel) que nous excluons ici explicitement. 
Elle s’écrit : 
E[4(0)]j 
l - 
———— 2M, (48) 
p> [A 1(0) Jim Pp 


m 
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Les points M et P(M) correspondent respective- 
ment a |’état initial et a |’état final (aprés un 
temps tres long) du systéme de spins, c’est a dire 
aux quantités M(t = 0) et M(t = o) de la formule 


M2 


vas 








Fic. 1. Diagramme des aimantations dans le cas ow il y 
a 2 atomes par maille. Le point M dont les coordonnées 
sont les aimantations des deux sous réseaux relaxe sur la 
droite Mi-+Me2 = Cté jusqu’au point P de contact avec 
al’ellipse (2) d’equation ® = Cte, 


(40). Nous pouvons récrire celle-ci sous la forme 


Ia() ~ (M;P;(M)> exp [er-(ri—1;)] 
Ae) 3 MiM; > exp [? -(11—15)] 

(49) 
& <MiM;>[A1(0)]ju exp [#x(ri—1)] 
ijlq 


{><M{M;> exp [it(ri—1')]} [>[4 1(0) lim] 
ij 

Cette formule peut étre ramenée a des quantités 
connues en utilisant (45). Finalement, en remar- 
quant que la matrice A~1(0) est symeétrique, on 
obtient 

| Z[A(O)]ig exp (ier)? 

Ta(t) iq ; 


[2 L410) hm} ELA) ia explite(r—Fe)] 
(50) 


I(x) 


Nous allons maintenant discuter les valeurs de 
ce rapport. I] est différent de 1 pour t ¥ 0 et pour 
les températures T > T,. En particulier, dans la 
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- T-) il prend 


limite des températures élevées (T 
la valeur simple 


= S;(Si+1) exp (17. 14) |? 


la(t) i 
| - (51) 
I(t) J rex » Si(.Si+1) 


Toutefois, lorsque Tse rapproche de T¢, le rapport 
(50) tend vers 1. Ceci peut étre démontré de la 
facon suivante; posons : 


v(t) = & Arm(0) exp (it. tm) (52) 
En multipliant le numérateur et le dénominateur 


de (50) par A (0) on obtient 


(Xv4(0) exp (ir. 14) ( 
(Leet) exp [(er.74)] (2ex(0)) 
Les quantités v; satisfont d’autre part aux relations 


> Aij(0)A (0) exp (—it . 1) 


] 
yl 


¥ Aij(0)v;(t) 


A(0) exp (—7t . ri) 


Au point de transition le nombre de droite de 
cette derniére équation est nul. Pour chaque tf, 
les m quantités vj(t) forment donc un vecteur 
propre de la matrice A correspondant a la valeur 
propre 0 (donc parallele a la direction de facile 
fluctuation D que nous avons supposée unique). 
Ceci peut étre écrit. 

UT) = E(T)v;{(V) 


(ou & est indépendant de 7) et montre d’apres (53) 
que 
la(t) ? 
(54) 
I(t) J r=r. 


Ce résultat apparait clairement dans l’espace des 
aimantations. Le vecteur OM; a une composant 
PM 4 relaxation rapide et une OP a relaxation 
bloquée. Pour 7 = 7, le point P est situé sur la 
direction de facile fluctuation D. Les fluctuations 
de OP deviennent infinies, alors que celles de PM 
restent finies. La composante inélastique de la 
diffusion reste finie a4 la température critique, 
mais le rapport de cette composante 4a |’intensité 
totale tend vers 0. 

Les conclusions auxquelles nous sommes par- 
étre résumées par la formule 


venus peuy ent 
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oO 
a 


| at exp(—twt)Qi;(T,t) 


. 


oe 


7 l 


— 27 
ij 


1 O4;(7,0) 
—_[Ta(t)8(w)+(1() —Ta())f,()] 
I(t) 

f,(w) est une fonction réguliére de w, normalisée 
({f,(@)dw = 1) et telle que les transferts d’énergie 
hw correspondants soient de l’ordre de grandeur 
des intégrales d’échange. 

Le probléme qui se présente maintenant est 
d’étendre ces résultats au cas ol k ne cojncide 
plus exactement avec t (mais en reste trés v oisin). 

Il est encore possible, dans ces conditions, de 
distinguer deux composantes dans le spectre des 
fréquences w dont le rapport d’intensité est encore 
donné par (50) si l’on s’en tient au premier ordre 
significatif en k — 7. 

L’une des composantes provient d’une relaxa- 
tion avec transfert d’aimantation entre sous réseaux 
qui s’effectue en un temps microscopique : son 
spectre f,(@) ne subit pas de modification remar- 
quable. L’autre composante correspond a une 
égalisation lente de |’aimantation sur des distances 
~ |k —‘|~! grandes par rapport a la maille, et 
peut étre décrite par le coefficient de diffusion Aj, 
déja introduit. Au total : 


| dt exp (—iwt)Q;;(R,t) 


x 


> 0i;(k,0) 


1) 


Ay(k—t)? 


) > 
I(t) w+ A,|(k—t)4 


+(I(s) Tal) he) (55) 
La formule (55) est valable a toutes les tempéra- 
tures T > T,. Elle suppose |k —tlap9 <1 ov 
a est une dimension typique de la maille. Elle 
fait apparaitre un terme quasi élastique dont 
’intensité est trés grande au voisinage du point 
de transition, et un terme inélastique dont l’inten- 
sité reste toujours finie. Enfin, il faut observer que 
(55) ne s’applique pas aux antiferromagnétiques, 
sur lesquels nous reviendrons d’ailleurs dans la 


section 6. 
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6. RELAXATION DES FLUCTUATIONS : EFFET 
DE RALENTISSEMENT THERMODYNAMIQUE 
Nous allons chercher 4 voir ici si la thermody- 
namique des phénomenes irréversibles permet de 
faire des prédictions sur la relaxation de certaines 
fluctuations. En premier lieu nous calculerons la 
source d’entropie 6 lors d’une évolution isotherme, 
a champs extérieurs constants, |’¢tat du systeme 
de spins étant spécifié par les aimantations globales 
M; des différents sous réseaux. (Nous nous placons 
toujours au-dessus de 7’). Pour une transformation 
infinitésimale de ce type l’energie interne V et le 
travail W fourni aux spins par les champs ex- 
térieurs varient respectivement de : 


dV =— DAM; dM; 
Wy 


dW = XL HidM,; 
La chaleur engendrée est dO = dV — dW et 


la source d’entropie est donnée par 
dQ ds 
———— a . 
dt dt 
o® dM; 


> OM; at 
t 


Nous sommes donc en droit de définir un systeme 
de forces Xj; = —0o®/eM; et un systeme de flux 
M; = 0M;/et. Moyennant certaines hypotheses 
trés restrictives sur lesquelles nous reviendrons, i] 
sera parfois possible de postuler un systéme de re- 
lations linéaires entre les flux et les forces 


M: = XT yX 
v 


=— DRM, 
l 


Da ' 
Ra = —- — LD Aji 
Xo 


(59) 


On peut illustrer la signification de la matrice I en 
imaginant l’expérience (fictive) suivante: a tous 
les temps ¢ <0 un systeme de champs /; est 
appliqué aux différents sous réseaux. Au temps 0 
ces champs sont brusquement annuleés. Les aiman- 
tations se mettent a varier, et leurs dérivées 
initiales sont 


(Mi) o>=- p> [4;H; (60) 
J 


I] est naturel de supposer que toutes ces dérivées 
sont finies et que par conséquent les I';; sont finis 
a toutes températures 7’ > T;. D’autre part, 
Vhamiltonien d’échange étant invariant par ren- 
versement du sens du temps, la matrice I’ (en 
absence de champ extérieur) est symétrique 
(Ci; = T'y:) d’apres le théoreme d’Onsager. (La 
matrice R, par contre, n’est pas symétrique en 
general). Enfin la constance du spin total impose 
les relations 


2M; = — & RyM, = 0. 
t 1 (61) 


= Ri 0. 


Nous appliquons, a titre d’exemple, ces considéra- 
tions formelles aux antiferromagnétiques a deux 
sous réseaux (du type cubique simple ou cubique 
centré), et nous verrons ensuite quel est leur do- 
maine de validité dans ce cas. 

Le potentiel thermodynamique s’écrit ici 


1 
® = — (M?+ M?)—}\(M?+4 M2) — 
2X5 ( it 2) 2 ( i+ 2) 


— 'M\M2—H,M,—H2M2 (62) 


Am dep om Dey ¥ lag ct 


(Xo est la susceptibilité d’un sous-réseau isolé). 
Les équations d’évolution (en l’absence de champs 
extérieurs) déduites de (57) et (59) s’écrivent 


l 
M, =T | =A41'| (Ma— Mh) 
Xo 
: ; (63) 
M,+M2 = 0 
ot l’on a fait usage de la symétrie des T'y;, des re- 
lations (61) et ou l’on a posé Ty, = TL. 
La quantité intéressante sur les raies de sur- 
structure est M, — Mo qui satisfait a 
d 
at 


(4—M2) -| Mz—M;) (64) 


l 2r \ 
— =—| 1—AXo+0'Xo ) (65) 
To Xo 

Le membre de droite de (65) s’annule précisément 
au point de Néel, comme il est possible de le voir 
en définissant ce point a partir de (62). 79 est donc 
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infini 4 cette température, et tres long aux tempé- 
ratures voisines. Nous avons 1a un cas typique 
de “freinage thermodynamique”’. 

L’évolution irréversible de M, 
d’une valeur initiale prescrite est lente par rapport 
a l’échelle microscopique du temps 4/2]. Lorsque 
l’on s’intéresse 4 des temps trés supérieurs a A/2. 
il est alors plausible d’admettre la validité de (57). 
— Mz est la direc- 


Mp2 a partir 


D’autre part, la direction M, 
tion de facile fluctuation. Les fluctuations spon- 
tanées de M, VM sont quasi-macroscopiques au 
voisinage du point de Neel. II est correct dans ces 
conditions, de supposer que la rétrogradation des 
fluctuations spontanées a méme dépendance tem- 
porelle qu’une rétrogradation irréversible décrite 


par (64). Ceci permet d’écrire : 
(M,— Me)o (Mi —Me)s 


(M,— Moe)" exp (—1?/To) (66) 
Cette formule est donc valable pour (7’ — T,)/T¢ 

1. (7; est le point de Néel). Elle montre que le 
spectre en énergie de la section efficace (5), lorsque 
k coincide avec une raie de surstructure, a la forme 
de Lorentz, que les transferts d’énergie sont de 
l’ordre de Arq et qu’ils s’annulent au point de 
Néel d’apreés (65). 

Si lon attribue 
l’approximation de champ moléculaire (indépen- 
dantes de la température), on peut d’ailleurs donner 


a (66) la forme détaillée 


a A et A’ leurs valeurs dans 


(Mi — Me2):-0( Mi — Me); 
21r(T-— T¢)t | 


a’ allt aman 


XoT j 


2NS(S+1) T 
3 T—T, 


(67) 


ou N est le nombre de mailles magnétiques. 

Un cas plus complexe mais également intéres- 
sant du point de vue expérimental est celui des 
antiferromagnétiques du type MnO. Nous ne 
donnons ici qu’un résumé de |’étude correspon- 
dante pour la direction (111) qui est la plus impor- 
tante du point de vue de l’opalescence critique. On 
doit distinguer pour cette structure cubique a 
faces centrées, huit sous réseaux (1.2.3.4. et 
1_2_3_4_. Chaque site (14) par exemple est couplé 
a ses douze premiers voisins (2 X (2+) +2 x (34)+ 
+2 xX (44) +2 x (2_) +2 x (3_) +2 x (4)) 


et aussi, antiferromagnétiquement, a ses six 
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deuxiéme voisins (1_). L’amplitude de diffusion 
est proportionnelle a 


ayii(M) M,.—M, + Ms — M>o,+Ms3 —M3..+ 


L’espace des aimantations a 8 dimensions. Pour 
T > T; les coordonnées du point P(M) défini par 
(47) sont égales 


I 


(69) 


On voit immédiatement que 4a; (P) est nul. 
L’analyse de la section 5 montre alors qu’il n’y a 
pas de composante strictement élastique a la 


diffusion sur la raie (111): 
au = (t=O)eni(t 


Examinons maintenant les effets de freinage 
thermodynamique. Dans les cas ou il y a effective- 
ment opalescence critique sur la raie (111)@5 on 
ne trouve pas, comme d’habitude, une direction de 
facile fluctuation au point de Néel, mais une in- 
finité de telles directions, qui sont contenues dans 
un sous espace ¢ a 4 dimensions de l’espace des 
aimantations. ¢ est défini par les équations : 


Mit+™M; 0 


coo)> =0 (70) 


(71) 


Si (Q) est la projection du “‘vecteur” (M) dans e 
on peut montrer que 41; (Q) = ay; (M) : il suffit 
donc d’étudier les relaxations de (M) dans le sous 
espace ¢. Ici encore, cette relaxation est lente au 
voisinage de 7’, car pour 7' = 7; le potentiel ® est 
constant dans « et les forces X; définies plus haut 
s’annulent. D’autre part les propriétés de symétrie 
du potentiel dans ¢ font que la relaxation peut 
étre décrite par une seule exponentielle décrois- 
sante. Finalement on obtient (pour 7— T;,/T;<1): 
(72) 


4411(9)a111(4) 4431 > exp (—t/r0) 


zo étant long devant |’échelle microscopique des 
temps et infini pour 7 = T¢. 

Ces propriétés remarquables pourraient étre 
mises en évidence par des expériences de diffusion 
inélastique des neutrons. 

Mentionnons pour terminer un autre exemple, 
déja connu, de freinage thermodynamique: il 
s’agit de l’annulation du point de Curie du co- 
efficient de diffusion de spin Aj, dans les ferro- 
magnétiques. Cette annulation se retrouve dans 
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les ferrimagnétiques, comme on peut le vérifier 
par la méthode originale de VAN Hove. 

Pour toutes ces substances la relaxation des 
fluctuations de grande longueur d’onde est donc 
freinée simultanément par l’effet cinématique et 
par l’effet thermodynamique. Pour les antiferro- 
magnétiques au contraire, l’effet thermodynamique 
joue seul dans les directions d’opalescence critique. 


7. APPLICATION A LA MAGNETITE 


Le cas de la magnétite constitue une trés bonne 
illustration des formules générales établies plus 
haut. Le groupe de translations est celui du cube a 
faces centrées. Il y a six ions magnétiques dans la 
maille, de coordonnées 


0 


"4 


ou a est la longueur de |’aréte du cube. Les ions 
des sites (1) et (2) sont des ions ferriques et por- 
tent un spin Sq = 5/2. Les ions des sites (3), (4), 
(5) et (6) sont pour moitié des ions ferriques et 
pour noitié des ions ferreux. Aux températures qui 
nous intéressent la répartition de ces deux types 
d’ions est totalement aléatoire, puisque l’ordre de 
position est détruit a partir d’une température 
beaucoup plus basse (7' = 118° K). Le fond con- 
tinu dans la diffusion magnétique des neutrons qui 
résulte de ce désordre de position est trés faible 
(et sans anomalie de répartition aux températures 
comparables a 7»). 

Nous le négligerons dans la suite, et nous défini- 
rons un “spin moyen” pour les sites (3), (4), (5) 
ou (6) (dans le domaine paramagétique) par la re- 
lation 
59 


/ 35 
Sa(Sa+1) 2(6+—"] 


8 


Nous supposons, conformément aux résultats du 
calcul initial de N&et (22) que deux interactions 
seulement ne sont pas négligeables : celles (Jaa) 
qui couplent entre eux les ions a premiers voisins, 
et celles (Jaq) qui couplent les ions « a leurs voisins 
d. Pour les calculs numériques nous avons pris 


CRITIQUE 
Jaa 


Swe ot 


kp kp 


—23°K 


valeurs qui reproduisent assez bien la suscepti- 
bilité paramagnétique expérimentale. Enfin une 
derniere approximation qui s’impose dans |’état 
actuel de nos connaissances expérimentales con- 
siste a attribuer le méme facteur de forme 4 tous 
les ions ferriques ou ferreux. La section efficace 
est alors, dans le domaine paramagnétique, pro- 
portionnelle a la quantité J (k) définie par (20). 
Pour le calcul pratique nous introduirons la 
matrice 
, n Me 7 saw 
A(R) = Aij(k) exp[tk(ri—1j)]_ (74) 
dont l’expression détaillée est la suivante : 
+ ££ - - ws 
Tia x22 Liz Lia Lis Lie 
* , * * * * 
adie T/a X13 Lia Lis Lie 
0 O 0 
T/b 0 0 
0 7T/b 0 
;X 9 0 OT 
Les notations nouvelles introduites sont 


7 


oak ms Jaa Sa(Sa+ I ) 


IRB 


- 
b=— 5 Ja Sa(Sa+1) 


IRB 


a= JaalJaa 
Xi2 = 4(cosmh/2 cosmk/2 cosal/2 —i sin mh/2 
sin 7k/2 sin 1/2) 
exp [¢7(A+k+1/4)] [exp(—izh) + 
+ exp (—irk)+exp (—z7l)] 
= exp [t7(h—R—I/4)]| [exp (—i7h) + 
+ exp (imk)-+exp (i7l)] 
= exp [¢7(—h+k—1/4)] [exp (ih) + 
+ exp (—ink)+exp (inl)] 
= exp [in(—h—A-+1/4)] [exp (ih) + 
+ exp (ik)+exp (—i7/)] 


2h, 27k, 2nl sont les composantes du vecteur a k. 


X13 
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Il sera utile de poser 
S415. J02.15°.,184.135:,.(2 
Y13|2+| Ly4|?7+| L15/?-+] Xie! 


y2 
“16 


ie} 


y2 
“15 


y2 


m14 


v2 
“ 


List Liat List Lie 


p 
C 


On peut alors récrire la formule (20) sous la 


> [AU k) Jes 


ij 


torme 
3keT 


DVSi(Si+1 


ij 


I(k) 


o(k,T) 


b 
244-G(k,T) 
a 


gk(,T) 


b 
(2+4-} T4+(y1b+yeua)T? + 
a 


b2 T+ yeab3 


ved 


Y5a 


+ (ysb?+ysab)T?+ 


T4+(Tyab+Tox2a2)T? + 
+T3x0a2b T+ [4a2b? 


G(k,T) 


y2 = — (2124+ Xie 
— 2(40—{¢*) 


C* Dio tpt+p*— 


— A6+¢*) 
¥3 


. 
+2 


Yi 


C 
x c*d 2 


G(k,T) est une fonction de k qui a la période du 
réseau réciproque, qui est positive pour 7 > T; et 
quis’annule pour 7 = 7; sur les noeuds k = t du 
réseau réciproque. g(k,7) a en revanche une 
période plus grande dont les translations élémen- 
taires engendrent une structure cubique a face 
centrée dans le réseau réciproque. 

Pour déterminer les paramétres de l’opalescence 
critique sur les différents noeuds, on développe G 


au voisinage de k = t et JT = 7; comme nous 
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Fic. 2. Définition de l’angle @ utilisé dans les Figs. 4, 6 
et 7. Le vecteur k se déplace sur le segment OJ et sur le 
quart de cercle AJB—TI est le noeud (111). 














+ Ill 
a SARS Ee 


Gu) 


10 
Fic. 3. Variations de J pour FesO4 quand k décrit le 
segment OJ. On a posé kz = ky = kz = 2nA/a et on a 
tracé la courbe pour plusieurs valeurs de la température 
as 
7 — 
T's 
i = 


Courbe I 
Courbe II : 
Courbe III: 
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l’avons expliqué dans la section 3, et on obtient 


\ 


Tin, 
x2 = 0,494 —— A 
T. 


(77) 


g(t, Tc) 
Les valeurs des fonctions g qui figurent dans cette 
derniere expression sont pour 7’ = T; : 
2(200) = 0 
2(400) = 3656. 109 
2(333) = 4. 109 


(000) = 187. 109 
(220) = 550. 109 

g(111) = 1230. 10° 
g(222) = 1375. 109 


On voit que l’opalescence critique est forte 
autour des raies (111) et (222), mais faible sur les 
raies (000) et (333). 























Fic. 4. Variations de I quand k décrit le quart de cercle 

AIB. 6 est l’abscisse curviligne comptée depuis le plan 

(001). Les différentes températures sont dénotées comme 
sur la Fig. 3. 


Les Figs. 3 et 4 donnent la variation de J(k) 
lorsque k varie : 


(a) sur l’axe 111, 
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(6) sur un cercle passant par le point (111) et 
contenu dans le plan des directions (111) et (001) 


(voir Fig. 2). 


Les Figs. 5, 6 et 7 montrent pour quelques 
positions fixées de k la variation thermique de 
I(k). Pour la région ferromagnétique (JT < T-). 




















Fic. 5. Variations, en fonction de la température 7, de 
l’intensité sur le nooud (111). 

I : Variations de J pour T > Ty. 

II : Variations de Jz pour T < Te. 


III: Asymptote pour T — ©. 


les calculs sont faits par les mémes techniques 
que précédemment, et nous n’en donnerons pas 
le détail ici; les résultats sont également représentés 
sur les Figs. 5 et 7. Nous citerons enfin les valeurs 
du rapport I¢)/Ito¢ calculées d’aprés (51) dans la 
limite des hautes températures. 


Tableau 1 











333 


000 (200 220 | 222 | 400 | 111 


1 0 |0,139/ 0,394} 0,065) 0,002) 0,333 
| | 
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Fic. 6. Variations avec T de |’intensité I. On se place sur 
le cercle AJB, avec 6—@z = 4°. 

Variations de J pour T > T, 

Variations de Jz pour T < T, 

Variations de Jz pour T < T 

Variations de J ¢1I.- 

Asymptote pour T > ©. 


8. CONCLUSIONS GENERALES 
Les différences de que nous 
avons mises en évidence, entre les substances 


comportement, 


magnétiques complexes et le cas simple ferromag- 
nétique par VAN Hove ont deux origines bien 
distinctes. 

(1) Elles proviennent pour une part d’effets 
purement géométriques dus a la forme des dépha- 
sages k(r;j—fj) entre atomes d’une méme 
maille. 

(2) Nous avons trouvé d’autre part, a propos 
des effets de freinage thermodynamique, des 
différences profondes de comportement statis- 
tique entre les antiferromagnetiques et les ferro- 
magnétiques par exemple. Ces différences sont 
beaucoup moins essentielles quand on s’intéresse 
seulement aux proprictés statiques du domaine 
paramagnétique : par exemple la susceptibilité 
d’un antiferromagnétique pour un champ dont le 
signe alterne d’un sous réseau a l’autre diverge 
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6 — On = 10°. 


au point de transition 7’, comme celle d’un ferro- 
magnétique pour un champ homogéne.“®) L’asy- 


métrie de comportement dynamique provient de 
ce que la somme des aimantations est dans les deux 
cas une constante du mouvement, alors que les 
fluctuations importantes sont respectivement celles 
de la différence ou de la somme des aimantations, 
Remarquons enfin que les résultats généraux 
que nous avons mis en évidence dans les sections 
3-6 sont indépendants de |’approximation de 
champ moléculaire. Celle-ci limite par contre la 
précision des applications numériques, et pourrait 
étre éventuellement améliorée par l’emploi de 
méthodes statistiques plus raffinées, (13-14) 
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Abstract—A complete solid-solution 
Y3}[Fee2](Fes)Oi2. The Zr** 


range exists in 


ion is even larger than the Sn‘4* ion and in this system apparently 


the system {YCae2}[Zre](Fes)O12e— 


prefers only the octahedral sites. The behavior of the plot of mz(00,0) vs. composition is similar to 


that of the Caz3FeeaSn3Q012 
recently derived by GILLEO. 


Y3Fe2FegOi2 system and corroborates the interaction model for garnets 
A small spontaneous magnetization is observed in the garnets 
YCae}[Zre](Fes)Oi1e and {YCae}[Zre](Meo.sFe2-5)O12, Me = 


Al and Ga, indicating the establish- 


ment of magnetic sublattices among the tetrahedral sites. 
The garnet {YCa2}[{Hfe](Fes3)O12 is readily formed. The Hf** ion, which is very nearly the same 


1. INTRODUCTION 

THE garnet structure belongs to space-group Ja3d 
with cations in 16a, 24c and 24d and oxygen (or 
fluorine) ions in 96h. If the distribution of the ions 
is known, the chemical formula of one unit is 
written {A3}[Bo](C3)Oi2, where { } represents a c 
or dodecahedral site, [ ] an a or octahedral site and 
( ) a d or tetrahedral site. Extensive crystal- 
chemical and magnetic studies on the garnets 
have been made in these Laboratories. Work on 
Group IVb tetravalent ions Si#*, Ge4* and Sn** 
has shown": 2) that these ions substitute for Fe** 
in yttrium-iron garnet, {Y3}[Fee](Fe3)Oi2, in a 
fashion similar to that of the nonmagnetic trivalent 
ions.) The Si4* ion shows a great preference for 
tetrahedral sites, although it does appear to enter 
octahedral sites to a small extent; Ge** ion also 
prefers the tetrahedral sites, but goes into octahe- 
dral sites to a much greater extent than does Si4*; 
Sn** shows a very great preference for octahedral 
sites. 

In work on new synthetic garnets, it has been 
and Zr** go into the garnets 
and show a preference for octahedral sites. Because 


indicated that ‘Ti** 


Hf4* has very nearly the same size as Zr** and 
because hafnium chemistry is very closely analogous 


size as that of Zr**, also prefers the octahedral site. 
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to that of zirconium, one might expect the two 
to act similarly in the garnets. This paper will 
be mainly concerned with the substitution of Zr4* 
and Hf4* for Fe** ion in yttrium-iron garnet. 
Work on Ti** substitution has not yet been com- 
pleted. 


2. EXPERIMENTAL 

(a) Preparation of specimens 

(i) {Yg_yCay}[ZryFes_y](Fe3)Oj2 system. Re- 
quired amounts of oxides were thoroughly mixed, 
ground together in an agate mortar and compacted 
into pellets. These were fired at temperatures of 
1350-1450°C in air for 2 hr. Most of the specimens 
were reground and refired three to six times until 
X-ray photographs of the specimens showed sharp 
lines and indicated absence of unwanted phases. 

In several cases it was found that 16-hr firings 
at 1300°C gave very dense specimens, which in 
turn gave very sharp photographs. However, there 
was evidence, both crystallographic and magnetic, 
that these long firings were causing some de- 
composition; in particular, the Zr** ion was leaving 
the garnet phase. 

(ii) ‘Ys yCay}[Hf, Fee. y](Fe3)Oxe system. In this 
system the end-member, y = 2, was readily made. 
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Firing conditions were : 1 hr at 1400°C followed by 
17 hr at 1300°C. A specimen for y = 1:0 was 
obtained, but the X-ray photographs of this com- 
position were not sharp. 


(b) Diffraction data 

X-ray powder photographs were taken of all 
specimens with Straumanis-type Norelco cameras 
of 114-6 mm dia.; CrK radiation was used. 


(c) Magnetic measurements 

Magnetic measurements were made as described 
elsewhere) in fields up to 12,500 Oe, and at tem- 
peratures of 1-3-300°K. In the cases of small 
zirconium substitution, saturation magnetization 
was determined by extrapolation to 7’ =0 and 
H = ©, using the 1/H? relation from H = 8000 
to 12,000 or 12,500 Oe. For y> 1-4, the proper 
method of extrapolation was not entirely clear, and 
in these cases the extrapolation was performed 
both as above and to H = 0 (see Table 2). 


3. CRYSTALLOGRAPHIC DATA 
The lattice constants of the various specimens, 
{Y3_yCay}[ZryFe2_y](Fe3)O1e, are listed in Table 1 
and plotted in Fig. 1. 
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Fic. 1. Lattice constant vs. composition of garnet system 
{Y3-yCay}[ZryFeo-y](Fes)O12. 


It seemed that the more heavily Zr**-substi- 
tuted yttrium-iron garnets form more readily than 
those with lesser Zr** substitution. In the case 
of the Hf4*+ ion substitution the difficulty was 
magnified. A sharp powder photograph of the 
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end-member {YCag}[Hfo](Fe3)Oi2 gave a lattice 
constant of 12-670+0-004 A for this specimen, to 
be compared with 12-684+0-004 A (Table 1) for 
fY¥Cag}[Zre](Fe3)Ore. 


Table 1. Lattice constants of the system 
{Y3_yCay }[ZryFes_y](Fe3)O12 


y Lattice constant (A) 





12:376 +0-004 
12-404 
12-434 
12-463 
12:5 
12°5 
12°53! 
12:5 
12-58 
12:5 
12:6: 
12-684 


Because it appeared that all of the Zr4* goes into 
octahedral sites, it was of interest to introduce a 
controlled amount of nonmagnetic ion into the 
tetrahedral sites of the garnet {YCag}[Zre](Fe3)Ojo. 
The following two were made: 


{¥ Cag}[Zre2](Fee.5Alo.5) O12 ao = 12-650 + 0-004 A 
{YCao}[Zre](Fe2.5Gao.5) O12 aa=12-680 + 0-004A 


The crystallographic evidence for the complete 
preference of Zr4* and Hf*#* for the octahedral 
sites is as follows. First, these ions are larger than 
the Sn‘* ion. Quantitative X-ray diffraction 
measurements have shown that the specimen with 
nominal formula YCagSneF e303}; has the ionic dis- 
tribution fY Cag}[Sny.gFep.2](Sno.2Fee.g)Or2. Sec- 
ondly, qualitative examination of the powder 
intensities corroborates this deduction: One of the 
most sensitive reflections is the 444, which de- 
creases in intensity with substitution of a higher- 
atomic-number element in the octahedral site. As 
in the case of fY Cag}[Sn1.gFeo.2](Sno.2Fee.g)O12, 
this reflection is very weak in the powder photo- 
graph of {YCag}[Zro](Fes)Oi2 and unobservable 
in the powder photograph of 


{¥Cap}[Hfo](Fes) Oyo. 


The latter observation is also evidence that the 





S. GELLER, R. M. BOZORTH, 


Zr** or Hf4* ions are not entering the dodecahedral 


sites to any appreciable extent. 


4. MAGNETIC DATA 
Typical curves of magnetization vs. temperature 
are shown in Figs. 2 and 3. The magnetization 
curve for low zirconium content comes into the 
2) that for 


ordinate with zero slope (Fig. and 
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Fic. 2. Magnetization vs. temperature of garnet 
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of magnetization with temperature of 
Zr1-4Fe4-6](Fe3)O12. 


Y1-6Ca1.-4}| 
reach a 


content to 


higher zirconium appears 
maximum at about 10°K and then decreases, thus 
cutting the ordinate with a positive slope (Fig. 3). 
This behaviour is very similar to that of the tin- 


substituted yttrium-iron garnet system.“ 2? 
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5. DISCUSSION 

The results of this work indicate that the Group 
IVb ions Zr** and Hf** go entirely into octahedral 
sites when substituted into the garnets. This is in 
accord with the rules established for substitution 
of ions into the garnet structure, namely: (1) the 
octahedral and tetrahedral sites prefer spherical 
(or pseudospherical) ions; (2) of these two sites, 
the octahedral always allows more space to an 
occupying ion, the larger ion preferring the larger 
site. The first rule is the stronger one; thus Cr* 
which has a pseudospherical ground state only in 
an octahedral crystal field, substitutes for octa- 
hedral Fe** ion in {Y3}[Fee](Fes)Oj2? even though 
the Cr+ ion is smaller®) than the Fe** ion. How- 
ever, the maximum amount of Cr** ion that can be 





” 7r4t 
A Sn*t 

In3?* 
_ Sc3t 


\.&- THEORETICAL 











14 1.6 
IONS 
SITES 


1.0 1.2 


NONMAGNETIC 
OCTAHEDRAL 


0.2 0.4 06 O08 
y= NUMBER OF 


PER FORMULA UNIT IN 


Fic. 4. Theoretical and experimental variation of mag- 
netic moment (at 0°K) with composition, in 
{Y3-yCay}[ZryFe2-y](Fes)O12. 


substituted for Fe** ion in {Y3}[Fe2](Feg)Oje is 
small (y = 0-25); larger amounts would appar- 
ently be incompatible with the structural require- 
ments. It is of interest to note, however, that the 
garnet CagCreSigQOyo does exist. In this case, the 
ratio of Cr—0 to Si—0 distances is apparently in 
accord with the structural requirements. ‘Thus the 
rules have structural limitations imposed on them. 

The Zr4* and Hf** ions are of about equal size 
and have spherical electronic configurations: 
452466 and 5s25p® respectively. These ions are 
larger than the Sn4* ion, which, as has been shown, 
greatly prefers octahedral coérdination in the 
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garnets. However, our results indicate that, unlike 
the Sn** ion which will go into the tetrahedral 
sites, the Zr4* and Hf4* ions do not. 

Not only did the semiquantitative analysis of the 
X-ray diffraction powder intensities indicate the 
preference of the Zr** and Hf** ions for the octa- 
hedral sites, but the curve (Fig. 4) obtained from 
measurement of the 0°K (extrapolated) saturation 
magnetization vs. composition practically super- 
poses on that of the tin-substituted yttrium—iron 
garnet system. ‘) 

As a result of the recent work on the latter 
system, GILLEO has worked out a model for super- 
exchange interaction in garnets containing ran- 
domly incomplete linkages,’ which result from 
the substitution of non-magnetic for magnetic 
ions. If we justifiably assume that all of the Zr** 
ions occupy octahedral sites in the various speci- 
mens, the saturation magnetization (excluding 
very low-temperature effects, see Refs. 2 and 7 and 
later discussion) at 0°K of a garnet with formula 
{Y3_yCay}[ZryFes_y](Fe3)O12 is given by 


ng = 5{3[1—4(y/2)8+3(y/2)4]—2(1—y/2)}up 


Values of mg have been calculated for the speci- 
mens measured and are compared with the 
observed values in Table 2 and Fig. 4. 

As a consequence of GILLEO’s recent work, ?? 
the Curie temperatures may also be predicted and 
are given by 


5(1—v/2)[1 —4(y/2)3+-3(y/2)4 
To(y/2) ee OTT sas, 
© AL=y/2)+3[1—4(y/29-+3(y/2)4] 


The Curie temperatures are not easily accurately 
determined from the data taken and thus only two 
observed Curie temperatures are listed in ‘Table 
2. However in Fig. 5 the data thus far obtained for 
specimens in which the nonmagnetic ions Zr**, 
Sn4*, Sc3** and In*+* occupy only octahedral 
sites, are plotted and compared with the curve 


* In Ref. 3, the results indicate various percentages of 
In*+ and Sc*+ entering tetrahedral sites when these ions 
are substituted for Fe?+ ion in yttrium-iron garnet. How- 
ever, these results were obtained prior to the work on 
the tin-substituted yttrium-iron garnet which led to a 
better understanding of the results of substitution of 
other ions for the Fe®+ ion. It is now concluded that in 
the specimens given in Ref. 3, all the In+ and Sc** ions 
occupy octahedral sites. 
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Fic. 5. Theoretical and experimental variation of Curie 
temperatures with composition. 


obtained from the formula (see Tables 2 and 3 for 
actual values plotted). 


Table 2. Saturation magnetizations at 0°K 
some Curie temperatures in the system 
{Y3_yCay}[ZryFeo_y](Fes)O12 


| | 
| |2z|(obs.) | 
(1B) 


T c(calc.) 
(°K) 


T c(obs.) 
(°K) 


np(calc.) 





545 
510 
469 
. 421 
| . "3 366 
| 2 : 306 


} Per 
. 545 


| 
| 
| 
| 
| 


DoW wu 


—a 9 


are extrapolated to J = 0 and H = o (see text). 


Both the observed mg vs. composition and T'¢ 
vs. composition curves show some deviation from 
the curves given by GILLEO’s interaction model. 
For the higher values of y the measured values of 
both mg and 7'¢ are in some doubt; therefore it is 
not known just how significant the deviation is. 
However, for the lower values of y, i.e. y < 0°8, 
there is a significant deviation, although the 
0-8, is only 8 per cent. There is 


largest, for y = 
is an 


little doubt that the theoretical model 
excellent one, however. 
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Table 3. Saturation magnetizations at 0°K and 
some Curie temperatures in the systems 


(Y3_yCay}[SnyFe2_y](Fe3)O12,’ 
(Ya}[InyFes_y](Fes)O12°: 7) and 
{Ys}[ScyFes_y](Fes)Or® ” 


|zz|(obs.)) ma(calc.)} Tc(obs.)| T c(calc. 
(°K) (°K) 


(“B) 


(4B) 


503 
446 
306 
224 
138 


In two previous papers,":2) it was noted that 
tetrahedral—tetrahedral (d—d) magnetic interactions 
in the garnets were directly observed. In order to 
corroborate these observations further, small 
amounts of Al+ and Ga%* ions were substituted 
for iron in the garnet {YCao}[Zre](Feg)Oi2. These 
ions almost surely go into tetrahedral sites and may 
be written: {YCag}[Zre](Me zFe3_ z)O12, where Me 
= Al or Ga. We made the garnets z = 0-5 (see 
Section 3); both of these showed a slight parasitic 
ferrimagnetization of 0-1 yz at O°K (extrapolated 
to H = 0). This indicates that there are at least 
two magnetic sublattices among the tetrahedral 
sites in the garnet {YCag}[Zre](Me -Fe3_ z)O12 and 
that the magnetic structure is one not permitting 
strict antiparallel alignment of the moments of the 
ions in the two sublattices. 

In the system containing Sn** it was observed 
that for high Sn** contents, the mg vs. T curves at 
larger fields appeared to have maxima at very low 
temperatures."+ 2) This is also true of the system 
{Y3_,Cay}[Zr,Fee_y](Fes3)O12 for large y; (see, for 
example, Fig. 3). In all cases the npg(T = 0°K) 
values reported (Fig. 4) were obtained by extra- 
polating the lower mg values (that is, where the 
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curves actually intercepted the ordinate) to H = «© 
or in some cases H = 0) as indicated. The higher 
values of mz obtained by extrapolating from above 
the maxima do not in any case exceed the reported 
values by more than 0-4yz. 

It may well be that the higher values should be 
the ones to be compared with GILLEO’s model, 
because his model does not include very low- 
temperature effects : It has already been mentioned 
in an earlier paper‘) that the behavior of these 
curves is indicative of a low-temperature magnetic 
transition. Such a transition would almost surely 
be of higher than first-order, the magnetic structure 
changing gradually from one to another over a 
temperature range. Such transitions have been 
observed in intermetallic compounds; there 
appears to be such a transition in the compound 
CosGd;'8 9) in NigMn, there appears to be a 
ferrimagnetic-ferromagnetic transition at very low 
temperatures, 0) 
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Abstract—The variation of saturation moment, Curie temperature and susceptibility of ferrimag- 
netic compounds as a result of substitution of nonmagnetic ions for magnetic ions, can be under- 
stood to good approximation on the basis of the random distribution of incomplete superexchange 
interactions. The two premises required for the understanding are that: (1) a magnetic ion actively 
participates in ferrimagnetism only if it interacts with two or more magnetic ions in different 
coérdination and (2) the Curie temperature is determined by the number of complete interactions 
per active magnetic ion per formula unit. The requirement that a magnetic ion interact with at least 
two other magnetic ions in different codrdination is implicit in the fact that ferrimagnetism is a co- 


Operative phenomenon. 


Recent X-ray diffraction and magnetic studies of the yttrium—iron— 


calcium-iron-tin garnet system have provided the first firm basis for this understanding. 


1. INTRODUCTION 

THE importance of superexchange interaction of 
magnetic ions to the understanding of the magnetic 
properties of oxides of transition metals was first 
recognized by Kramers), Later NEEL’) demon- 
strated that ferrimagnetism results from negative 
superexchange (antiferromagnetic) interaction. In 
all cases the unit of interaction is a linkage of the 
M,-O-M,; type. Excited states of the oxygen ion 
which separates the transition-metal 
couple their spins through interaction with their 
d-electrons. The theory of superexchange inter- 
actions has been brought to its most advanced state 
at the present time by the work of ANDERSON®), 

The Curie temperatures of oxides of iron of ideal 
crystal-chemical composition* have been found to 
be closely related to the number nof Fe?*—O?——Fe*" 
linkages per Fe** ion per formula unit.@) ‘There- 
fore, an energy of interaction of kT¢/n may be 
assigned to each linkage. The chains of such link- 
ages are indefinitely long in a compound of ideal 


two ions 


* A compound of ideal crystal-chemical composition 
is here considered to be one in which a given crystallo- 
graphic position is occupied, without exception, by an 
ion of a single kind and valence. 


Cc 


crystal-chemical composition. However, for com- 
pounds in which part of the iron ions has been 
replaced by nonmagnetic ions, the crystal-chemical 
composition is no longer ideal, so that the number 
of active linkages will vary statistically from one 
magnetic ion to the other. 

In the case of substituted yttrium-iron garnets®) 
an earlier attempt was made to interpret the 
observed variation of magnetic moment and Curie 
temperature on the basis of the change in the num- 
ber of active exchange linkages per magnetic ion. 
The assumption made was that a magnetic ion 
which is linked only with nonmagnetic ions through 
the surrounding oxygen ions can not participate, 
as other magnetic ions do, in the ferrimagnetism 
of the compound. In this respect interaction be- 
tween magnetic ions in crystallographically equiv- 
alent sites was not considered, for it is known that 
the geometry of such linkages is unfavourable to 
superexchange interaction in the garnet struc- 
ture. (4; 6) 

The data obtained from the recently synthesized 
solid solutions of yttrium-—iron garnet (YIG) with 
YCagSngFe30j2(CIS) and Y CaoZreFe30}9 (CIZ) 
garnets‘?-%) now make it possible to extend greatly 
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our understanding of the dependence of magnetic 
moment and Curie temperature upon the statistical 
distribution of active linkages among the magnetic 
ions which participate in the ferrimagnetism of the 
compound. It is clear that the original approxi- 
mation) in which account was taken only of mag- 
netic ions excluded by lack of interaction with any 
other magnetic ions of another coérdination, is no 
more than a first-order approximation; to account 
adequately for the data now available, it should be 
carried to a higher order. 


2. INTERACTION STATISTICS 
(a) Magnetic Moments 
For substituted yttrium-—iron garnets it is con- 
venient to use the ‘following formula unit: 


| Y3-y 2Me y z}[Fee yMy|\(Fes 2M-,)Ojp. 


In a unit cell of space-group O,!°—Ja3d, to which 
the yttrium-iron garnet structure belongs, © the 
ions of the formula unit which are in dodecahedral 
sites, 24(c), are enclosed by { }, those in octahedral 
sites, 16(a), by [ ], and those in tetrahedral sites, 
24(d), by ( ). If M is a quadrivalent ion, such as 
Si4+, Sn4+ or Zr4+, Me is a divalent ion, such as 
Ca2+;(7-9) if M is trivalent, so also is Me, which 
then is Y** or a rare-earth ion.©- 1 Very many 
other possibilities are available. (1-14) 

It is known from structure studies) that an 
octahedral and a tetrahedral ion are linked with 
each other only once through an oxygen ion, that 
is to say that each oxygen ion is codrdinated with 
only one each of the octahedral and tetrahedral 
ions. Therefore, for each of two octahedral iron ions 
there are six linkages with tetrahedral ions for a 
total of twelve; and for each of three tetrahedral 
ions there are four linkages with octahedral ions 
for a total of twelve. Consequently, there are 24/5 
linkages per iron ion in yttrium-iron garnet. The 
magnetic moment is equal to that of the three tetra- 
hedral Fe?* 


octahedral Fe** ions, which leaves 5 zg as the net 


ions of 5 wz each minus that of two 


moment per Oj» formula unit.®) 

However, when iron ions are replaced by non- 
magnetic ions M in amounts y and z, a number of 
linkages are incomplete. Magnetic ions which 
interact with no other magnetic ions of another 
coérdination must be excluded from participation 
in ferrimagnetism.) In addition, with a large re- 
placement of iron ions by nonmagnetic ions, the 


possibility that a magnetic ion may interact with 
only one other magnetic ion in another coérdina- 
tion must be taken into account. An ion with a 
single linkage cannot be active in a coéperative 
interaction with the remainder of the ions, as is 
required in ferrimagnetism, because it cannot relay 
the orientation information contained in the single 
linkage to any other magnetic ions; that is to say 
that the interaction chain through a magnetic ion 
must be uninterrupted in order that the ion may 
actively participate in ferrimagnetism. 

Consequently, a single linkage should be dis- 
carded and the ion thus linked also excluded from 
participation in ferrimagnetism. NEEL) first 
observed that the dependence of the saturation 
magnetization of zinc-substituted nickel ferrite 
upon zinc content could be qualitatively explained 
by the assumption that an octahedral magnetic ion 
with less than two linkages with tetrahedral mag- 
netic ions did not contribute to the ferrimagnetism. 

Let ky and k; be the fractions of octahedral and 
tetrahedral Fe®* ions which are replaced by non- 
magnetic ions, i.e. 


Ro 
k t 


The probability py(m) that an ion of coérdination 
n be linked with m ions, each of probability (1—A) is 

Pn(m) = (” \kn-m™(1—R)™, 
where (”) is the binomial coefficient, 


n!/m\(n—m)! 


Therefore, the probability that an ion be linked 
with none, or at most one, of the magnetic ions is 


E > Pn(m) = nk”-1—(n—1)k". 


m=0 


If the fraction £ of the magnetic ions ina specified 
site is excluded from participation in the ferri- 
magnetic structure of the compound, then only the 
portion (1—£)(1—R) of the ions in that site can con- 
tribute to the ferrimagnetism. For a compound 
of garnet structure the moments ng), ng) of the 
octahedral and tetrahedral sublattices are 


ne = 2M (1—k,)[1—Eo(hi)], 
3 (1 —k;)[1 — Ei(Ro)], 


ny 
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where ’ 
2o(Re) = 6k? —5k?, 
4 
i4(Ro) = 4k? — 34 
and & o,.# ; are the moments in Bohr magnetons, 
4p, of the magnetic ions. 
For an iron garnet with Fe*+ ions of 5 pug 
moment, the moment per Oj2 formula unit is 


(bt) (o) 
np(Ro,kt) = ny —ny 


=3-5(1—k,) [1 — E(k) ]—2°5(1 — Ro) [1 —Eo( hi) Jur 


The moment derived in this way is not the true 
spontaneous magnetization which would be ob- 
served with zero field at absolute zero of tempera- 
ture; it corresponds to the apparent moment which 
would be deduced from measurements made in 
weak fields down to, say, 10°K. Weaker inter- 
actions which are important at absolute zero in 
zero field have not been considered and will be 
discussed later (see also Ref. 7). 


(b) Curie temperature 

For magnetic oxides of iron of ideal crystal- 
chemical composition, it has been found that the 
Curie temperature corresponds to the number of 
interactions per magnetic ion per formula unit. (4 
Therefore, reduction of the number of inter- 
actions by substitution of nonmagnetic ions for 
Fe®* ions should lower the Curie temperature. 

The number of primary interest to us for the 
determination of the Curie temperature is, there- 
fore, the number of active interactions per mag- 
netic ion. Because each linkage involves two mag- 
netic ions, we would then count just twice as many 
interactions as linkages. For twelve oxygen ions 
per formula unit, each of which is coérdinated 
with one octahedral and one tetrahedral magnetic 
ion,®) we would have a maximum of twenty-four 
interactions. However, with substitution of a frac- 
tion k; of non magnetic ions for iron ions of kind 
i, a fraction (1—;) of the ions is magnetic and 
of these a fraction [l1—£;(k;)] is active. 

Accordingly, the number of active interactions 
(most easily counted from the oxygen position as 
a product of the probabilities of each linkage half) 
is 


n(Ro,ky) = 24(1—kp)[1 —Eo(Ai)](1 — Ry) x 
x [1—Ei(Ro)] 


for an Oj» formula unit. 


The number N of magnetic ions which actively 

participate in the ferrimagnetism is 
N(Ro,kt) = 2(11—o)[1—Eo(Ai) | + 
+3(1—A)[1 —E(ho)]. 

The Curie temperature T¢(ko,k+) for a sub- 
stituted garnet is related to that of yttrium—iron 
garnet, T¢(0, 0) = 545°K,®) by the relation 
5 n( Roki) 


24 N(ho,ke) 
where 24/5 is the number of interactions per mag- 
netic ion per formula unit. 


T c(Rosht) T (0, 0), 


3. COMPARISON WITH EXPERIMENT 

The comparison of calculated and observed 
values of mg and T¢ computed for substituted 
yttrium-iron garnets on the basis of ion distri- 
bution, which is known from X-ray or neutron- 
diffraction data, shows quite good agreement, par- 
ticularly for octahedral substitutions (Table 1). 
Where the distribution is not known from inde- 
pendent observation, it has been based on the best 
available information. 

For the most part results previously reported) 
for substitutions which take place principally i 
tetrahedral sites are only slightly affected in inter- 
pretation by the higher order of approximation 
afforded by the more elaborate analysis given here; 
the substitution fraction k; is too small to bring 
about appreciable departure from the earlier first 
order approximation. 

When substitution takes place primarily in 
octahedral sites, the effects on the magnetic 
moment and Curie temperature of yttrium—iron 
garnet are much more pronounced than for tetra- 
hedral substitution: first, the moment passes 
through a maximum before declining to zero, and 
second, the effects of substitution are more rapid 
because of the smaller number of octahedral ions 
present in a formula unit. 

The substitution fraction at which the maxi- 
mum value of mg(Ro,0) occurs corresponds to the 
point at which @np(ko,0)/0ko = 0 which is kg = 
0-277 (i.e. y = 0-554). The maximum moment 
which can be achieved by non magnetic ion sub- 
stitution for a given fraction k of the iron, where 5k 
= 2k9+3k:, occurs for total octahedral substi- 
tution (ko = (5/2)k, kt = 0) for O0<k<0-165; at 
k = 0-165, dnp(ko,0)/@Rolx = 9; for k>0-165, 
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Table 1. Observed and calculated magnetic moments and Curie temperatures for substituted yttrium-iron 
garnet 


Formula unit 


(obs.) (4B) | (calc.)(B) | (obs.)(°K) (calc.)(°K) | 


0 
0 
0 
0 
I 0 
Fey 0 
CaFe,S P 0-500* 0 


“ 


y/a5n1 4012 


+ 


wu 


yac1/40 12 


2Feg/25n1/2012 
*e9/2In1;2012 


+ 


“iui to ty 


wWOohmoe— 


wi 
+ 


1) 


0-625* 0 
0-750* 0 
0-9* 0-067 


5 sSn5 O12 
3/2Fe7/25n3/2015 


CaeoFe3Sne2Q012 


mE tt nt et 


"NB NB Tc Tec 


| 
| 
| 


545+3 
498 +3 


ViunmsntIunusxlun 


~sI 
oe) 


180+20 


Nn 


* These values have been quantitatively established by X-ray diffraction intensity data in Ref. 7. 


+ These values are based on data of Ref. 5. Values given there were derived from magnetic data on the basis of the 
simple model employed. The X-ray diffraction studies (Ref. 7) and ionic-size considerations (Ref. 7) and the improved 


model derived in this paper are the basis for revision. 
J The value of 7; 
it is derived (Fig. 4) is correct 


énp(Ro,0)/Cko|~ <0, so that the largest possible 
moment is realized for k;>0. 

Although the 
served-7-8) and _ calculated 
good, adequate account has not been taken of the 


agreement between the ob- 


moments is quite 
contribution of magnetic ions which have been 
considered not to participate in ferrimagnetism. 
The moments of these ions must become ordered 
at very low temperature. For a small fraction 
Eko) of tetrahedral ions excluded from interac- 
tion, it is probable that at absolute zero tempera- 
ture the fraction (1—ki)ki of the tetrahedral ions 
which is magnetic and which interacts with no 
octahedral ions is oriented antiparallel with the 
ferrimagnetic tetrahedral ions as a consequence of 
weak interaction™®) with them. Because this inter- 
action is weak, the influence of an external field H, 
such that p«H > kT for the excluded ions, would 
cause the moment of these tetrahedral ions to add 
to the ferrimagnetic moment, whereas in zero field 
at very low temperature it would subtract. The case 
for those tetrahedral ions which have a single 
linkage with an octahedral ion is less determinate. 
The weak interaction ™®) of these tetrahedral ions 
with other tetrahedral ions opposes the single ferri- 
magnetic interaction so that the orientation of such 
ions in zero field is difficult to predict. Accordingly, 


365°K given in Table II of Ref. 5 


is in error and should read 375°K; the curve from which 


the temperatures and magnetic fields used in the 
determination of the spontaneous magnetization 
by extrapolation to zero temperature could 
seriously affect the result. 

Data reported by Getter et al. for 
Cay.5Y1.5Fe3.55nj.5O12 show that the magnetic 
moment for temperatures as low as 1-3°K is not 
approaching a final value at 0°K with zero slope, 
as it ultimately must. For Fe**+, with a moment of 
5 wp in a field of 12,000 Oe, pH ~AT at 4K. 
Therefore, the positive slope of om vs. T observed 
at 12,000 Oe below 10°K implies that the Néel 
temperature for interaction between tetrahedral 
iron ions is >4°K. 

Under these circumstances the problem of spon- 
taneous magnetization becomes much more com- 
plicated because of the increased number of inter- 
actions which must be taken into account. In par- 
ticular, interactions will very 
probably lead to conditions which the 
moments may no longer be simply antiparallel in 
magnetic lattices of ions in crystallographically 


these additional 


under 


different positions, and parallel for ions in the 
same positions. ”) The treatment of such a problem 
by YareT and Kitre_®” indicates the manner in 
which additional interactions may influence the 
magnetization at very low temperatures. 
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For a ferrimagnetic garnet with k = 3/10 = 
(2/5)ko, the value of E;(ko) is 0-74, so that 3 x 0-74 = 
2-2 iron ions in tetrahedral sites are excluded from 
participation in ferrimagnetism except at very low 
temperatures (say, <10°K). Therefore, these 
excluded ions would be responsible for a sub- 
stantial contribution to the susceptibility of such 
a compound for which the moment may be repre- 
sented by o = o9+yH. Susceptibility of a magni- 
tude appropriate to 2-2 free Fe*+ ions per formula 
unit is observed for Cay.5Y1.5Fe3.5Snj.5O12 below 
70°K. However, the variation of susceptibility 
with H and T is not explainable entirely on the 
basis of free ions; x decreases too slowly with 
increasing 7’, and oa is not linear in H even at 70°K. 

The variation of the observed Curie temperature 
with substitution of nonmagnetic ions in octahe- 
dral positions is well followed by calculated values 
(Table 1). The agreement obtained is much better 
than in the case of the first-order approximation 
employed earlier.©) The improvement is a result 
of better information regarding the distribution of 
nonmagnetic ions provided by the X-ray diffrac- 
tion studies of the tin-substituted yttrium—iron 
garnet system and by the improved model 


developed above. 


4. FERRIMAGNETIC SPINELS 

The interpretation of the variation of magnetic 
moment and Curie temperature in ferrites (ferri- 
magnetic spinels) may be carried out on the same 
basis as was used for ferrimagnetic garnets. The 
magnetic properties of ferrites have been ex- 
tensively interpreted with great success by NEEL®)* 
ona molecular field basis. NEEL») also early recog- 
nized the importance of the statistical variation of 
the number of interactions possible for different 
magnetic ions in the case of a ferrite in which non- 
magnetic ions were introduced. He showed that the 
variation of the moment of a nickel-zinc ferrite 
with zinc content could be understood on the basis 
of the requirement of at least two interactions of a 
magnetic ion with those of another coérdination 
before it could take part in ferrimagnetism. 

However, the mathematical relations were not 
stated, nor was the Curie temperature variation 
considered. The relevant equations are therefore 
briefly presented below. 


* For an excellent survey of this work, see GORTER 4), 


In the ensuing presentation we make use of the 
formula unit 


(Ma,_zM,)[Mb2_yMy]Oa, 


where Ma and Mb are the tetrahedral and octa- 
hedral magnetic ions and M is a nonmagnetic ion. 
As before, we define 


y/2, 


» 
od, 


2Ro +k. 
In these terms the magnetic moment is given by 
np(Ro,kt) = 2M o(1—o)[1—Eo(ke)]— 
— M1 —k)[1 — Eiko) |u2, 


where .@q and.@,> are the magnetic moments (on 

the average) of the magnetic ions in tetrahedral 

and octahedral sites and 
E4(Rt) - 
Ex(Ro) 


6k —5RE, 
12k! 11412, 


If ko = 0, as is often assumed in the case of 
zinc substitution for divalent ions of nickel, man- 
ganese, cobalt, and iron in ferrites, we would have 
a maximum of ,(0,k+) when énp(0,k+)/ eke = 0. 
For zinc-substituted manganese ferrite a maximum 
of mg would occur at z = 0-436 and would be 
about 6:58 wz, and similarly for other cases. 
Observed maxima fall between values of 0-4 and 
0-5 for z, and are of about the size expected. (8) 
However, the observed moment falls off more 
slowly than would be expected from the equation 
for ng with increase of z. On the other hand there 
is reason to believe that not all zinc enters tetra- 
hedral sites for all concentrations.“8) Further- 
more, the behaviour of the moment with variation 
of H and T at low temperature would have to be 
taken into account. 

Calculation of the dependence of Curie tem- 
perature on the concentration and distribution of 
nonmagnetic ions also proceeds in the same 
manner as before, when all magnetic ions are 
equivalent. We have, in the case of a spinel, 


nko, ky) = 24(1—R,)[1 — Eo(he) (1 — Ry) [1 — Exo) | 
and 


N(Ro,kt) = 2(1—Ro)[1 —Eo(Ai)] + (1 —Fi)[1 — Ex(Ro)]- 
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Accordingly 


3 n(ko,ke) 


24 N(kp, Rt) 


T c(Ro,Rt) T(0, 0), 


where 7-(0, 0) is chosen in accord with the un- 
substituted composition. 

It is important to recognize that this equation 
for T¢ is valid only when the character of the link- 
ages does not change with substitution, and only 
their number changes. Consequently, the equation 
is valid only when all magnetic ions are identical, 
as in the ZnFegO,—LigFesOg system,“®) or when 
the substituent ion displaces a magnetic ion on the 
same site, which may seldom be true. In the case 
of the (Zn)[Fee]O4-(Fe)[FeNi]O4 system, (8) Zn?2+ 
displaces Fe** from a tetrahedral to octahedral 
site, where it displaces Ni** from the material. 
Under this circumstance there are varying num- 
bers of (Fe*+)—O?--[Fe®*] and (Fe*+)—-O?--[Ni?*] 
linkages of different strength which must be taken 
into account in determining the Curie temperature. 

In the case of compounds, such as MgFe2048) 
and CuFesQ,,"%8 with a constant content (but 
varying distribution) of nonmagnetic ions, and 
only one kind of magnetic ion, namely Fe**, the 
above equations apply. Substituted manganese 
tin spinels containing only Mn?* also fulfill these 
requirements. 9) 

The presence of magnetic ions excluded from 
participation in ferrimagnetism, except at very 
low temperatures, again carries with it the question 
of the behaviour of the magnetic moment and sus- 


ceptibility arising from these ions at very low 
temperatures. From the antiferromagnetism ob- 
served in (Zn)[Fe2]04- 21) and (Cd)[Fe2]O42) 
below 10°K, it is known that octahedral Fe** ions 
excluded from interaction with tetrahedral mag- 
netic ions interact antiferromagnetically with other 


octahedral Fe** ions. 

The numbers of magnetic ions per formula unit 
totally without interaction with those in another 
coordination are 2(1—,)k;6 in octahedral sites and 
1(1—2;)k,!* in tetrahedral sites; the numbers with 
but a single interaction with an ion in another 
coordination are 2(1—k,)(6ky°—6k;,6) and 
1(1—k,)(12k — 12k}*) respectively as before. Each 
category of excluded ion may be expected to con- 
tribute differently to the magnetic moment at very 
low temperatures. However, at temperatures above, 
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say, 20°K, all probably contribute nearly as free 
ions. For this reason low-temperature suscepti- 
bility data are important to a fuller understanding 
of ferrimagnetism and superexchange interactions 
in heavily substituted ferrites. 


5. DISCUSSION AND CONCLUSIONS 

The recent synthesis of compounds in the 
yttrium—iron—calcium-iron-tin (YIG—CIS) gar- 
net system?» 8) has provided an unusually good 
basis for simultaneous demonstration of several 
factors important to the understanding of ferri- 
magnetism. Because the X-ray scattering factor for 
Sn4* is twice that for Fe%*, it has been possible to 
obtain accurate knowledge of the distribution of 
these ions.) Furthermore, only one magnetic ion, 
namely Fe**, is involved; its moment is subject to 
negligible variation with coérdination number 
because its ground state is ®S5,2. For these reasons 
ambiguity regarding the distribution of ions and 
their moments is absent. 

With the aid of X-ray crystallographic and mag- 
netic data now available for the YIG—CIS 
system,‘’: 8) two concepts valuable to the under- 
standing of ferrimagnetism have been placed on 
firmer ground: (1) two or more linkages of a mag- 
netic ion in one sublattice are required with 
magnetic ions in another sublattice in order that 
the ion may actively participate in ferrimagnetism, 
and (2) the Curie temperature is proportional to 
the number of active superexchange linkages per 
magnetic ion per formula unit. 

The contribution to the magnetic properties of 
a ferrimagnet at very low temperatures, which is 
made by those ions excluded from ferrimagnetism 
at higher temperatures, remains to be fully investi- 
gated and understood. At intermediate tempera- 
tures it is known that the excluded ions contribute 
a paramagnetic moment much as free ions would; 
such paramagnetic ions could also contribute to 
ferrimagnetic-resonance line width. At lower tem- 
peratures, however, all magnetic ions must become 
ordered in orientation, so that the final state will 
depend upon weak superexchange interactions. It 
is under these circumstances that the theory of 
YareT and KuitreL.“” regarding the magnetic 
sublattices which develop becomes very important. 
Studies of low-temperature spontaneous magneti- 
zation, specific heat, ferrimagnetic-resonance line- 
width and neutron-diffraction data could greatly 
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clarify the status of the excluded ions and thus 
reveal further details about ferrimagnetism. 
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Abstract 


Since the fundamental interaction between magnetic moments in a ferromagnet makes 


a contribution to the total energy, there should also be a corresponding contribution to the elastic 


constants. In order to observe this effect, the elastic constants C44, $(Ci1 —Ci2) and 4(Ciu.+ Cie 


2C 44) 


have been measured in nickel and an Fe—30% Ni alloy through their respective Curie temperatures at 
high enough applied magnetic fields to eliminate the ordinary ‘“‘AE effect’’ associated with domain 
wall motion. The intrinsic magnetic interaction which should produce changes in the elastic con- 


stants upon passing through the Curie temperature was clearly observed in both materials. The first 


and the second derivatives of the exchange energy are estimated from these results. Such an inter- 
pretation is relatively straightforward for nickel, but the large volume magnetostriction of the 
Fe—Ni alloy makes the analysis of the data difficult. The measurements on nickel were extended 
down to 4:2°K while those on the alloy do not go below room temperature because of a possible 


martensitic transformation of this alloy 


1. INTRODUCTION 
As a ferromagnetic substance is cooled through the 
Curie temperature, changes in the relative align- 
ment of the magnetic moments give rise to a change 
in those contributions to the total energy which 
arise from the interatomic magnetic interaction. 
Since the elastic constants are derivatives of this 
total energy with respect to strain, an intrinsic 
magnetic to the constants 
should appear when a ferroma 
cooled through its Curie temperature. If this effect 
could be observed, it would then be possible to 


elastic 
genetic material is 


contribution 


determine the nature of the magnetic exchange 


energy much more precisely than by methods 
previously adopted. Only the first derivative of 


the exchange energy, with respect to interatomic 
distance, is obtained by measurement of volume 
magnetostriction or thermal expansion, whereas 
both the first and second derivatives may be 
obtained from elastic constant measurements. A 


* Present Address: U.S. Naval Postgraduate School, 


Monterey, California. 





40 


brief explanation of these principles has been 
given by one of the authors.) 

In order to find such intrinsic magnetic contri- 
butions to the elastic constants, observations must 
be made in a magnetic field high enough to 
eliminate the effects of domain boundary motion 
which give rise to the well known “AE effect’’ but 
which are not related directly to the contributions 
of the fundamental magnetic interaction being 
sought. Furthermore, it is advantageous that the 
measured elastic constants be related to the deriva- 
tives of the energy in as direct a way as is possible. 
The bulk modulus and the shear constants C44 and 
3(Ci;—Cjz) satisfy this requirement in cubic 
materials but none of these has been measured 
over a temperature range which includes the Curie 
temperature. 

Measurements of the temperature dependence 
of some of the elastic constants over such a wide 
temperature range have been attempted for some 
ferromagnetic substances by several authors. For 
example, measurements on Young’s modulus of 
polycrystalline nickel have been made by QuIMBY 
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and SreceL®) who found that, at magnetic satur- 
ation, the change of the modulus at the Curie point 
is almost negligible. ENGLER®), on the other hand, 
measured the Young’s modulus of an Fe-42°/, Ni 
alloy through the Curie temperature and found a 
remarkable change at the Curie point even under 
a strong external magnetic field, where the contri- 
bution from the “AE effect’”’ should be negligible. 

Do6r1ING”) has proposed an explanation for these 
observations by a kind of relaxation mechanism 
based on changes in the spontaneous magnetization 
accompanying the changes in the volume which 
are a consequence of the modulus measurement. 
Since this effect is based on the volume dependence 
of spontaneous magnetization which, in turn, is 
related to the magnitude of the volume magneto- 
striction, the effect should be large in Fe-42°, Ni 
and small in Ni, which agrees well with the obser- 
vations. Since it is a relaxation type mechanism, 
this explanation would always predict a decrease 
in the modulus from the values extrapolated from 
high temperatures, irrespective of the sign of the 
volume magnetostriction. However, scrutiny of 
Quimpy’s data’) shows a slight increase of the 
modulus below the Curie point which is contrary 
to Déring’s prediction. ‘This indicates the possible 
existence of the intrinsic effect which is expected 
from the theory mentioned above. 

Since the spontaneous magnetization depends 
primarily on volume, the ‘“Déring contribution”’ 
can be minimized if the measurement is made 
using isovolumic pure shear distortions. For this 
reason, Young’s modulus measurements by them- 
selves are difficult to interpret in terms of an 
atomic interaction model. The present experiments 
make use of the pulse echo method to obtain the 
three elastic constants C44, 3(Cu—Ci2) and 
4(Cy+Ci2+2C4 1) for single crystals of nickel and 
and Fe-30° Ni alloy) through the Curie temper- 
ature. The former two constants are measured by 
the desirable isovolumic shear distortions and 
therefore, to a first approximation, do not include 
any ‘‘Doring contribution’’. However, the last con- 
stant is measured by a longitudinal wave distortion 
and therefore this, as well as the bulk modulus 
which is calculated by combining these three con- 
stants, may include a sizable Déring term. Not only 
the magnitude of the spontaneous magnetization, 
but also its direction changes due to the deforma- 
tion which is a necessary part of the elastic constant 


measurement process, and this gives rise to still 
another contribution to the measured elastic con- 
stants. Since the quantity which must be de- 
termined is the magnetic contribution at fixed 
magnetization, corrections for these extra con- 
tributions must be introduced in order to extract 
the intrinsic contribution. 

Nickel was chosen because there has been a 
question) of the sign of the derivative of the 
exchange interaction with respect to the inter- 
atomic distance. It has, however, the disadvantage 
that the effect sought may be small and the Curie 
point is high enough to require accurate measure- 
ments at temperatures near the upper limit reached 
by the present techniques. In contrast to nickel, 
the alloy was chosen because it has a large magnetic 
moment per atom and its Curie temperature is 
near room temperature. Unfortunately, it has the 
disadvantage of having a martensitic phase trans- 
formation which sets a lower limit on the tempera- 
ture range over which measurements can be made. 
It also has a large volume magnetostriction which 
produces a large Déring term and introduces other 
difficulties which complicate the analysis of the 
data. 


EXPERIMENTAL PROCEDURE 
Both crystals used in this investigation were 
prepared by the Bridgman method. The alloy 
crystal was purchased from the Alloyd Research 
Corporation and the pure nickel crystal was grown 
by one of us from electrolytic nickel. The method 


used to prepare the [110] oriented acoustic speci- 


mens has been previously described.(?:8) The re- 
sulting lengths were 1:5077 cm for the nickel 
specimen and 1-9144 cm for the Fe—30 Ni speci- 
men. Chemical analysis of the iron—nickel alloy 
showed it to be 30 atomic per cent nickel in iron to 
within 0-1 per cent of nickel. Metallographic 
examination of the alloy showed it to be single 
phased. ‘The acoustic measurements were per- 
formed at several different temperatures in an 
applied magnetic field using apparatus similar to 
that previously described.) 

For the nickel crystal, the magnetic field was 
supplied by an A.D.L. electromagnet. Using a 34 
in. gap with 11 in. pole faces, any field from zero 
to 12:0 kOe could be applied. Below 77°K, the 
crystal and its associated isothermal enclosure and 
resistance thermometer were placed in a helium 
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bath located between the pole faces. The 4-:2°K 
measurements were made with the crystal im- 
mersed in the bath; the higher temperature 
measurements were taken as the crystal slowly 
warmed. During the time for making a measure- 
ment, the temperature changes were less than 1°K. 
From 77 K to room temperature the crystal was 
placed in a small furnace in a liquid nitrogen bath 
and its temperature measured and controlled as 
described previously.°-9) Above room temperature 
the crystal was placed in a furnace surrounded by 
a water jacket and the entire assembly placed 
between the pole faces of the electromagnet. Above 
77°K the temperature was measured by a copper-— 
constantan thermocouple and controlled to 0-5 
degree during the time of making a measurement. 

For the alloy crystal, the applied magnetic field 
was supplied by a 12 in. Varian electromagnet with 


1 2} in. gap. The maximum strength of the mag- 
netic kOe. A water 


jacketed furnace was made to contain the alloy 


field was about 10 small 


crystal and to fit between the pole faces of the 


magnet. Again the crystal temperature was 


measured with a copper-constantan thermocouple 
and controlled to 0-5 degree during the time of 
measurement. Measurements were not made 
below room temperature because of the phase 
transformation which occurs near 0°C for this 
alloy system. 

In all cases the applied magnetic field 


measured by a rotating coil component Gauss- 


was 


meter manufactured by the Rawson Electrical 
Instrument Company. Since for nickel, the direc- 
tion of the applied field makes only a small change 
in modulus®) (less than 0-1 per cent at 10-0 kOe) 
no special pains were taken to procure any given 
direction of applied field. For the alloy crystal, 
space considerations dictated that the applied 
field be always parallel to the direction of propa- 
gation, i.e., [110]. Room temperature tests showed 
that the alloy crystal measurements were inde- 
pendent of the direction of the applied field. 

The pulsed ultrasonic method yields the time of 
travel of a sound pulse over the length of the 


specimen. From these observed transit times, the 
constants 


wave velocities and resulting elastic 
were computed using the room temperature length 
and density as corrected for thermal expansion and 
magnetostriction. Both room temperature crystal 


densities, p = 8-907 gcm~* for nickel and p 
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Fic. 1. Temperature variation of the elastic modulus C4a 
of nickel measured at 10 kOe applied field. The vertical 
dashed line marks the Curie temperature. 


8-219 g cm~3 for Fe-30° Ni were calculated from 
X-ray lattice constant data. The data of Nix and 
McNair@) were used for the thermal expansion 
of nickel, while that of the alloy was measured in 
this laboratory. The directly measured elastic 
constants C = Cy, C’ = }(Cy—Cjeg) and Cy = 
4(Cu+Ci2+2Cy4) were plotted as a function of 








Fic. 2. Temperature variation of the elastic modulus 
4(C11—Ci2) of nickel measured at 10 kOe applied field. 
The vertical dashed line marks the Curie temperature. 
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temperature, smooth curves being drawn through 
the experimental points. 


RESULTS FOR NICKEL 
The directly measured moduli are shown in 
Figs. 1-3, where the experimental points, shown as 
open circles, represent measurements taken at 





34 ——— -— 


2 -2 
[10'* dyne-cm] 


nt Cr+ 2C,,) 


YC 


2 


1 | \ 1 i Kool it a: 
100 200 300 400 500 600 700 800 
T (°K) 





Fic. 3. Temperature variation of the elastic modulus 

$(C11 + Cizg+2Caa) of nickel measured at 10 kOe applied 

field. ‘The vertical dashed line marks the Curie 
temperature. 


10-0 kOe applied magnetic field. The dependence of 
the modulus upon the magnetic field after technical 
saturation is negligibly small and thus the con- 
stants measured at 10-0 kOe are the saturation 
values characteristic of the temperature of measure- 
ment. In these figures the Curie temperature for 
nickel is indicated by a short vertical dotted line. 
The sloping dashed lines are extrapolations below 
the Curie temperature of the essentially linear 


temperature dependence of the constants measured 
above the Curie temperature. 

Other investigators(? 12-14) using the same tech- 
niques have determined the elastic constants of 
nickel at room temperature and in a somewhat 
smaller applied magnetic field. Although not 
plotted in the figures, these previous results are 
given in Table 1, and disagree with each other and 
with the results of this paper by about 2 per cent 
which is more than the conservatively estimated 
experimental error of 1 per cent. The reasons for 
this disagreement are not known. Contrary to the 
observations of Levy and ‘TRUELL“®) a small “AEF 
effect”? was observed but not measured quantita- 
tively. 

The temperature dependence of the three con- 
stants is similar to that observed for other metals; 
the constants approach zero temperature with 
zero slope and decrease almost linearly with in- 
creasing temperature. The region of near zero 
slope extends to higher temperatures than those 
observed for the noble metals. ‘The Debye tempera- 
ture calculated from this low temperature data is 
472°K, which is in agreement with the calorimetric 
measurements of RAYNE and Kemp(®) if their data 
is corrected for a magnetic contribution. In passing 
downward in temperature through the Curie 
point, the modulus is increased (shown by the 
experimental data being above the dashed line) by 
the crystal becoming ferromagnetic. This result 
agrees with the observations of QuimBy and 
S1EGEL®) and shows that there is indeed a magnetic 
contribution not describable by Déring’s relaxa- 
tion mechanism. 

Since modulus versus pressure data are not 
available for nickel it is not possible to separate the 
intrinsic temperature dependence of the constants 
from that due to thermal expansion. At room 


Table 1. The room temperature saturation values of the elastic constants of nickel as measured by various 
investigators 
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temperature, in units of 10-4 deg~!, the logarith- as compared to those above the Curie point which 
mic temperature derivatives of the measured do not include the magnetic contribution which 
constants are: are: 
dinC nC’ dinC dinC’ 
j= -29, (=) =-x | “a 
i7 aT /» aT } aT 
dlnC, 
—19 x | 
p al 
Table 2. Values of the elastic constants of nickel at various temperatures as read from smooth curves 


drawn through the measured data points. The values of Cy, Cig and the bulk modulus B are calculated from 
the measured quantities pV~ pV; and pV. Applied field = 10 kOe 
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All these values are very similar to those observed 
for the noble metals at room temperature. At the 
Curie temperature the logarithmic derivatives are 
numerically increased being then 


‘dlnC ‘dlnC’ 
(me | 
Pp 


Inc 20, 
aT aT /» 


(/d\nC)\ 
(a 
aT |» 
in the same units. 

Table 2 lists readings taken from the smoothed 
curves drawn to fit the experimental data shown 
in Figs. 1-3 as well as other constants calculated 
from these readings. In the table, the absolute 
accuracy of the measured quantities is certainly 
better than one-half per cent. The accuracy of the 
derived constants, especially Cj is less, due to 
propagation of errors. 


RESULTS FOR Fe-30% Ni 

First, an auxiliary experiment was undertaken 
to determine the effect of the orientation of the 
applied magnetic field with respect to the propa- 
gation and polarization directions. In contrast to 
the results for nickel, no change in velocity was 
observed as the crystal was rotated about the 
propagation direction. At 10-0 kOe applied field 
the maximum effect, if present, was less than 1 
part in 5000. 

In order to compute the elastic constants from 
the measured transit times, it is necessary to know 
the path length and density as a function of 
temperature. The room temperature density of the 
alloy crystal was calculated from the X-ray data of 
OweEN and Sutiy"®), To determine the thermal 
expansion, a small rod was cut from a portion of 
the crystal not used in the acoustic measurements. 
A dilatometer specimen was machined from this 
rod and after being annealed in vacuum for 4 hr at 
800°C, the fractional change in length with tem- 
perature was determined in a standard Leitz 
dilatometer. These results are shown in Fig. 4 
where the fractional change in length is plotted 
as a function of temperature. 

An alloy of this composition has a large forced 
volume magnetostriction. Since the measurements 
are carried out in applied fields up to 10 kOe, and 
since the results show a remarkable field depend- 
ence, it is necessary to know the value of magneto- 
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Fic. 4. Relative length change of the Fe-30% Ni alloy 
as a function of temperature. 


striction both for the determination of effects 
due to volume changes on the elastic constants 
and for the correction of the path length. 
The measurement of the magnetostriction as a 
function of applied field was carried out by an 
electrical capacity measurement method on the 
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Fic. 5. Relative length change of the Fe-30% Ni alloy 
as a function of the applied magnetic field at room 
temperature. 
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6. Forced volume magnetostriction of the Fe—30% 
Ni alloy as a function of temperature. 


crystal specimen with the same physical arrange- 
ment as was used for the ultrasonic measurements. 
Fig. 5 shows the fractional change in length for 
various values of the applied field at 23°C. Only 
the part of the forced magnetostriction at high 
fields is shown and the value obtained of (1/Lo) 


dyne cm ~ 
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Fic. 7. Variation of the elastic constant $(C11—Ci2) of 

the Fe-30% Ni alloy as a function of temperature. The 

points at H = 0-0 kOe were obtained by a linear extra- 
polation of the high field data to zero applied field. 
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(AL/AH) = 11x 10-6 kOe-! shows good agree- 
ment with other values in the literature.¢” The 
low field magnetostriction is mostly an isovolumic 
linear magnetostriction and is not shown, since it 
is not directly related to the intrinsic field depend- 
ence of the elastic moduli and because its value is 
subject to the particular experimental conditions 
of measurement. However, this part was taken into 
account for the correction of the path length, even 
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Fic. 8. Variation of the elastic constant C44 of the 
Fe-30°% Ni alloy as a function of temperature. The points 
at H = 0-0 kOe were obtained by a linear extrapolation 
of the high field data to zero applied field. 


though it was negligible. The values of the forced 
volume magnetostriction [i.e. 3(1/Lo) (AL/AH)] 
obtained at several temperatures are given in Fig. 
6. For higher temperatures, this forced magneto- 
striction becomes less as expected. 

The computed elastic constants C, C’ and Cz 
are plotted in Figs. 7-9 where the open circles 
represent data obtained at 10-0 kOe and the 
closed circles represent data obtained by linearly 
extrapolating measurements of the field depend- 
ence of the moduli to zero field. In this way the zero 
field data may be considered as representing the 
elastic constants of a single domain crystal in zero 
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Fic. 9. Variation of the elastic constant $(Ci+Ci2+ 
2C44) of the Fe-30% Ni alloy as a function of tempera- 
ture. The points at H = 0-0 kOe were obtained by a 
linear extrapolation of the high field data to zero applied 
field. 


applied field. For all three constants, the low field 
values are always greater than the higher field 
values; the difference is largest for C’ where it 
amounts to about } per cent at 10 kOe. The two 
shear moduli C and C” begin to deviate appreciably 
from the high temperature straight line behavior 
at about 180°C. Data shown by other investi- 
gators”) of magnetic properties as well as our own 
data indicate that the Curie temperature of the 
alloy is in this region. 

The temperature dependence of C is similar to 
that observed for nickel and other metals in that 
the slope is negative. The two constants C’ and Cz, 
are anomalous, since their slopes are initially 
positive and change to negative with increasing 
temperature. The transition to a linear dependence 
with negative slope occurs at a much higher tem- 
perature for Cz than for the two shear constants. 
In all cases, the room temperature elastic constants 
are much lower than the values extrapolated from 
the linear region at high temperatures. The 
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Fic. 10. Relative change of the elastic moduli of the 
Fe-30% Ni alloy with applied magnetic field at room 
temperature. The quantity JM stands for any of the three 
moduli C, C’ or Cr. 


deviation amounts to 20 to 30 per cent, indicating 
a definite contribution of magnetic origin below the 
Curie point. 

Table 3 lists values read from smoothed curves 
of the temperature dependence of C, C’ and Cz 
shown in Figs. 7-9; the other related constants 
were calculated from these three. Although not 
shown in graphs, inspection of the table shows 
that with decreasing temperature, the elastic 
anisotropy C/C’ passes through a minimum at 
about 160°C and increases rapidly. Curiously, the 
deviations from the Cauchy relations (Cjz—C4,) 
change sign at this same temperature. Below about 
160° the difference is negative and above it is 
positive. The bulk modulus, derived principally 
from Cz, has nearly the same temperature de- 
pendence as Cy, except that it increases linearly 
with temperature even above 300°C. 

As mentioned previously, increasing the mag- 
netic field changes the observed acoustic wave 
transit time. Part of this change can be accounted 
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Table 3. Values of the elastic constants of an iron-30 atomic per cent nickel alloy at various temperatures. The 

Y _y a ry? 9 2 
values Ci;, Ciz and the bulk modulus B are calculated from the measured quantities pV;, pV3, and pV3. 
The two shear constants C44 and 4(C\, — C2 were measured only to 250°C, and the entries in the table for 


higher temperatures were obtained from a linear extrapolation. 
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for by changes in the sample dimensions, but 
actually this part is negligible compared to the 
total difference. Thus the change must be inter- 
preted as a change in modulus, probably due in 
part to the increase in the spontaneous magnetiza- 
tion due to the applied external field and partly due 
to the volume change of the material through the 
volume magnetostriction as shown in Fig. 5. In 
Fig. 10, the fractional change in modulus AM/M 
is plotted against applied field for all three acoustic 
modes. Data for this figure were obtained in a 
manner previously described@® by observing 
changes in the time of arrival of a particular echo 
as a function of applied field. The initial change is 
greatest for Cy, and least for C’, while the slopes of 
the linear portions of the curves are in the reverse 
order. However, this initial change is mainly due 
to the redistribution of the magnetic domains 
(AE effect) and is outside the scope of the present 
study. 

As the temperature changes, 
change in modulus with field also changes. This 


the fractional 
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is shown in Fig. 11 where the slopes of the linear 
portions of curves like those of Fig. 10 are plotted 
against temperature. In this figure no points are 
shown for the bulk modulus B since it and its change 
with field are calculated from the experimentally 
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Fic. 11. The field dependence of the moduli of the 
Fe-30% Ni alloy as a function of temperature. The 
quantity M stands for any of the three moduli C, C’ or B. 
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determined quantities. The logarithmic derivatives 
with respect to the field of the shear constants 
C and C’ decrease monotonically with increasing 
temperature, while that of the bulk modulus 
passes through a maximum. 


INTERPRETATION 

The basis for interpretation has already been 
briefly discussed by Sato). It was shown, based 
on a localized model of ferromagnetism, that the 
magnetic contribution to the elastic constants 
could be broken into a central force term and a 
non-central force term. The latter has been shown 
experimentally” to be negligibly small. ‘Thus the 
observed changes below the Curie temperature 
can be associated with the central force term only. 
This term arises essentially from the isotropic part 
of the exchange interaction which, for simplicity, 
is considered as a short range force so that it is 
necessary only to consider the nearest neighbors. 
With these assumptions and using the Ising model, 
the energy of the ferromagnetic material can be 
written approximately as: 


E = Ey—4Na(I/Io)2J(r) (1) 


where /(r) is the exchange interaction energy, ///o 
the relative magnetization, z the number of nearest 
neighbors, N the number of atoms per unit volume 
and £p the collection of all energies not related to 
the alignment of magnetic moments. From this it 
follows that for a face centered cubic material, the 
adiabatic (i.e. fixed magnetization) elastic con- 
stants for the equilibrium interatomic distance ro 


are: 


}(Cu—Ci2) 


7 
Bo- - 


B= }(Cu+2C1) 


The terms Co, Co’ and Bo represent the values the 
elastic constants would have if ferromagnetism did 
not occur. The second terms are the intrinsic 


D 


magnetic contributions to the elastic constants and 
exhibit a dependence upon the magnitude of the 
spontaneous magnetization. Actually, measure- 
ments cannot be performed in a truly adiabatic 
manner since the relative magnetization may be 
changed by the distortion of the crystal. Thus 
corrections must be applied before 
the elastic constants at constant 


several 
one obtains 
magnetization. 

To a first approximation the quantities Cy and 
Cy’ measured at constant field are at fixed magni- 
tude of magnetization because they result from 
isovolumic distortions which do not affect the 
magnitude of the magnetization. This follows 
from the known fact that shearing distortions 
(spontaneous morphic magnetostriction), which 
result from a change in the spontaneous magnetiza- 
tion, are small compared to the accompanying 
volume distortions (spontaneous volume magneto- 
striction). The possibility of magnetization direc- 
tion changes induced by the measurement process 
must be taken into consideration. Experiment- 
ally, this effect was found to be almost negligible 
Thus Cy = Cy; and Cy’ = C,’ for all practical 
purposes. The measured bulk modulus By does 
involve a volume change and a correction for the 
effect of the associated magnetization change 
must be applied to obtain the B; at fixed magneti- 
zation given in equation (6). This correction has 
been estimated by Déring to be 


l l dl 


ang w2 
B, By dH 
where w is the volume magnetostriction dV /dH. It 
is worthwhile noting that the correction is always 
such that By> By. 

Now the problem is to separate the magnetic 
contribution from the measured modulus so that 
the theoretical analysis can be done using equations 
(2), (3) and (4). By definition, the magnetic contri- 
bution is the difference between the elastic con- 
stants in the ferromagnetic state and those in the 
paramagnetic state. This difference can be obtained 
by taking the difference between the measured 
values at some temperature below the Curie point 
and the values extrapolated to that temperature 
from the paramagnetic region. An examination of 
the temperature dependence above the Curie 
point of the elastic constants of ordinary metals as 
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well as that of ferromagnetic metals indicates that 
a linear extrapolation is probably quite satisfactory 
particularly as long as the volume of the material 
is a linear function of the temperature. Unfortun- 
ately, the appearance of spontaneous magnetiza- 
tion produces nonlinear volume changes below the 
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Fic. 12. Schematic representation of the variation of the 
volume, modulus and magnetization of a ferromagnetic 
material. 


Curie point which give rise to additional changes 
in the elastic constants. A correction for this effect 
must be made before the appropriate analysis can 
be accomplished. 

In view of this rather complicated situation, it 
is convenient to derive some thermodynamic 
relations among the various measurable quantities 
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in order that the correction terms can be identified 
and determined. A schematic representation of the 
variation of the modulus, volume and magnetiza- 
tion of a ferromagnetic material with temperature 
is shown in Fig. 12. In the figure, the Curie tem- 
perature is denoted by 7, and some temperature 
well below the Curie point by 7}. The dashed lines 
show a linear extrapolation of the modulus and 
volume from above the Curie point into the ferro- 
magnetic region. V; and J; are the actual volume 
and magnetization at temperature 7) and Vj’, is the 
extrapolated value of the volume at 7}. The 
difference between the measured modulus at 7}, 
and the hypothetical ‘paramagnetic modulus” at 
this temperature which is obtained by a linear 
extrapolation of the high temperature modulus 
measurements, is AM(T})=M(T, hh, VYi)— 
M(T;, 0, Vi’). On the other hand, the intrinsic 
contribution at 7; is defined by M(7}, h, Vi)— 
M(T;, 0, Vi). Thus the modulus difference AM is 
equal to the intrinsic contribution plus a term 
which corrects for the change in volume from Vj’ 
to Vj. 

Let us assume that an elastic modulus M is a 
function of the volume V, the temperature T and 
the magnetization J. Here J means the intrinsic 
magnetization of a ferromagnetic substance and 
not the magnetization connected with the technical 
magnetization process. Its selection as a thermo- 
dynamic variable is not quite rigorous, but for the 
present purpose, it seems satisfactory except in the 
region very near to the Curie point. The magneti- 
zation J is itself a function of 7, V and the external 
field H. Under these assumptions, we can easily 
derive the following thermodynamic relation for 
the temperature dependence of the measured 
modulus at constant pressure and magnetic field 
below the Curie point: 


M (OM 


reat 5 Ag od sa 


— (6 
nydT 


OM dV ‘ >) dl 


a, 


where (@M/@T),,, is the intrinsic temperature 
coefficient of the elastic modulus. Above the Curie 
point, the magnetization and its derivatives are 
zero, so that the temperature dependence of M is 


given by 
oM 0M dV (7) 
S| at (a 
, Fe An 0 
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where (dV /dT)o is the specific coefficient of volume 


expansion for the paramagnetic state. Both dM/dT 


and (dM/dT)o can be read from the measurements 
given in the previous sections. The volume ex- 
pansion coefficients dV/dT and (dV /dT)9 can be 
obtained from thermal expansion data and here- 
after will be called B and fp respectively. In 
principle, the term dl/dT can also be measured. 
Integrating equation (6) and (7) from a temperature 
To above the Curie temperature to 7}, the differ- 
ence in modulus AM can be written, 


AM = fe I, Vi) — M(T,, 0, Vi)] + 
[M(Ti, 0, Vi) — M(T;, 0, V1')] 


= eT OM 
(f (<7) TV — \G).- ©) 
M dV 
~ (a7) dae)**|* 


{ T, (0M dV dV | 

{9 -Ge 

| 7, \0V / pol \ dT aT] 9 J 
where the intrinsic temperature dependence on 


the magnetic exchange terms has been neglected 
so that the equality 

\ j 

‘/vr \0T/ vo 


may be allowed. The first bracketed term on the 
right is the intrinsic magnetic contribution to the 
modulus and is equal to the right hand terms in 
equations (2), (3) and (4) which involve the ex- 
change energy. The second bracketed term on the 
right is the correction for the change in volume 
occurring with the appearance of the spontaneous 
magnetization. This correction can be made if the 
quantity (CM/0V)7o and the volume expansion 
coefficients are known. The latter are easily ob- 
tained from existing thermal expansion data. The 
former can be obtained from measurements of the 
pressure dependence of the elastic moduli above 
the Curie point. This can be done in principle but 
was not carried out in the present case. Instead, it 
was possible to make estimates of the corrections 
making use of the field dependence data and the 
thermal expansion data. A detailed discussion of 
these estimates is given in the Appendix. 

In the case of nickel, the magnetic field depend- 
ence of the modulus was observed to be too small 


to measure. However, examination of the thermal 
expansion data of Nix and McNair shows that, 
by a fortuitous circumstance, the integral of 


f) (s)] 
aT aT / 9 
in equation (8) vanishes at 480°K. Thus by making 
the reasonable assumption that (¢M/éV)o varies 
only slightly with temperature between 480°K and 
700°K, the correction term is negligible at this 
temperature and the intrinsic contribution may be 
determined. 
The values for the derivatives of the exchange 
energy thus obtained are: 
d] 
5 Nro— 
dy 
- 
a2] 
4 Nro? — 
dr2 


(—11+1)x 109 dyne cm-? 


(+12+5)x 109 dyre cm-? 


The errors indicated arise from the uncertainty in 
making the extrapolation from 700°K. The values 
given above define the derivatives of J at the inter- 
atomic spacing ro which exists at 480°K. The sign 
of the first derivative agrees with a recent measure- 
ment of the volume magnetostriction, ©) and is also 
consistent with the generally accepted information 
concerning the location of this element with 
respect to the ““Bethe-Slater curve”’ of the exchange 
energy. This data also represents the first infor- 
mation concerning the second derivative of the 
exchange energy. 

Applying these results on the derivatives of J to 
equation (4) it is predicted that the intrinsic con- 
tribution to the bulk modulus of nickel is given by 
By; = Bo—(9+4) x 109 dyne/cm?. However, the 
observation gives By = Bo+6x109 dyne/cm?. 
Correction for the Déring term makes this dis- 
agreement even worse since equation (5) shows 
Br>By. This lack of consistency implies that 
some other contributions might have been over- 
looked or that the assumption of the strictly local- 
ized model is inadequate. This point will be dis- 
cussed later. 

For the iron—nickel alloy, the correction term 
can never be neglected. Again pressure data are 
not available, and the fortuitous intersection of 
the extrapolated volume versus temperature de- 
pendence curve with the actual data, as in the case 
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of pure nickel, does not occur. However, the 
measured magnetic field dependence of the moduli 
provides an additional relationship which can be 
used to eliminate the (CM/@V)o term in equation 
(8). At constant temperature and pressure the 
magnetic field dependence of the modulus is 


iM M\ dl /@M\ av 
et j “ee iH 
4 


(9) 
H I /)7vy dH 
where dM dH and dV dH are measured quantities. 
dI dH can also be measured in principle, but it was 
not carried out in the present case. Equations (9) 
and (6) (temperature dependence) are composed 
of essentially the same terms if they are integrated 
with respect to either H or 7. However, the ex- 
pression for the temperature dependence includes 
an extra term relating to the ordinary thermal 
expansion. ‘The (¢€M//eI),,,, term involves the ex- 
change integral derivatives which we seek but 
dI dHand(cM/cV ),,,representtwonewunknowns. 
Therefore, by making use of the temperature de- 
pendence of the moduli (equation 6) over a small 
temperature interval near room temperature, it is 
possible to eliminate (¢//cV);7. Rather restrictive 
limits may be placed on dl/dH by placing reason- 
able limits on (@C/éV)y and (éC"/2V)9 and making 
use of the fact that the same value of d//dH must 
A detailed 


description of applying the above procedure to the 


fit the measurements on both C and C’” 


alloy measurements is given in the Appendix where 
it is shown that the exchange energy derivatives 
fall within the limits, 


+9 x 109 +5 x 109 dyne/cm? 


—6 x 109 —25 x 109 dyne/cm? 


These establish that the first derivative is positive 
and the second negative which is consistent with 
the generally accepted ideas concerning the loca- 
tion of this material with respect to the “‘Bethe- 
Slater’’ curve. 

The intrinsic contribution to the bulk modulus 
can be calculated from these results and gives 


B,;=Bo+(20+12) x 109 dyne/cm? 


which would be consistent with the measure- 


ments if an appropriate correction for the Déring 


NEIGHBOURS 


and H. SATO 
term and for the volume dependence of the bulk 


modulus could be made. 


SUMMARY 

The high field elastic constants C, C’ and 
3(Ciy+Ci2+2C44) were measured over a wide tem- 
perature range which included the Curie point for 
a nickel and an Fe-30°, Ni alloy single crystal 
with the purpose of obtaining detailed information 
about the exchange energy. In both materials, 
clearly visible changes in the elastic constants were 
observed at the Curie point and below. For nickel, 
this change was an increase of about 3 per cent 
above the value extrapolated from the paramagnetic 
state. In the case of the alloy, the change was a 
decrease which is so large that even the tempera- 
ture coefficients change sign. The change in 
elastic constants due to the appearance of spon- 
taneous magnetization was extracted from the 
measurements and was interpreted in terms of a 
theory based on a localized model of ferro- 
magnetism. Although an exact knowledge of the 
wave functions is necessary to calculate the elastic 
constants, the problem was simplified by making 
the approximation of a strictly localized model in 
which a magnetic moment is assumed to be placed 
on each lattice point. 

For evaluating the intrinsic magnetic contri- 
bution, a correction had to be made for the change 
in volume accompanying the appearance of the 
spontaneous magnetization. For nickel, this cor- 
rection was not very large and the interpretation 
was relatively straightforward. However, in the 
case of the alloy, this contribution amounts to a 
sizable effect but the correction could still be made 
by utilizing the results of the field dependence of 
the elastic constants. Based on the measurements 
of the shear constants alone the following values 
were obtained for the derivatives of the exchange 


energy in units of 109 dyne/cm?: 
Nickel: 

—11+1 
Fe-30% Ni: 


N aJ 


The errors quoted arise mainly from extrapolation 





MAGNETIC CONTRIBUTIONS TO HIGH FIELD ELASTIC CONSTANTS OF NICKEL = 53 


uncertainties in nickel while those for the alloy 
come from the lack of a knowledge of the volume 
dependence of its elastic constants. For nickel, the 
first derivative of the exchange energy with respect 
to the atomic distance is negative and the second 
derivative positive. On the other hand, in the case 
of the alloy, the first derivative is positive and the 
second derivative negative. These results for the 
first derivatives of both materials agree with the 
generally accepted knowledge obtained from the 
measurement of the volume magnetostriction, 
thermal expansion, etc. The second derivative of 
the exchange energy has never before been ob- 
tained. 

Although there may be some uncertainties about 
the absolute values because of the various correc- 
tions, the signs are not subject to small changes in 
the corrections and thus rather clear-cut informa- 
tion concerning the location of these metals on the 
“Bethe-Slater curve” for the exchange energy is 
obtained, although this does not mean that each 
element or alloy should lie on a universal curve. 
These results are not inconsistent with the gener- 
ally accepted ideas based on other measurements. 

The values derived from the shear constants 
were also used to calculate the intrinsic magnetic 
contribution to the bulk modulus. In the case of 
nickel this intrinsic contribution is negative. The 
relaxation effects, as discussed by Déring also 
contribution. However, the 
observed magnetic contribution to the bulk 
modulus is positive and this represents a real in- 


make a _ negative 


consistency in the interpretation. The cause of 
this difference remains unexplained. In the case of 
the alloy, the intrinsic contribution to the bulk 
modulus is positive, instead of being negative as 
observed. However, this result may not be incon- 
sistent if one includes the relaxation effects. 

The failure of the present model to give the 
correct contribution to the bulk modulus may 
indicate the failure of the basic assumption of a 
strictly localized model of ferromagnetism. It is 
well known, especially in the case of nickel, that 
such a model fails. As a matter of fact, in this metal 
at least two different electronic structures 3d? and 
3d19 are often considered to be mixed. In a collec- 
tive electron model, on the other hand, the energy 
of ferromagnetism depends on the volume of the 
crystal as well as on the degree of magnetization, 
and, therefore, an extra term in the bulk modulus 


is to be expected in going from the paramagnetic 
state to the ferromagnetic state. However, this 
model by itself cannot explain a change in the 
shear moduli because these involve isovolumic dis- 
tortions which are not influenced by energy terms 
which depend on the volume only. The true 
situation is probably something in between the 
localized and collective electron models of ferro- 
magnetism. This discrepancy in the bulk modulus 
might be an indication of the deviations from a 
strictly localized model. 
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APPENDIX 


intrinsic magnetic contribution to the elastic 


The 
t a temperature 7) is defined by equation (8) 


constants at 


text to be 


VM 


0M : 
AM—(- a [B—Bo] aT 


TO To 


(A.1) 


For clarity, this will be rewritten and discussed in terms 
of the elastic constant C. Exactly parallel arguments can 
be made for the constant C’. In terms of C, equation (A.1) 


be comes 


—3N\ ] lo : 


| [B—Bo] dT (A.2) 


TO ~~ T 


=) 


Here f is the specific volume expansivity and AC is the 


Ac—(- 


( 


difference between the measured modulus at 7) and the 
modulus obtained from a linear extrapolation of the 
elastic constant data from above the Curie point down 
to 7;. Such a linear extrapolation is probably quite 
good in any case, and especially so, as long as the volume 
is a linear function of temperature. Actually the thermal 
expansion of a normal metal is not strictly linear, but 
a linear modulus variation it is con- 


since we assume 


sistent to set the “‘paramagnetic’’ volume expansion co- 


efficient fo In this way the true 


expansion coefficient 8 below the Curie point will in- 


equal to a constant. 


clude not only the non-linear effects introduced by the 


appearance of spontaneous magnetization but also all 


the non-linear terms common to all normal metals. From 


this definition, it follows that the integral of (f —fo) in 
equation (A.2) is simply the difference between the true 


and the volume obtained by a linear extra- 


polation he volume 


volume at T} 
versus temperature curve from 
above the Curie point down to 7}. 

of nickel, examination of the thermal ex- 


and McNair 


the linearly extrapolated 


the range 
In the as¢ 


shows that near 


true volume equal 


low this temperature the true volume is larger 


value while between it and the 


volume is less than the extrapola- 


tion. Thus at 480°K the magnetic contributions to the 


t] 


volume just cancel the contributions from the non-linear 


variati f the volume associated with the non-magnetic 
state. This fortuitous circumstance makes the integral of 
480°K and no correction term 


» subscript a 


(P—Po) equal to zero at 


is involved. Using to denote the extra- 
polated values, the differences between the extrapolated 
and observed shear constants C and C” can be read from 


Fig. 
C(T,)—CAT)) 
C’(T;)—C,'(T)) 


1 and 2 and are found to be 
1-22+0-13 x 10! dyre cm 


1-91+40-21 x 102° dyne cm 
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at the temperature 7; = 480°K. The value of relative 
magnetization J/Jo = 0-782 was taken from the measure- 
ments of Weiss and Forrer'!®) at 480°K. Since this 
temperature is well below the Curie temperature the 
approximations used in deriving equation (1) are valid. 
Using these shear constant differences and the value of 
relative magnetization, the values for (N/2)ro(dJ/dr) and 
(N/2)r2(d?J/dr?) given in the text were obtained. 
Although the temperature dependence of J is negligible 
these values may change considerably with temperature 
depending upon the location of ro on the “‘Bethe-Slater”’ 
curve. 

Considering the Fe-30% Ni alloy, reference to Figure 
4 shows that the integral of (B —Bo) in equation (A.1) is 
definitely neve: negligible. Thus a knowledge of 
(0M/éeV)o is very important. An independent equation 
involving (CM/2eV )o can be obtained from the magnetic 
field dependence of the elastic constants which was 
measured for this alloy. From equation (9) in the text, 
the change in modulus upon application of a 10 kOe 
magnetic field at a constant temperature is given by 


eM 0M 
AM(H) r ) Al(H)+( — AV(H) (A.3) 
V ( I 


where Al(H) and AV(H) are the magnetization change 
and volume change resulting from this change in field. 
In terms of the elastic constant C and the derivatives of 
J, equation (A.3) can be written 


AI(H) N ey a 
7 (J 1o)?( "4 —+ 379 — 


AC(AH) = —2 
i 2 OU dy 


( ) | oC 
Nav), \av 
This second relation also includes two unknowns, 


Al(H) 


and 


Javens (2) avunia 
) |ar( aa ab (H)(A.4) 


0 


0 


To find these, consider a small change in temperature. 
There is a magnetization change AJ/(7T) and a volume 
See . 
change BAT, so that equation (6) in the text can be 
written 
oC 
AC(T) 


Ar+ (- -) BAT+ 


VI ey 


(A.5) 


The quantity BAT is the total volume change occurring 
as the temperature is changed by AT and is made up of 
two contributions as can be seen from the defining 


relationship, 
dl 


~ (A.6 
os ae ( 


B -) +{ 
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The second term describes the change in volume caused 
by a change in magnetization. Therefore, choosing the 
temperature interval AT such that 


i OV dl 
| =| in il 
AT \ ol , TH ar 


we can make AJ(T) = AJ(A). Under this condition 


-AV(H) (A.7) 


oud / OC . (A.8) 
(= x. =), P| AT + 


OC (OV ec OV ™ 
” ( =a Ga. ms oA sa)” 


The first term is the modulus change which would be 
associated with AT above the Curie temperature. By 
making the reasonable approximation that 


ov’ OV" 
ah, ae ™ 


the second term gives the difference 


eS) (2) 

OV], \eV/o 

which is needed. In order to estimate AJ(H), use can be 
made of the fact that the same AJ(H) must satisfy 
equations for both the C and C’ modes. Furthermore, 
(eC/aV)o and (0C’/2V)o are restricted in value by the 
observed negative temperature dependence of C and C’ 


above the Curie point. This temperature dependence is 
given formally by 


aM 0M 0M 
aT a = in, 


For most metals the intrinsic part, (C]M/¢T)yo, is nega- 
tive, so that one extreme value of (CM/0V) 70 is obtained 
from setting (CM/éT)yo = 0 and associating all the 
observed temperature dependence with the thermal ex- 
pansion. The other extreme is to set (0M/éV)ro = 0 
in which case the observed temperature dependence 
would arise entirely from the intrinsic term. Imposing 
the limits 0 > (0C/0V)o > —6-:9 X10!2 dyne/cm? and 
0 > (0C’/0V)o > —2-2X10!2 dyne/cm? on equation 
(A.4) for C and C’, a solution can be obtained for both 
only if 0-11 >(2AJ/Io) > 0-10. Such an order of magni- 
tude for the relative magnetization change induced by 
the application of 10 kOe field is rather large ccmpared 
to most magnetic materials but the data available in the 
literature?) on this particular alloy system indicates 
that such a value is reasonable. 

Imposing these limits on 2AJ/Jo and taking the Curie 
point to be 190°C so that a value of (J/Io) = 0°88 could 
be obtained at room temperature from the Brillouin 
function for 7 = 4, the values 


(A.9) 


d 
4 Nyro = (+7+2) x 109 dyne/cm? 


= (—154+9) x 109 dyne/cm? 


were obtained. The errors indicated arise from the limits 
on 2A//Io and although they are large, they do not affect 
the signs of the derivatives. Because of the long and 
rather elaborate techniques involved in extracting these 
results from the data, it is felt that there may be consider- 
able error in the numerical magnitudes of the derivatives 
of the exchange energy, but the signs are probably correct. 





J. Phys. Chem. Solids Pergamon Press 1960. Vol. 13. pp. 56-64. Printed in Great Britain. 


STUDY OF THE CRYSTALLINE TRANSFORMATIONS 
IN ZnS:Cu, ZnS:Ag AND ZnS:Cu, Al 


M. AVEN* and J. A. PARODI 
Lamp Development Department, General Electric Company, Cleveland, Ohio 


(Received 16 June 1959; revised 14 September 1959) 


Abstract—An EPR study has shown that the formation of a separate phase of copper (or silver) 
sulfide in polycrystalline ZnS:Cu, ZnS:Ag and ZnS:Cu, Al triggers the rapid transformation of 
hexagonal to cubic zinc sulfide. It is believed that, after firing, cuprous sulfide precipitates from 
solution in hexagonal zinc sulfide and in so doing supplies the energy necessary for nucleation of 
cubic zinc sulfide. Once nucleation has begun, growth of the cubic phase will be self-sustaining, 
because energy is released in going from the hexagonal to the cubic structure. Supporting data for 
the postulated mechanism of nucleation and growth is provided by X-ray diffraction data on the 
effect of quenching and annealing on the crystal structure of ZnS:9 x 10-4 Cu phosphors. It was 
found that the optimum nucleation temperature lies close to 700°C and that at this temperature the 


growth of the cubic phase is reasonably fast. 


1. INTRODUCTION have found that iron dissolved in zinc sulfide 
lowers the transition temperature. KROGER) re- 
ports a similar effect for solid solutions of MnS and 
CdS in ZnS. 

The present work is an attempt to clarify the role 
played by copper, silver and aluminum in the 
transformation of zinc sulfide from the hexagonal 
to the cubic modification. Studies of phase trans- 
formations in zinc sulfide have been carried out 
in the past almost entirely by X-ray diffraction 
techniques. Recently, however, VAN WIERINGEN() 
showed how electronic paramagnetic resonance 
could be used to study the hexagonal—cubic phase 
transition in zinc sulfide. He investigated the effect 
of pressure on the crystal transformation by 
observing changes produced in the EPR (elec- 


THE existence of two crystalline structures of zinc 
sulfide, sphalerite and wurtzite, is well known. 
The former is face-centred cubic and the latter 
hexagonal close-packed. The two forms are enan- 
tiotropic, with a transition point of approximately 
1020°C between the low-temperature cubic and 
high-temperature hexagonal modifications. Within 
the last decade several new crystalline modifica- 
tions of zinc sulfide have been reported.(—-4) Each 
of these is either a hexagonal polytype®? (e.g. 4H 
and 6H), of which 2H or wurtzitic ZnS is the pro- 
totype, or a rhombohedral polytype (e.g. 15R), of 
which the 3R rhombohedral structure reported 
by Buck and Strock") is the prototype. A number 
of investigators have studied the effect of crushing 
on the hexagonal-—cubic phase transition. SCHLEEDE tronic paramagnetic resonance) spectrum of 0-05 
and GantrzcHow®), Futter), BripGMan(?, 
Frey(8), KuLLERUD), StrocK"™® and vAN WIER- 
INGEN!) all report that the hexagonal modification 
inverts to cubic when crushed. SmitTH and HILL), 
however, present data which indicates that crush- 


per cent divalent manganese which had been added 
to the zinc sulfide prior to firing.t He observed 
that as the pressure on hexagonal zinc sulfide is 
increased up to 3500 kg/cm? the EPR spectrum 
+ Other experimenters who have reported on the EPR 
selhie: meal lenensine’ stectine resteriols 0 oleciler of ZnS:Mn powders are HERSHBERGER and LEIFER") and 
vii aii Sa aia oc dea niet te te a3 SCHNEIDER and ENGLAND"), A detailed EPR analysis of 

. . ‘ . J T TATC r(13) : “ae . : 
product is obtained. ALLEN and CRENSHAW a single crystal of cubic ZnS:Mn is reported by MaTar- 
RESE and Kikucui"?) and a similar analysis of a single 
crystal of hexagonal ZnS:Mn is reported by KELLER, 


ing randomizes the structure and that from both 


* Now at General Electric Research Laboratory, 
(18) 


et al. 
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gradually changes from one of more than 30 lines 
to one of six equally spaced lines, which is charac- 
teristic of Mn** in a cubic field. Because of the 
marked change in the Mnt* spectrum when its 
environment changes from that of hexagonal ZnS 
to cubic ZnS, the method of EPR using Mn** as 
an indicator was chosen to implement the present 
investigation of the effect of copper on the hex- 
agonal—cubic phase transition in zinc sulfide. 


2. EXPERIMENTAL METHOD 


(a) Preparation of samples 

The first series of samples was prepared from 
unprefired luminescent-grade zinc sulfide. Man- 
ganese, silver, copper and aluminum were added 
as aqueous solutions of the corresponding nitrate. 
After mixing, the 10— to 15—g slurries were dried 
at 100°C and sieved. The samples were fired in 
fused silica tubes at 1100°C in purified hydrogen 
sulfide.) Comparison of samples fired for 1 and 
16 hr at 1100°C showed that firing for 1 hr was 
sufficient to develop the hexagonal crystal structure 
and that there was no significant difference in the 
effect of copper on the hexagonal —> cubic transfor- 
mation between the two firing schedules. There- 
fore, the 1-hr firing schedule was adopted for all 
samples. After firing, the samples were removed 
from the furnace and allowed to cool in air. ‘They 
were not sieved in order to avoid possible hexag- 
onal —> cubic phase transition induced by the 
mechanical energy of the sieving process; nor 
were they washed with cyanide to remove excess 
copper sulfide for the same reason. ‘The man- 
ganese concentration was adjusted to 10~4 atomic 
fraction Mn**,. This was sufficiently dilute to avoid 
spin-spin broadening, yet was enough to give a 
strong signal. 

The second series of samples, used to investigate 
the effect of quenching and annealing on the 
crystal structure, was prepared by adding 9 x 10~4 
g-atoms copper (as nitrate) per mole of zinc sulfide, 
which had been purified in hydrogen sulfide at 
900°C for 1 hr. As before the slurry was dried at 
100°C. Ten-— to 15-g portions of the dry mixture 
were fired in fused silica tubes for $ hr at 1100°C 
in purified H2S. After this period the temperature 
of one group of samples was lowered to the anneal- 
ing temperature and kept there for 4 hr. A second 
group of samples was quenched from 1100°C. to 
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room temperature at an average rate of approxi- 
mately 10°C/sec, kept at room temperature for 10 
min and then annealed for 3} hr. The annealing 
temperatures for both groups were 500, 700 and 
1000°C. After annealing, the samples were 
screened, washed with a solution of sodium cyanide 
and subjected to X-ray analysis. , 


Fic. 1. EPR spectrum of Mn** in polycrystalline cubic 

zinc sulfide. Prepared by firing ZnS:10-4 Mn for 16 hr. 

at 900°C in HS. Central line is resonance of 1,1-dipheny] 

—2 picryl hydrazyl, g 2:0036 +0-0002. Magnetic field 
increases from left to right. 


(b) Electronic paramagnetic resonance 

The zinc sulfide powder was placed in a quartz 
sample tube 4 mm outside dia. x 3 mm inside dia. 
x 4 in. long. Roughly ? in. of sample at the end of 
the tube was used. This was inserted into the 
resonant cavity of a Varian Associates Model 


A Ny f 
wn tenn la uli 
V { boy 


Fic. 2. EPR spectrum of Mn** in polycrystalline 

hexagonal zinc sulfide. Prepared by firing ZnS:10-4 Mn 

for 16 hr at 1100°C in HeS. Magnetic field increases 
from left to right. 


V-4500 Electronic Paramagnetic Resonance Spec- 
trometer. The resonant cavity operates in the 
TEoi2 made at a frequency of about 9480 Mc/s. 
The experimental record, because of ease of in- 
strumentation, is a potentiometric recorder tracing 
of the first derivative of absorption of microwave 
energy versus the magnetic field. The reader who 
is unfamiliar with the theory and practice of EPR 
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is referred to the reviews of BLEANY and STEVENS 9) 
Bowers and Owen (2)) and BAGGULEY and OwEN(?) 
and to the books of INGRAM(2) and Gorpy et al. (24). 


3. EXPERIMENTAL RESULTS 
EPR spectra* of the zinc sulfide samples in the 
accompanying table were obtained over the region 
3110-3660 G. Reference to Fig. 1 will show that 
the spectrum of Mn** is symmetrical with respect 
to the resonance of 1,1—diphenyl-2 picryl hydrazyl 
Fic. 4. Mn++ spectrum in ZnS:10-4 Mn, 5 x 10-4 Cu. 


atomic fraction of copper. For increasing copper 
concentrations up to and including 2:5x 10-4 
atomic fraction, all samples have the spectrum char- 
acteristic of Mn*+ in polycrystalline hexagonal zinc 
sulfide. For 5x 10-4 Cu a large amount of cubic 
character is evident along with the hexagonal, and 
for a concentration of 7-5x10-4 Cu the trans- 


3. Mn*+ spectrum in Zn$:10-4 Mn, Cu for 10-8, formation to the cubic form is practically complete. 


* and 2°5 x 10-4 atomic fraction of copper. 


and, therefore, the spectroscopic splitting factor, g 
has a value close to 2, the value of g for the hydrazyl 
being 2-0036+0-0002. 

When spectra of the samples containing copper 
(Figs. 3-5) are compared with the spectrum of 
manganese in cubic and hexagonal zinc sulfides 
(Figs. 1 and 2), it is seen that there is a change in 
crystal structure between 2-5 x 10-4 and 7:5 x 10-4 





*In all figures showing EPR spectra, the abscissa 
represents the magnetic field increasing from left to 
right, and the ordinate the first derivative of absorption Fic. 5. Mn++ spectrum in ZnS:10-4 Mn, Cu for 


of microwave power. 7°5 X 10-4 and 10-3 atomic fraction of copper. 


Table 1. ZnS:10-4 Mn, Cu, 1 hr in H2S at 1100°C. 








EPR spectrum shown Atomic fraction Crystal Cubic: hexagonal 
in Fig. No. of copper added structure (EPR) Ratio (X-ray) 





none hexagonal 
10-6 hexagonal 
10-4 hexagonal 
2:5 x 10-4 hexagonal 
5 x 10-4 hexagonal -cubic 
7°5 xX 1074 cubic 
10-3 cubic 
none cubic* 


Wh 


-—Uuin bh WwW Ww 











* Fired at 900°C to produce the cubic modification. 
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These results are summarized in Table 1 and the 
pertinent spectra are reproduced in Figs 3-5. 
This result has been verified by X-ray diffrac- 
tion analyses of five samples over the critical con- 
centration range of copper, which also appear in 
Table 1. In explanation of the table, the ratio of the 
3-13 to 3-31 d line intensities has been used as an 


10°> Mn 


Fic. 6. EPR spectra of ZnS:10-7 Mn, 5 x 10-4 Cu for 
x = 3, 4 and 5, showing negligible effect of manganese 
on the hexagonal-cubic phase transition. 
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indication of the ratio of the amount of cubic to 
hexagonal zinc sulfide and is referred to as the X- 
ray cubic:hexagonal ratio. The 3-31 reflection is 
due to the hexagonal modification only, but the 
3-13 is common to both. 

Any conclusions that might be drawn regarding 
the effect of copper on the phase transition in zinc 
sulfide might well be invalidated if manganese also 
affects the rate of hexagonal—>cubic crystal trans- 
formation.* To check this point, three samples of 


Sieved through 150 mesh 


Unsieved 
Fic. 7. Effect of sieving on phase transition in Zn§$:10-4 
Mn fired 1 hr at 1100°C in HeS. Peak-to-peak distances 
of the lines labeled C and H yield the ratio C/H, an 
indication of the ratio of the amount of cubic to hexag- 
onal zinc sulfide present. 


the composition ZnS:10-* Mn, 5 x 10-4 Cu (where 
x has one of the values 5, 4 or 3) were prepared. 
The value of 5x 10-4 Cu was chosen because this 
is a critical concentration for copper and any effects 
produced by the addition of manganese would be 





* KROGER 4) has shown that solid solution of relatively 
large amounts of MnS in ZnS lowers the hexagonal— 
cubic transition temperature, but for such a low con- 
+ atomic fraction of manganese one 


centration as 10 
would expect this effect to be very small. 
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magnified. Comparison of the three spectra (Fig. 6) 
show that manganese in this concentration range 
causes little or no change in the crystal structure 
of zinc sulfide. However, the effect of too large a 
concentration of manganese on the line width is 
shown in the spectrum of the sample containing 
10-3 Mn, where spin-spin broadening is very 
evident. 

In handling the samples it was noticed that even 
a relatively mild mechanical treatment, such as 
passing through a 150-mesh silk screen, increased 
the amount of the cubic phase. Fig. 7 shows the 
EPR spectrum of two samples of identical compo- 
sition and prepared by the same technique, except 
that one was screened and the other was not. Close 
examination of the two spectra will show that the 
sieved specimen contains more cubic zinc sulfide 
than the unsieved specimen. In view of the gross 
similarity of the two spectra, it was felt, however, 
that 
relative amount of the cubic and the hexagonal 


a semiquantitative way of designating the 


phases was desirable. It was found that the ratio 
of the intensities of the two lines labelled C and H 
is an indication of the ratio of cubic to hexagonal 
content. This is purely an arbitrary designation 
and is not intended to give an exact ratio of the 
amount of cubic and hexagonal zinc sulfide present. 
Yet it presents a more objective way to characterize 
materials which are not clearly cubic or hexagonal, 
as all but one of the samples listed in Table 1 were. 
Therefore this method of designation has been 
adopted for all subsequent treatments of data. For 
the sieved sample, for example, the ratio cubic: 
hexagonal is 1-85, whereas the ratio for the un- 
sieved sample is 0-88. 

The EPR C/H ratios for the samples with con- 
stant copper and variable aluminum concentrations 


are given in Tables 2 and 3. 


Table 2. ZnS :10-4 Mn, 10-3 Cu, 
1100°C 


Al, 1 hr in HoS at 


Aluminum concentration EPR intensity ratio 


(atomic fraction) CH 
U 45 
2-5 x10 32 
5-0 «10 14:1 
7°5 10-4 1-3 
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Table 3. ZnS:10-4 Mn, 7:5x 10-4 Cu, Al, 1 hr in 
HS at 1100°C 


Aluminum concentration EPR intensity ratio 


(atomic fraction) C/H 
0 20:2 

2-5 10-4 10-0 

5-0 x 10-4 3°3 

6:0 x 10-4 2°8 

6°5 10 4d 1°9 

7*0 10-4 0-9 


It is seen that the ratio C/H increases for de- 
creasing aluminum concentration, indicating that 
the samples are becoming more cubic. 

Silver added to zinc sulfide produces an effect 
similar to that of copper on the hexagonal—>cubic 
phase transition. It is seen from Table 4 that the 
structure change occurs in the range 5x 10-4 to 
10-8 atomic fraction of added silver. 


Table 4. ZnS:10-4 Mn, Ag, 1 hr in H2S at 1100°C 


Silver concentration EPR intensity ratio 


(atomic fraction) C/H 
10-4 1-2 
5x10 33 
10 76 


The crystal structure of the ZnS:9x 10-4 Cu 
samples annealed with and without previous 
quenching is given in ‘Table 5 below. The data 
were obtained by X-ray analysis. The amount of 
cubic crystallinity was calculated by integrating 
the area under the 2-70 d line of the cubic diffrac- 
tion pattern. A standardized technique employing 
a General Electric XR3 diffractometer was used, 
all such variables as sample volume and geometry, 
room temperature and instrument settings being 
held constant. The estimated precision of the re- 
ported areas is + 3 units, when one unit is equiva- 
lent to 1000 counts on the detector. 

These data show that the highest amount of 
cubic crystallinity is obtained by annealing at 
700°C. It is also evident that quenching with sub- 
sequent annealing produces a more complete con- 
version to cubic than annealing alone. 
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Treatment after 
4 hr at 1100°C 


53 53 


Lowered to anneal- 
ing temp. 
Quenched to room 73 65 
temp., then an- 
nealed 
* Integrated area under the 2°70 d line of X-ray 
diffraction pattern. 


4. DISCUSSION 

It is believed that the presented experimental 
results can be explained by postulating that the 
conversion of hexagonal zinc sulfide to cubic pro- 
ceeds by the mechanism of nucleation and growth 
and that precipitating cuprous sulfide can supply 
the energy necessary for the nucleation of cubic 
zinc sulfide. 

A phase transformation becomes thermody- 
namically favorable when the free energy of the 
new phase becomes negative relative to the free 
energy of the transforming phase. In the present 
case the free energy of the hexagonal phase is a 
bulk property, but the free energy of the cubic 
phase at the onset of transformation is a surface 
property. Below a critical radius the surface free 
energy of the embryonic cubic crystallites (nuclei) 
is positive relative to the free energy of the hexag- 
onal phase, and is increasing. At the critical radius 
the surface free energy reaches a maximum. Above 
this size it begins to decrease until it is negative 
relative to the free energy of the hexagonal phase, 
at which point the conditions for growth of the 
cubic phase become favorable. In other words, an 
activation energy must be overcome before an 
embryo can pass into the range of stable nuclei. 

The dependence of the rate of nucleation on 
temperature has been given by BECKER 5); 


N = Ce-Q/kT e-AlkT, (1) 


Here A is the difference in free energy between the 
initial and final phases, i.e. it is a measure of the 
surface free energy of the nuclei of the new phase. 
QO is an activation energy related to the mobility of 
the atoms in the crystalline lattice. Q is not a 
strong function of temperature, while A increases 
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superlinearly with temperature. The result is that 
below a certain temperature N increases with in- 
creasing temperature. Above this critical tempera- 
ture, A overtakes the linear change in T in the 
denominator of exp[(—Q—A)/kT] and the nucle- 
ation rate drops. 

The growth rate follows a simple exponential 
relation 

G = Dexp(—B/kT), (2) 

where neither D nor B is a strong function of 
temperature. Therefore, the growth rate increases 
approximately exponentially with temperature. 

The data in Table 5 can be interpreted on the 
basis of a nucleation-and-growth mechanism as 
follows. Comparison of the amount of cubic 
crystallinity for the quenched and the unquenched 
series shows that the quenched samples show a 
higher degree of conversion to cubic. If nucleation 
at a lower temperature was not necessary for effici- 
ent phase transformation, the samples annealed 
without quenching should have shown greater 
amounts of cubic crystallinity than the quenched 
samples since the former spent a longer time (4 
versus 33 hr) at the high temperature where all 
physical and chemical changes occur more rapidly. 
This is clearly seen not to be the case. It is also 
evident that room temperature is much below the 
nucleation maximum, since the quenched sample 
annealed at 1000°C shows less cubic crystallinity 
than the sample quenched and then annealed at 
700°C. If the optimum nucleation temperature 
were close to room temperature, the subsequent 
annealing at 1000°C would have produced a more 
complete transformation to the cubic form than 
annealing at 700°C, as the growth rate always in- 
creases with increasing temperature. As it turned 
out, 700°C was probably close to the nucleation 
maximum and yet high enough not to render the 
growth rate too slow. Finally, it is significant that 
the samples annealed at 700°C show the highest 
degree of conversion to the cubic modification, 
irrespectively whether they were previously 
quenched or not. Because of this and the previous 
point, it seems that the optimum nucleation tem- 
perature lies close to 700°C, and that at this tem- 
perature the growth is rapid enough to produce 
reasonably fast phase transformation. 

The activation energy for nucleation is supplied 
in the absence of other sources by statistical fluctu- 
ations of a thermodynamic nature, in particular 
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configuration fluctuations. In the present system, 
however, it could also be supplied in part by 
cuprous sulfide precipitating from solid solution. 
Such mutual influence of two simultaneously 
occurring transitions or chemical reactions was 
first described by HEDVALL®6: 2”), and is sometimes 
referred to as the Hedvall Effect. Thus the energy 
liberated by the precipitating cuprous sulfide 
helps to make the free energy difference, A, more 
negative and the rate of nucleation is increased. It 
appears likely that the energy evolved by the for- 
mation of a separate phase of cuprous sulfide 
could also go to a lowering of the diffusion activa- 
tion energy, QO, with the same result, an increased 
nucleation rate. Once nucleation has begun, the 
growth of the new phase will tend to be self-sus- 
taining, since energy is evolved in going from the 
hexagonal to the cubic structure. And, of course, 
the concentration of precipitated copper sulfide 
would be expected to affect the rate of nucleation, 
because (a) the more cuprous sulfide formed, the 
more nuclei produced and (6) the more copper 
present, the greater is the temperature range over 
which the sulfide precipitates. The latter effect 
may be of importance in assuring that cuprous 
sulfide will be precipitating at or near the optimum 
nucleation temperature for cubic zinc sulfide. 
The relationship between the concentration of 
copper, silver and aluminum and the rate of the 
hexagonal—cubic phase transformation can be 
understood on the basis of the following consider- 
ations. As it is quite generally the case that the 
solubility of a solute in a solvent increases with 
temperature, it is reasonable to assume that most 
of the small amount (e.g. 10-% atomic fraction) of 
added copper will be dissolved in zinc sulfide at 
the firing temperature of 1100°C. On cooling, 
some of the copper will precipitate from solution as 
cuprous sulfide. The quantity retained in solution 
will correspond, as a first approximation,* to its 
room-temperature solubility. It is believed that 
in the absence of chemical coactivating species the 
solution of copper in zinc sulfide occurs by the 
process of self-coactivation.(?8» 19) This 
based on the observation that, although copper 
acts as an acceptor in zinc sulfide, the introduction 


view is 


* Actually the quantity of copper retained in solution 
at room temperature will correspond to the solubility at 
a higher temperature at which the precipitation rate be- 


comes negligible. 
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of copper alone does not produce an uncompen- 
sated p-type material under normal preparative 
conditions. Instead physical coactivating species, 
most likely sulfur vacancies, are formed, which act 
as donors and compensate the introduced copper 
acceptors. The amount of copper which can be 
retained by this self-coactivation mechanism is 
limited to less than about 2 x 10-4 atomic fraction. 
Evidently, at higher copper concentrations, the 
lattice strain due to the introduced vacancies be- 
comes too large and the further introduction of 
copper becomes energetically unfavorable. The 
excess copper under such conditions is ejected 
from solid solution as the sample is cooled from the 
firing temperature to room temperature. ‘The pre- 
cipitated copper sulfide lends the zinc sulfide a 
grayish appearance which can be partly removed 
by washing with sodium cyanide. If aluminum 
is introduced simultaneously with copper, copper 
sulfide does not precipitate even at concentrations 
as high at 10-2 atom fraction.@%) The samples do 
not appear gray, but acquire a yellowish appear- 
ance. This effect of aluminum has been interpre- 
ted on the basis of its acting as a compensating 
donor for the copper acceptors. The atomic radii 
of copper and aluminum are not too different from 
that of zinc, so the lattice strain introduced by 
substitution of these atoms for zinc is not excessive. 
Therefore the increase in entropy resulting from 
the formation of solid solution of copper and 
aluminum in zinc sulfide, and the lowering of 
internal energy due to the transfer of electrons from 
aluminum donors to copper acceptors keeps the 
introduction of these species into zinc sulfide 
energetically favorable to a relatively high con- 
centration. 

According to the data of Table I, 5x10™4 
atomic fraction is the concentration of copper at 
which rate of transformation to cubic becomes 
noticeable. As aluminum is able to increase the 
solubility of copper, it would be expected that, 
in samples containing aluminum, the conversion to 
cubic would not become appreciable until the con- 


is about 5x 10-4 atomic fraction. That this is in- 
deed the case is evident from Tables 2 and 3. 
Using the C/H ratio of approximately ten as a 
measure of a starting phase transformation it is 
seen that with 10-% atomic fraction copper the 
transformation is appreciable at 5x 10-4 atomic 
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fraction aluminum, and that with 
atomic fraction copper it occurs at 
atomic fraction aluminum. Thus, in both cases the 
onset of rapid transformation occurs at an excess 
copper concentration of 5 x 10-4 atomic fraction.* 

Considering further, that the solubility (or, 
more precisely, solubility at the temperature 
where no more perceptible atomic rearrangements 
can take place) of self-coactivated copper in zinc 
sulfide is about 2x 10-4 atomic fraction, it means 
that the precipitation of only a small amount of 
copper is required to initiate a rapid phase trans- 
formation of hexagonal zinc sulfide to cubic. In 
the case of silver, the situation is similar. The 
figures in Table 4 show that the onset of rapid 
phase transformation occurs between 5 x 10-4 and 
10-8 atomic fraction silver. As the solubility of 
self-coactivated silver in zinc sulfide is not known, 
it is hard to estimate the actual amount of silver 
sulfide precipitate present under such conditions. 
Qualitatively, however, it appears that, within a 
factor of two, the amount of silver sulfide precipi- 
tate which triggers the transformation is equal to 
that of cuprous sulfide. 

If there is a relation between the crystal structure 
of cuprous sulfide or silver sulfide and the ability 
of each of these compounds to catalyze the for- 
mation of cubic zinc sulfide (beyond the unspecific 
thermodynamic effects described earlier), its func- 
tion is not at all clear. The high-temperature form 
of CugS (chalcocite) is hexagonal ®, 31) with space 
group Diy (C6/mmc). There is another high- 
temperature phase, however, of the composition 
Cug55, which is called digenite and was for a long 
time thought to possess a face-centred cubic struc- 
ture, 32-33) Recently Donnay@4) has shown that 





* It could be argued that copper sulfide did not influ- 
ence the transformation rate of hexagonal zinc sulfide to 
cubic, but influenced the growth of the zinc sulfide 
crystallites in such a way as to produce the experiment- 
ally found proportions of cubic and hexagonal material 
at the firing temperature. Aside from the self-consistency 
of the above presented interpretation, this is not likely 
for two reasons. First, if anything, copper sulfide would 
be expected to lower the hexagonal-cubic transition 
temperature (see below) and therefore certainly not to 
inhibit the formation of hexagonal structure at 1100°C. 
Second, experiments have shown that the extent of con- 
version to cubic depends on the time of annealing at 
temperatures below the hexagonal-cubic transition point, 
which means that transformation is indeed proceeding 
at these temperatures. 
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digenite is actually rhombohedral, pseudocubic. 
To further confuse things, the compound cupric 
sulfide will coexist with CugSs if the material is 
prepared in but a slight excess of sulfur. (4: 35) In 
the other direction of a slight excess of copper, a 
mixture of CugS and CugS; is produced. Inasmuch 
as the composition of the copper sulfide phase 
associated with zinc sulfide is not known and the 
amount present is below the limit of detection by 
X-ray diffraction, one cannot even hazard a guess 
at its structure. In the case of silver sulfide the 
situation is also confusing. There is a modification 
which is stable between about 180 and 625°C, 
which is reported?) to have a body-centered cubic 
structure. Above 625°C AgoS II, the structure of 
which has not been determined, exists.6 Both 
cuprous sulfide and silver sulfide have low-tem- 
perature modifications: below 105°C cuprous 
sulfide is orthorhombic, pseudo-hexagonal®) and 
below 170°C silver sulfide is monoclinic, pseudo- 
rhombic. °?) 

It is of interest to note that sulfides of divalent 
elements of suitable size, which can be incor- 
porated into zinc sulfide without coactivation 
and which, therefore, are more soluble in zinc 
sulfide than the sulfides of monovalent elements, 
have a completely different effect on the transfor- 
mation of zinc sulfide. ALLEN and CRENSHAW(®) 
have shown that with increasing concentration of 
iron in zinc sulfide, the hexagonal—cubic transition 
is moved to lower temperatures. Here, evidently, 
a true change in the transformation point is en- 
countered, while in the case of excess copper and 
silver, the transformation point itself is not affected 
merely the rate of transformation. This does not 
mean that the part of copper or silver staying dis- 
solved in zinc sulfide does not influence the trans- 
formation point. It could well be that dissolved 
copper or silver actually tends to lower the 
hexagonal—cubic transformation point, as was 
found to be the case with iron; but it is expected 
that the effect would be slight, because the con- 
centration of solute is so low. 


5. SUMMARY 
The formation of a separate phase of copper 
sulfide or silver sulfide in polycrystalline ZnS:Cu, 
ZnS :Ag and ZnS:Cu, Al triggers the rapid trans- 
formation of hexagonal to cubic zinc sulfide. It is 
believed that after firing cuprous sulfide precipitates 
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from zinc sulfide and 
in so doing supplies the energy for 


Once nucleation 


solution in hexagonal 
necessary 
nucleation of cubic zinc sulfide. 
has begun, growth of the cubic phase will be self- 
sustaining, because energy is released in going from 
the hexagonal to the cubic structure. Supporting 
data for the postulated mechanism of nucleation 
and growth is provided by X-ray diffraction data 
on the effect of quenching and annealing on the 
crystal structure of ZnS:9x 10-4 Cu phosphors. 
It was found that the optimum nucleation temper- 


ature lies close to 700°C and that at this tem- 


perature the growth of the cubic phase is reasonably 


fast. 


to gratefully 
R. Cooper in 
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ANISOTROPIC DIFFUSION OF COPPER INTO BISMUTH 
TELLURIDE 


R. O. CARLSON 
General Electric Research Laboratory, Schenectady, New York 


(Received 3 August 1959) 


Abstract—Bismuth telluride (BizTe3) has a layer structure(... —--— Te —- Bi—Te — Bi—Te Te 

Bi—- Te — Bi- Te Te...) and readily cleaves perpendicular to the c-axis of the rhombohedral 
crystal. A marked difference has been found between the penetration of radioactive copper parallel 
to and perpendicular to the planes in BieTe3. D Do exp—(E/kT) = 0-0034 
exp(—0:21 eV/kT), D, = 0-071 exp(—0°80 eV/RT). At room temperature, D\,~10~® cm?/sec, while 
extrapolated D, is more than eight decades lower at ~3 x 10~!° cm?/sec. Minute cracks, except per- 
haps on an atomic scale, are not believed responsible for the fast parallel diffusion. The fast parallel] 
diffusion can be rationalized on the basis that in this direction, between adjacent tellurium layers 
the copper moves through a region of relatively weak electrostatic bonding forces and large layer 
spacing. In any other direction, covalent and ionic bonding between tellurium and bismuth atoms 
would make penetration more difficult. Zener’s theory is shown to give a reasonable fit to the Do 
values, requiring a negligible entropy term for parallel diffusion and a small entropy term, approxi- 


cleavage 


mately the Boltzmann factor k, for perpendicular diffusion. 


BIsMUTH telluride (BigTeg) has attracted attention 
in recent years as a thermoelectric material. Since 
stoichiometric bismuth telluride is p-type, a num- 
ber of elements were tried as additives in order to 
convert it to an m#-type semiconductor. Copper 
proved to be a suitable donor impurity. However, 
on standing, even at room temperature, copper 
diffuses to the surface of the bismuth telluride and 
possibly also to internal precipitates and the 
material becomes less -type. Copper also was un- 
intentionally added if the solder used in making 
junctions to bismuth telluride was not relatively 
free of copper. 2) 

The structure of bismuth telluride is well estab- 
lished) and described as rhombohedral with space 
group D3, (R3m). The atoms are arranged in layers 
in the order .. . —- — Te—Bi-—Te-Bi-Te 
Te... in the rhombohedral (111) direction. The 
marked anisotropy in crystal structure is reflected 


in measurements of thermoelectric power, elec- 
trical resistivity, thermal conductivity and Hall 
coefficient,“) and easy cleavage into mica-like 
sheets. 

Polycrystals were grown from a bismuth tellur- 
ide melt (slight excess of tellurium) in a quartz 
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crucible, adapting the melted layer technique) to 
make the crystals as uniform as possible. The 
volume above the melt was maintained near 500°C 
which is about 100 degrees below the melt tempera- 
ture. A quartz ring seal permitted rotation and 
pulling of the growing crystal, at the same time 
serving as a high impedance leak for the tellurium 
vapor. The polycrystals consisted of a few crystal- 
lites oriented along the growth axis. In some 
crystals, there were regions in which the usual 
ellipsoidal shape was flattened out. From these 
regions, it was possible to cleave parallel-sided 
samples with dimensions about one to two cm? 
area and several mm thickness. The surfaces of 
these samples were parallel to the growth axis, 
perpendicular to the c-axis, and correspond to 
(0001) planes when referred to the hexagonal axis. 
These samples were labeled as ‘“‘perpendicular”’ 
samples since the copper was diffused in from the 
surface perpendicular to the cleaved face. 

A carborundum saw was used to make cuts 
transverse to the growth direction of crystals with 
ellipsoidal cross section. For the cutting operation, 
the crystal was imbedded in a plastic to prevent 
cleaving or cracking by the saw motion. These 
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samples were called “‘parallel’” samples since 
diffusion in from the cut end surfaces was along 
the cleavage direction. 

To follow the copper penetration, Cu-64 (8+, 
12-8 hr) was electrolytically deposited from copper 
nitrate solution on a cleaved face of a perpendicular 
sample or a cut face of a parallel sample. Samples 
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Fic. 3. Diffusion coefficient vs. reciprocal temperature 

of copper in BizTes for two directions of penetration, 

parallel to the cleavage plane or perpendicular to the 
cleavage plane. 


were placed in furnaces under a hydrogen atmo- 
sphere. On removal, the samples were mounted 
and grindings made on emery paper in a small 
precision grinder. The grindings were counted in 
a plastic scintillation counter to establish the de- 
pendence of copper concentration on depth below 
the surface of the sample. 

The penetration data for the perpendicular 
samples, as shown in Fig. 1, were fitted by the 
conjugate error functions (solid lines), in some 
cases over three to four decades, Penetration data 
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for the parallel samples showed greater scatter of 
points, the curves in Fig. 2 being those for the 
better samples. This scatter was largely due to 
flaking and chipping of the parallel samples during 
grinding even though they were supported by 
spring clips on the grinding head. In the parallel 
direction, the diffusion is rapid at room tempera- 
ture, increasing slowly with temperature. The 
diffusion coefficients calculated for both directions 
of penetration are tabulated in Table 1 and plotted 
in Fig. 3 as a function of reciprocal temperature. 
Surface solubilities were in the range 1018-1019 
atoms of copper/cm*, but were not accurately de- 
termined because only the central portions of the 
cleaved or cut faces were copper coated in order to 
avoid edge effects. Though a few samples were 
allowed to diffuse long enough to saturate them, 
their bulk copper concentrations were again low 
because not enough copper was deposited at the 
surfaces for bulk saturation. 

Although the transverse cutting out of the 


Table 1. Diffusion temperatures and times and com- 
puted diffusion coefficient 


Diffusion 
coefficient 
(cm?/sec) 


Temperature Time 


(°C) 





(A) Diffusion parallel to cleavage planes 





29 hr 

2 hr 9-0 » 

2 hr ~6 >» 

15 min ~7 x 10-6 
15 min 2:0 x10-5 
5 min ~5 x 10-5 
5 min 4x10-5 
60 min (~8 x 10-5) 
32 min (~1-1 x 10-4) 





(B) Diffusion perpendicular to cleavage planes 





~2 x10 
6 x10- 
‘8 x 10- 
5-2 x10-* 


D2 200 72 hr 
250 64 hr 
263 70 hr 
300 17 hr 
330 18 hr *3 x10 
400 203 min 6:0 x 107 
450 200 min 1:8 x 10-7 
450 60 min 1-8 x 10-* 
450 32 min ~1:0 x 10-7 
500 92 min 8:9 x 10-" 
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Fic. 4. Copper penetration into BizTes3 in the “‘perpen- 
dicular’ direction at 450°C for 1 hr. Sample E3a was 
under the copper-64 coated area, E3b approximately 1°8 
cm away on the cleavage face. Curves are drawn for 
D, 


1‘8 x10 


parallel samples was carefully done, and no cracks 
could be observed visually away from the edges, 
the possibility that the fast diffusion is due to 
migration along minute cracks could not be com- 
pletely discounted. Etching for a long period in an 
HCI-HNOs mixture did bring out a few appar- 
ent cracks in some samples but this may be due to 
preferential etching in certain crystallographic 
directions. To test whether cracks were already 
built into the crystals and not just introduced by 
subsequent handling, very short crystals were 
grown and the copper-64 applied directly to one 
end of these crystals. The curve for room tem- 
perature in Fig. 2 (sample G3) represents data on 





the surface is ~8 





7 cm?/sec. The calculated diffusion along 


10-5 cm?/sec. 





a short crystal which fits very well with the other 
points taken on sawed out sections of large 
crystals. 

As a further check on the question of diffusion 
along cracks, a determination was made of the 
diffusion rate along the surface of a cleaved face. 
Copper was applied on only a small part of the 
cleaved face of a perpendicular sample (No. £3), 
the rest of the face being masked off. Then the 
sample was held at 450°C for an hour. On removal, 
two regions were cut out for grinding, one immedi- 
ately under the copper-64 coated region, the other 
1-6 to 2:0 cm away. Penetration data are plotted 
in Fig. 4 and for both regions D = 1-8x 10-7 
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cm2/sec. The ratio of surface concentrations is 52, 
and taking the average separation of regions as 1-8 
cm, one calculates the surface diffusion coefficient 
as~8 x 10-5 cm2/sec. A second sample (No. £5) 
is listed in Table 1 as giving ~11 x 10-5 cm?2/sec. 
Within experimental error, these values fit the data 
for the parallel diffusion coefficient extrapolated to 
450°C. Thus if cracks act like the surface does, and 
this seems a reasonable assumption since the cracks 
should be along the direction of easy cleavage, then 
diffusion along cracks must be like the measured 
parallel diffusion. But if a relatively few large 
cracks provide a short circuiting mechanism for 
diffusion, there would presumably be a wide 
scattering of our data since the density of cracks 
would vary from sample to sample. Since the data 
are not widely scattered, then any cracks must be 
on a near atomic scale and inherent in the nature 
of the bismuth telluride itself. 

In the layer structure of BigTes (. . . Tem - — 
Ter — Bi — Tey - Bi- Ter ia Tey — Bi- Tey oe oh 
the various tellurium layers must be distinguished 
because their nearest neighbor configurations 
are different. Within each bismuth layer, the atoms 
of bismuth are 4-38 A apart while within each 
tellurium layer, the tellurium atoms are 4:38 A 
apart. The spacings between atoms in different 


layers are Tezz — Tey as 3-72 A, Ter — Bi as 3-04 A, 
and Bi- Te; as 3:-24A) The shortest spacings 
between the layers themselves are as follows: 

Ten a, Ter, 2:63 A; Ten a Bi, 1-70 A; Bi - Te, 
2:03 A. 


For the parallel diffusion case, the large diffusion 
coefficients suggest interstitial diffusion. The 
copper may move through the lattice as an ion, for 
which the Pauling radius is given as 0-96 A, or, 
less likely, as an atom, with radius of 1-27A. If one 
considers the nature of the bonds in BisT es, that 
between neighboring bismuth and tellurium atoms 
appears to be covalent and ionic, whereas that 
between Tez atoms in adjacent layers is likely to 
be by the relatively weak van der Waals forces, >”) 
with perhaps some weak covalent bonding.) In 
the layers themselves, the bonding is also weak. 
Thus in the parallel direction the relatively larger 
spacing and weaker electrostatic forces between 
the Tex layers indicates that this is the region 
through which the copper could diffuse rapidly. 

Various expressions have been derived for 


COPPER 
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calculating Do: 1 for comparison with experi- 
mental values of Do. In ZENER’s theory!) Dp can 
be written as Aas v exp(AS/k). Here A is a geo- 
metrical and probability factor which takes account 
of and weights the several paths the diffusing par- 
ticle can take, ag is the lattice constant, v the vibra- 
tion frequency of the diffusing particle in the 
potential field between interstitial sites and 
approximately equal to /(E/2ma?)—E the acti- 
vation energy in the expression D = Dp 
exp(E/kT), m the copper mass, and a the jump 
distance—AS an entropy term to account for the 
change in the lattice strain energy due to the 
diffusing particle, and k the Boltzmann factor. 

Considering the parallel diffusion case first, an 
interstitial site between the Ter; layers has six 
symmetrical sites available to it at a jump distance 
of ap. Weighting the jump distances appropriately 
in a forward direction, one calculates A as 3/2. 

The lattice constant for BigTeg is 4:38 A. v = 
0-91 x 1012 sec-1. Then the calculated Dp = 2:6x 
10-3 exp(AS/k) compared to the experimental 
value of 3-4x 10-8, with an estimated uncertainty 
in fitting the Fig. 3 data of + 1x 10-%. Thus the 
entropy term AS is essentially zero or at most 
about 4, a result that is reasonable considering 
the open structure of BigTe3 and the relatively 
small distortion in the lattice by copper, especially 
if present as an ion. 

Considering now the perpendicular diffusion 
case, we note that when viewed at an angle to the 
c-axis, bismuth telluride has almost a cubic struc- 
ture.(12) Since the centers of these cubes offer the 
biggest interstitial sites, ‘“perpendicular”’ diffusion 
will most likely take place along the axes of these 
cubes. From a given interstitial site six directions 
are available, three with a component downward 
along the c-axis, three with a component upward 
along the c-axis. The jumps from one ‘‘cubic’’ cell 
to the next are not equally spaced, nor necessarily 
equally difficult. 
quired to go from between one pair of Teyy layers 
to the next pair. Two of these jumps involve 
passing two Bi~Te bonds, the other three passing 
only one Bi~Te bond. To simplify the calculation 
of A, it was assumed that the diffusion was limited 
by the former two jumps for which the jump dis- 
tance is 3-14 and the component along the 
c-axis is 1-87 A. The factors that enter into Do are 
as follows: da‘, = 0-55a5 x (10-09 3:73)", the 


Five successive jumps are re- 
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second factor accounting for the three easy jumps 
and two difficult jumps in each sequence; v 
2-48 x 1012. Then the calculated Dp 1-9x 10-2 


exp(A.S/k) cm?/sec, compared with the experi- 


mental value of 7-17}"x 10-*. AS is then 1-3 7°°k 
or 1-1 ~°*x 10-4ev/deg. ZENER®® relates AS to 
the temperature dependence of the elastic moduli, 
which unfortunately are not known for BigTes. 
However, using ZENER’S expression for AS as 
~BE'Tm where E is the activation energy 
(0-830 eV), Tm the melting point (858°K) and 
involves the elastic moduli as —d(p/9)/d(T/Tm) 
and solving for 8, we find for BigTeg that B~ 
0-12 7 Comparing with Table 1 in ZENER’s 
paper, these 8 values are low as compared with 
most of the metals listed, but in the range of more 
open crystal structures like Ge (8 = 0-13) and Si 
(0-06), 48) 

Thus ZENER’s theory reasonably well fits the 
experimental data, with the entropy factor AS 
approximately zero for diffusion along the cleavage 
plane and approximately k for diffusion perpen- 
dicular to the cleavage plane. 

Few cases of diffusion anisotropy) have been 
reported in the literature and these largely involve 
self diffusion in metals such as tin, zinc and bis- 
muth.* For these cases, ZENER’S theory has not 
given a good fit to the Dp values and, in fact, would 
require negative entropy factors. It is interesting 
to note that no diffusion anisotropy was found for 
copper penetration into hexagonal type cadmium 


sulfide. (14) 


* The element tellurium also has a very anisotropic 
crystal structure, but some exploratory measurements of 
copper-64 diffusion into single crystal tellurium by A. G. 
TWEET (private communication) that the 
diffusion may be rapid without, however, any marked 


de pe ndence on orientation. 


suggest 
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Abstract—A mechanism for the antiferromagnetic ordering of a dilute paramagnetic solute in a 
metal is proposed and discussed in relation to the phenomena that occur in copper—-manganese 
alloys. Long-range antiferromagnetic order results from a static spin-density wave in the electron 
gas of the metal. This new state of the gas is dynamically self-sustaining as a result of the exchange 
potentials arising from the spin-density distribution. The paramagnetic solute atoms are then 
oriented by their exchange interaction with the spin-density wave. The resulting interaction energy 
more than compensates the increase in energy associated with the formation of the spin-density 
wave. The theory predicts correctly the magnitude and concentration-dependence of the critical 
temperature, the anomalous low-temperature specific heat and the anomalous electrical and mag- 


netic properties of the alloys. 


1. INTRODUCTION 
RECENT experimental studies“~*) of dilute alloys 


esting and unusual properties. Among these is a 


low-temperature maximum in the magnetic sus- 
ceptibility—behavior that is characteristic of an 
antiferromagnetic transition. On the other hand, 
the temperature-dependence of the reciprocal sus- 
ceptibility at higher temperatures has a positive 
intercept on the temperature axis (when extra- 
polated)—behavior that is characteristic of 
a ferromagnetic transition. Low-temperature 
specific-heat measurements) on the alloys show 
an excess specific heat (compared to pure copper) 
in the temperature region of the susceptibility 
maximum. Very likely a codperative phenomenon 
of some sort is occurring. The transition region is 
broad, however, presumably as a result of in- 
homogeneities associated with a random distribu- 
tion of the paramagnetic solute. The transition 
temperature is approximately proportional to the 
solute concentration, being ~ 25°K for 1 atomic 
per cent manganese. Small magnetic remanences, 
corresponding to ~ 1 per cent magnetic alignment 
of the manganese, can be induced. It is difficult to 
decide experimentally whether the low-tempera- 
ture order is basically antiferromagnetic or whether 


for example, it consists of small ferromagnetic 
domains coupled antiferromagnetically.) Both 
the entropy associated with the excess specific heat 
and the susceptibility above the transition tempera- 
ture indicate that spin state of the manganese is 
F x= 2, 

Finding a mechanism of long-range order in a 
dilute alloy is not easy at first sight. Sato et al. 
have recently pointed out that long-range order 
can occur only if the concentration of magnetic 
solute is greater than 10 or 15 atomic per cent, 
assuming only short-range interactions are opera- 
tive. They have emphasized that the familiar mole- 
cular-field approximation is completely erroneous 
when the product of codrdination number and 
solute concentration is not larger than unity. 
Imagining a superlattice structure associated with 
a randomly distributed species is an even more 
formidable task. It seems essential to postulate a 
long-range interaction, or its equivalent, for an 
approach to the problem in copper—manganese 
alloys. 

Hart‘8) has shown that interactions between the 
spins of solute atoms in a metal are always screened 
by the dynamical readjustment of the conduction 
electrons. YostDA®) has exhibited this behavior in 
detail by means of perturbation theory. Although 
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interaction is not restricted to nearest 


long-range part of it oscillates in 
liminishes rapidly in magnitude with 
Consequently — this 


seems to have meager potentiality for 


pseudo-exchange 


coéperative phenomena in a dilute 


of an alternative suggests that the pheno- 
result from the exchange inter- 

the spins of the paramagnetic 

those of the conduction electrons. The 


Hamiltonian can be approximated: 


—(G/N) S s;-S;8(ri—R;), (1) 
labels the spin and position operators of 
iction electrons and ; labels the spin and 

the paramagnetic solute atoms. Em- 
ent of the delta function in equation (1) is 
to neglecting the dependence of the 
srals on the wave vectors of the con- 
electrons. The magnitude of the coefficient 


spectrosc¢ ypic-term 


estimated from the 
§ C 


iated with the s—d exchange interaction 

s or (3d)64s manganese configurations, 
la value 

G ~ 0-4 eV. (2) 

it volume is NV. The 

by YOsIDA in 


- OF atoms per ul 


(1), has been used 


he effective interaction®) between pairs 


manganese spins, and in calculating the contri- 
of spin-disorder scattering to the resistivity 
of the alloys.“ In the present work the interac- 


butior 


tion, (1), will be used only as the origin of an 
effective field for orienting the spins of the solute 

ms. As will be shown in the following sections, 
long-range antiferromagnetic order is caused by a 
static spin-density wave in the conduction-electron 


gas. 


s(R) (3) 
where 5 is a (dimensionless) amplitude, € is a unit 
polarization vector, and s(R) is the electron spin 
density (in units of h), given by: 


s(R) S s5(r—R) 


_. 


bNe cos q ° R, 


(4) 
the expectation value of the total spin-density 
operator. The effective field H; acting on the solute 
as defined by the interaction energy, 


W = —H;-S;, 


spin Sj, 
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is given by: 


(6) 


The wave vector q of the spin-density wave will 
be unrelated to interatomic distances of the lattice. 
On a statistical basis, half of the solute spins will be 
oriented parallel to € and the other half antiparallel. 

The spin-density wave will constitute a collec- 


H; Ghe cosq + Rj. 


tive, deformed state of the electron gas that is an 
eigenfunction of the Hartree-Fock equations with 
an energy greater than that of the ground state. 
SLATER) has pointed out that exchange potentials 
arising from a spin-density wave are attractive, and 
therefore tend to dynamically maintain the spin- 
density wave. This problem is formulated below, 
and complete dynamic stability of a spin-density 
wave is found to be possible for a particular mag- 
nitude of the wave vector q, and then only if the 
mean exchange interaction between conduction 
electrons is sufficiently large. The spin-density 
wave can be thought of most easily by considering 
it to be the sum of two charge-density waves, one 
of electrons with spin parallel to € and the other of 
antiparallel spin, which are equal in magnitude but 
opposite in phase. Therefore, the total charge den- 
sity of the gas remains uniform in space. 

The higher energy of a spin-density wave pre- 
cludes its formation in a pure metal. However, in 
the alloys under consideration, and at sufficiently 
low temperatures, the thermodynamic orientation 
of the solute spins in the effective field of the spin- 
density wave provides an interaction energy which 
more than compensates the higher energy of the 
spin-density wave. Therefore, below a critical 
temperature, the amplitude b of the wave will in- 
crease from zero and approach a maximum at 0K. 

Several appealing features of this mechanism 
can be appreciated immediately. The  spin- 
density wave, together with its tendency to orient 
solute spins antiferromagnetically, vanishes above 
the critical temperature. Consequently, the re- 
sidual, short-range solute-solute interactions of 
the direct overlap or pseudo-exchange type re- 
main and can account for a positive paramagnetic 
Curie point, although they could never produce 
long-range ferromagnetic order. This mechanism 
provides, therefore, an easy explanation of how an 
antiferromagnet can be paramagnetically ‘‘ferro- 
magnetic’. 

Since the wave vector of the spin-density wave 
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is not an integral multiple of a reciprocal lattice 
vector, the solute spins will see differing effective 
fields, of magnitude varying from 0 to Gb, depend- 
ing on the location of each. Such a distribution of 
effective fields explains why the low-temperature 
specific heat arising from the codperative inter- 
action is linearly proportional to 7' far enough 
below the transition temperature.) The reason is 
that each incremental increase in temperature 
allows a new group of solute spins to reach the 
temperature at which they become thermally dis- 
oriented, and the integrated heat capacity of such 
a group is proportional to the temperature at 
which disorientation occurs. 

One of the most unusual properties of copper- 
manganese alloys is the behavior of the remanent 
magnetization.) If a sample is cooled through the 
transition region in the absence of an applied field, 
little or no remanence occurs. A saturation re- 
manence corresponding to about 1 atomic per cent 
alignment of the manganese spins can be induced 
by temporarily applying a field greater than 
15 kOe. The remarkable feature is that the satura- 
tion remanence, once produced, can be reversed 
by fields of only a few kOe. Such behavior can be 
understood within the framework of the present 
model. It is necessary, of course, to have a domain 
structure; otherwise remanence could not occur on 
a macroscopic basis, since for a given domain the 
numbers of parallel and antiparallel solute spins 
can be expected to differ only by the square root 
of their number, according to statistical fluctua- 
tions. The smaller the domain size, the greater the 
relative unbalanced moment. The inhomogeneous 
distribution of solute atoms, to which the lack of 
sharpness of the transition region has already been 
attributed, should provide also a spontaneous 
means of domain formation. 

Consider then an individual domain. Only the 
magnitude of the wave vector of the spin-density 
wave is fixed by the condition of self-consistency. 
Its direction and phase are free to adjust so as to 
minimize the free energy. In the presence of an 
applied field such adjustment will maximize the 
unbalanced moment parallel to the field. Presum- 
ably 15 kOe is sufficient to overcome all barriers 
which inhibit such adjustment, and which serve 
also to lock in the unbalance. Furthermore the 
axis of spin quantization assumed for the spin- 
density wave plays no role in the energetic or 
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dynamic stability of the wave. Consequently all 
spin directions are free to rotate coherently, to- 
gether with any unbalanced moment. Presumably 
the few-kOe field necessary for reversal provides 
opposition to magnetic dipole-dipole interactions 
or crystalline anisotropy arising from spin-orbit 
interactions, which have not been introduced into 
the model for the sake of simplicity. The foregoing 
discussion is admittedly conjectural, but it illus- 
trates the ease with which the experimental 
phenomena can be interpreted. 

One further enigma deserves discussion. Both 
copper—cobalt and copper-manganese alloys are 
paramagnetic, but only the latter undergo a co- 
6perative transition at low temperatures.) Why is 
there a difference? A somewhat speculative ex- 
planation can be given in terms of the present 
model. As has already been mentioned, dynamic 
stability of a spin-density wave is possible only if 
the mean exchange interaction between conduc- 
tion electrons of the metal is sufficiently large. On 
this basis alone, copper-cobalt and copper- 
manganese alloys should be similar. But the co- 
Operative mechanism requires a further condition, 
specific to the solute: the paramagnetic orbital of 
the solute must be localized in a region small com- 
pared to the wavelength of the spin-density wave. 
(This wavelength is expected to be of the order of 
a lattice constant.) The physical origin of such a 
condition is clear. If the paramagnetic orbital, 
although localized, were to extend over several 
half-wavelengths of the spin-density wave, the 
orbital’s exchange interaction with the wave would 
average to zero, and the effective fields necessary 
for long-range order would vanish. Since cobalt is 
two atomic numbers closer to copper than man- 
ganese it is to be expected that d-hole orbitals of 


cobalt in copper are less localized than those of 
manganese in copper. (Were the solute atomic 
number two units higher than cobalt, a d-hole 


orbital would be completely non-localized.) 
Although copper-cobalt alloys are paramagnetic, 
they show marked deviations from a Curie-Weiss 
law with regard to both field-dependence and con- 
centration-dependence of the susceptibility. 
This behavior, occurring even in alloys with ~ 1 
atomic per cent cobalt, is indicative of long-range 
solute-solute interactions. In view of the screening 
action proved by Harr‘), these interactions prob- 
ably arise by direct overlap of extensive orbitals. If 
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such is indeed the case, the present theory explains 
also the basic difference between copper-cobalt 
and copper—manganese alloys. 


2. DYNAMICS OF A SPIN-DENSITY WAVE 

Che free-electron model of a metal will be used 
in treating the quantum mechanics of a spin- 
density wave. (Such an approximation should not 
entail any essential compromise.) The objective 
is to find solutions of the Hartree-Fock equations 
for which the expectation value, (4), of the total 
spin-density operator is given by (3). The Hartree— 
Fock Hamiltonian for the problem is: 


H = Ho+A, (7) 


where Hp is the electronic kinetic energy and A is 
the exchange operator, defined as follows: 
- > [J dx"(re 2) dr2\bx(11). 
(8) 
Here, the set of (two-component) functions 
¢j(r) are the occupied one-particle states of the 
electron gas, V(rjz) is the electron-electron inter- 
action and % is any one-electron wave function in 
Hilbert space. It must be appreciated that A is a 
linear Hermitian operator under these general 
assumptions. It is not necessary to include the 
Hartree term in (7), since the deformations of the 
electron gas under consideration do not alter the 
total charge density, which is zero. 

The usual solutions of (7) are plane waves. ‘The 
solutions of interest here will be slightly perturbed 
plane waves. The amplitude b of the spin-density 
wave will be very small compared to unity. Con- 
sequently, it should be adequate to represent the 
perturbed plane waves as power series in 5 (re- 
of course, only the first-order correction 
The following matrix elements of the ex- 
may be 


Ady) » yh 12) V(1 


taining, 
terms). 
change operator between plane waves 
defined: 


gi(k) 
h+(k) 


fexp[7(k+q) - 7] 
fexp[i(k+q) - 7]B|A| exp(tk -7 


where « and f are spin-up and spin-down spin 
functions relative to an arbitrary direction € of 
spin quantization. It is easy to see from (8) that 
there are no matrix elements of A between waves 
of opposite spin states if the occupied states, dx, 
have unmixed spin states, as will be assumed. 


A| exp(tk - 7)a} | 


y 
»B}| (9) 
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(Such an assumption is therefore a consistent one.) 
The spin-up perturbed states can be written, for 


example: 
ot(k 


di(”) = exp(tk - r)x a+. a exp(7q - r)+ 


ad ) ; 
- S exp(—iq ‘ n), (10) 


k-q 
where Ey is the single-particle kinetic energy. If 
these wave functions are used for the occupied 
states appearing in the exchange operator, one can 
evaluate the matrix elements (9) and thereby ob- 
tain a pair of coupled integral equations for g+(A). 
They are: 


r(K)=— > [2 eas 


K—k+ 
J(K-r4 =. H*] 


b~K q 
g(K)=-> | —— 
kL Ex—Exsg 


£0 


where J(q) is the exchange integral associated with 
the electron—electron interaction: 


JQ) = 27 § V(r) exp(ig - r) d*7, (12) 


© being the volume in which the wave functions 
are normalized. An identical set of equations 
applies to h+(k), but the requirement that the 
charge-density deviations of spin-up electrons 
cancel those of spin-down entails that the solutions 


gt(h)*+ 


K—k 
ee 





of interest obey 


h+(k) = —g+(h), (13) 


a relation that can always be satisfied by the solu- 
tions of equations (11) as a consequence of their 
partial linearity. (A solution multiplied by a real 
constant is also a solution.) 

The factors in the integral equations have the 
following important symmetry properties: 

IQ) =1K-D 
E, = E., 

Asa esate it is relatively easy to see that if 


= [g*(K), s(K)] (15) 


(14) 
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is a solution of (11), then: 
f = Tf =ig(—K)*, ¢'(—K)*] 
is also a solution which is either + f or is linearly 


independent of f. In the latter case it follows that 
the functions 


F = [g'(K)-+g-(—K)*, ¢-(K)+g"(—K)*] 
(17) 


(16) 


and 

FY = [g*(K)—g-(—K)*, g-(K)—g*(—K)*] 

(18) 
are also solutions, and which, when considered as 
basis vectors, span the same space as f and f’. But, 
TF = F and TF’ = —F’. Therefore it has been 
proved that basis vectors which span the space of 
solutions of equation (11) can all be chosen to 


satisfy: 
f=47 


Basis vectors obeying the + sign in (19) can then 
be written: 


(19) 


f = [8(K), 9(—K)*], (20) 
where g(K) is the solution of the integral equation: 
a(R) 
Fx —Exxq 
(21) 


g(K) = 


— 2 UK-H+IK+h+ 0); 


and basis vectors obeying the — sign in (19) can be 


written: 
f = [g(K), —g(—K)*], 


where g(K) satisfies: 


(22) 


g(h) 
K)=-— K—k)—](K+k _. 
ak) = — > UC “MK +R Dg 


(23) 


(Since the kernels of equations (21) and (23) are 
real, the basic functions of their solutions can be 
chosen real without loss of generality.) Each solu- 
tion of (21) or (23) generates two linearly in- 
dependent solutions of (11). For example, if g(K) 
is a solution of (21), the two corresponding solu- 
tions of (11) are (20) and 


f = [ig(K), —1¢(—K)*]. 


Spin-density waves corresponding to (20) and (24) 


(24) 
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have the same structure, but are shifted in real 
space by one-quarter wavelength. The phase of a 
spin-density wave can be varied continuously, 
therefore, by appropriately varying the linear com- 
bination of these two degenerate solutions. 

It has been proved that the space of solutions of 
the coupled integral equations, (11), is identical to 
the space generated by the solutions of the un- 
coupled equations (21) and (23). It has not been 
proved that solutions other than g(K) = 0 exist. 
It should be noted that the wave vector q is a 
parameter in the integral equation, and its mag- 
nitude may play the role of an eigenvalue para- 
meter. ‘Treating equation (21) or (23) exactly is a 
very difficult task because of the complexity of the 
kernels. It seems necessary to make simplifying 
approximations in order to gain insight about the 
solutions. A very effective approximation is to 
neglect the variation of J(q) by replacing it with a 
constant. This is perhaps a better approximation 
than it may seem at first sight, since much of the 
variation of J(q) is averaged out by the integrations 
over the planes of constant-energy denominator. 
For a coulomb interaction 


IM = 


The wave-number difference g appearing in the 
denominator of (25) will generally have a magni- 
tude of the order of the radius kg of the Fermi 
sphere. Consequently, an average exchange in- 
tegral, J, can be defined: 


4rre2/Qg?, (25) 


J = 4re?/Qko?E, (26) 


where € is the required numerical factor, of unit 
order of magnitude, in order that (26) be the ap- 
propriate average value of J as defined by equa- 
tion (21). The total exchange energy per electron of 
a Fermi gas is: 

—J = —9nne?/4ko?, 
where 7 is the number of electrons per cm?. It will 
be convenient to express J in terms of J: 


(27) 


J = 16]/9nQE. (28) 


If the constant J is inserted into (23), only the 
trivial solution, g(K) = 0, results. If J(q) is re- 
placed by J in (21), a solution, g(K) = g, an arbi- 
trary constant, is obtained provided that the 
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following equation can be satisfied for some value 


of q: 


—2] >, (Ex—Ex.a) 1, (29) 
If no root of this equation exists, only the trivial 
solution (g =) is possible, and a spin-density 
wave cannot occur. The integrand in equation (29) 
has singularities, but can that the 
srincipal value of the integral is the correct inter- 


one prove 


I 
pretation. The result is, 


yz (Ex— Exsg)) = —(3nQ/8Epr)p(q/2Ro), (30) 


where Ey is the Fermi energy and p(x) is given by: 


1—x? \1+x/ 
log » 
4x 1—x 
If the foregoing equations are combined, the re- 


lation determining gq is: 


1 = (4]/3£Ep)p(q/2Ro). (32) 


Since p(0) = 1 and is monotonic, decreasing for 
increasing x, (32) has a solution if 


J > (3&/4)Ep. 


This inequality is not too stringent, since ] ~ Er 
for most metals. Dynamic stability of a static spin- 
density wave, at least in some metals, seems to be 
an assured possibility. 

The amplitude 5 (see equation (3)) of the spin- 
density wave can be computed directly from the 
operator in (4) and the wave functions (10). One 
finds 

b = —(9n/8))g, (34) 
where 7 = n/N, the number of conduction elec- 
trons per atom, and where use has been made of 
equations (30) and (32). The — sign in (34) reflects 
the attractive character of exchange interactions. 
Wherever the spin density is positive, the exchange 
potential is negative (as is necessary for a dynamic- 
ally stable situation). 

The remaining task of this section is to calculate 
the energy increase associated with a spin-density 
wave. This can be accomplished by summing the 
kinetic-energy change of each occupied state to- 
gether with one-half the energy change arising 
from the exchange potential. Employing the wave 
functions (10) and taking care to normalize, then 
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to order g?, one finds the kinetic energy increase 
per cm? to be, 

AT = (9€n/8J)g?. (35) 
Similarly, the total coulomb energy change turns 
out to be the negative of (35). Consequently, in 
the Hartree-Fock approximation, the energy of a 
spin-density wave is zero. It is necessary to in- 
clude correlation-energy changes in order to ob- 
tain an energy increase. The magnitude of the 
correlation-energy change can be estimated by 
means of the following relatively crude argument. 
Consider a small region in the Fermi gas for which 
the number of + spins is M(1+e). The exchange 
energy is proportional to the number of pairs of 
parallel spins, which is: 


(1/2)M?(1+.)?+(1/2)M?2(1—e)? : 
(36) 


The correlation energy is proportional (mainly) to 
the number of pairs of antiparallel spins, which is: 


M%1—e2), (37) 


From equations (36) and (37) it is clear that the 
fractional (algebraic) decrease in the exchange 
energy should roughly equal the fractional in- 
crease in the correlation energy, arising from a 
small spin-density deviation. Therefore, if we let 
—C be the correlation energy per electron of the 
Fermi gas, the energy W per cm? of a spin-density 
wave is approximately C/J times the kinetic-energy 
increase (35). With the help of (34), this energy 
density can be written: 


W(b) 


M(i+e)M(1—e) 


8nCb?/9ér?. (38) 


For typical metals the correlation energy per elec- 
tron, C, is ~ 1 eV.) 

Equation (38) is the only result of the present 
section that is needed for treating the thermo- 
dynamics of the antiferromagnetic phase. However, 
the main burden of the foregoing development has 
been to give theoretical justification to static spin- 
density waves as a mechanism of long-range anti- 
ferromagnetic order. 


3. THERMODYNAMICS OF THE ANTIFERRO- 
MAGNETIC PHASE 


The magnetic contributions to the free energy 
of a dilute alloy can be evaluated immediately by 
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considering the distribution of effective fields, (6), 
experienced by the paramagnetic solute spins as a 
result of their interaction, (5), with the spin- 
density wave. If the orbitals of the solute spins are 
sufficiently localized, compared to a wavelength of 
the spin-density wave, the probability distribution 
for the (absolute) magnitude of the effective field 
H is: 


P(|H|) = (2/2)(G2b2—H2)-12, (39) 


for |H| smaller than the maximum value, Gd. 'The 
partition function of a spin S; in a field H; is: 


Z; = sinh{B[.S;+(1/2)]H;}/sinh(1/2)8H;, 
(40) 


where 8 = 1/kT. The free energy of such a spin 


1S: 


A; = —(log Z;)/B. (41) 


The magnetic free-energy density of the dilute 

alloy can be expressed as the average of (41) 

weighted by the probability distribution (39), and 

added to the self-energy of the spin-density wave: 
_ Gb 


r 


N 
| (G2b2— H2)-1/2 x 





sinh B[S+(1/2)]H 
x lo | - 
sinh(1/2)BH 


| dH, (42) 


where c is the atomic fraction of solute spins. The 
amplitude 6 of the spin-density wave must be 
chosen so as to minimize (42). b(T) will have a 
maximum value 6(0) at J = 0, and will become 
zero at the transition temperature 7;. By appro- 
priate power-series expansions of (42) near T = 0 
and 7;, it is easy to derive the following results: 
near 7’ = 0, including terms up to order T?, (42) 


becomes: 
8nCb2 2cNSGb 


9Er2 rr 


2n7ScN 


~~ 3(2S—1)Gb 


91ToO 


(43) 
The value of 6 which minimizes this free energy is, 
to order T?, 


9énSG 


(T) = c— 
(7) 8rC 


872C 


, — k2T?, (44) 
27énS(2S+1)G3c 





The low-temperature free energy is determined by 
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inserting (44) into (43): 
9néS*G2c? 


8220 


l6n2NC 


= R2T?, 
27&y(2S+1)G2 


(45) 


Since the specific heat (at constant volume) is 
given by: 

(2A 

Cy = -T(—- (46) 


the low-temperature magnetic specific heat is 


Cym = yoT, (47) 
where, 


3222NCk2 
27&y(2S+1)G? 
This is a most remarkable result, because yyy is 
independent of solute concentration. The experi- 


mental measurements of ZIMMERMAN) are in com- 
plete accord with this conclusion. He finds 


YM (48) 


ym ~ 4x 10-3 J/mole, deg?, (49) 


for samples of 1/6, 1/2, 1, 2, and 4 atomic per cent 
manganese in copper. The magnitude of (49), as 
well as the lack of concentration-dependence, is in 
excellent agreement with (48). (One should ap- 
preciate that the maximum temperature below 
which (47) is valid is proportional to the solute 
concentration.) 

By appropriate power-series expansions near 
T;, the following results can be established: 

3&nS(S+1)G? 


A bli 50 
RT, 330 é. (50) 


The critical temperature is proportional to the 
solute concentration. By combining (48) and (50), 
all of the less-known parameters can be elimin- 
ated: 


YM T, ; 


If the experimental value (49) for yyy (together 
with S = 2) is used in this expression, the indi- 
cated critical temperature of a 1 atomic per cent 
manganese alloy is 7, = 27°K. The temperature 
variation of b, the spin-density wave amplitude, 
near 7, is given by: 


WT) ~ (Te—T)}2, (52) 
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and b = 0 for T T;, as would be expected. The 
variation of 6 with 7 throughout the antiferro- 
magnetic phase can, with an accuracy of 2 per cent 


or better, be taken to be: 


b(T) = b(0)[1—(T/T;)?}!, 
where 6(0) is given by the first term in (44). 
The magnetic contribution to the specific heat 
just below Ty; is: 
La 30(2S+1) 
Cym(T¢e) ym 1¢. 


7(2.S24+25+1) 


(54) 


Since the coefficient in brackets has a value 1-17 
(for S = 2), the variation of the specific heat 
throughout the antiferromagnetic region deviates 
very little from the linear behavior given by equa- 
tion (47). The magnetic specific heat rises slightly 
above the linear low as 7; is approached, and then 
drops discontinuously to 0 above 7;. This sudden 
drop is not very sharp experimentally, especially in 
the less-dilute alloys. Such broadening is probably 
associated with inhomogeneities, and one may ex- 
pect a high-temperature tail in the magnetic 
specific heat as a result of solute-solute pseudo- 
exchange interactions, particularly in the more 
concentrated alloys. The temperature at which 
Cyy/T drops to half its low-temperature value 
should provide a relatively reliable measure of T;. 
The experimental results for 1/6 and 1/2 atomic 


per cent manganese alloys, so interpreted, yield: 


(55) 


T, = 264+4°K/atomic per cent, 


a value in good agreement with equation (51), and 
with the onset of the anomalous resistivity de- 
crease. If £7 ~ 1, and C ~ 1 eV, then the s-d 
exchange interaction parameter G which yields 


agreement between (50) and (55) is: 


G = 0-6 eV. (56) 


This value also gives agreement between the 
theoretical and experimental magnitudes of the 
anomolous resistivity decrease,“ and compares 
well with the estimate, (2), derived from spectro- 


scopic data of free ions. 


4. CONCLUDING REMARKS 
The applications of the foregoing theory to the 
electrical and magnetic properties of copper- 
will be elaborated in a 


manganese alloys 
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subsequent paper. The static spin-density wave 
mechanism of antiferromagnetic order may obtain 
in systems other than dilute paramagnetic alloys. 
For example, it may provide a mechanism of 
nuclear antiferromagnetism, the hyperfine inter- 
action playing the role of the s-d exchange inter- 
action for coupling localized spins to the spin- 
density wave. The mechanism may also operate in a 
pure metal, such as «-manganese, which is anti- 
ferromagnetic and which has an anomalously large 
linear contribution to the low-temperature specific 
heat. 


Acknowledgement—The author is grateful to Dr. A. 
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APPENDIX 


Consideration of objections 
In presenting the idea of a static spin density wave, 
the author has encountered frequently several questions 
related to the theoretical framework within which the 
concepts associated with such excited states have been 
elaborated. It seems worthwhile to discuss in greater 
detail some of these “‘objections’’. 


Objection 1 

The criterion, equation (33), for the occurrence of 
static spin density waves as collective excited states of a 
Fermi gas is similar in form to that for free electron ferro- 
magnetism, (J > 1:36Er, in the Hartree-Fock ap- 
proximation). If one replaces the Coulomb interaction 
by a delta function, the resulting criteria are in fact 
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numerically identical. Consequently, it would appear 
that spin density waves can occur only if the Fermi gas 
were ferromagnetically unstable, which fact would pre- 
clude their formation in the first place (at least for the 
proposed applications). 


Reply to objection 1 

The factor é in equation (33), and hence the precise 
criterion for a spin density wave, can be determined only 
by solving the integral equation (21) exactly. The value 
of € is related to the average value of the exchange 
integral (equation 25) according to the averaging process 
defined by the integral operator in equation (21). The 
best a priori estimate of €, perhaps, is the value required 
for the approximation (26) to yield the correct total ex- 
change energy, which is known exactly and which defines 
thereby an average exchange integral. Such an estimate 
of & yields 4/9; so that the condition for static spin den- 
sity waves would be, J > Er/3. This criterion is weaker 
than that for ferromagnetism by at least a factor of 4, and 
would allow a Fermi gas to have static spin density waves 
as long as the electron concentration were between 1 and 
64 times the limiting density compatible with ferro- 
magnetism. This result provides, therefore, an adequate 
‘“‘margin of safety’’ and justifies the concept of static spin 
density waves as a working hypothesis, subject of course 
to subsequent experimental or theoretical verification. 
Lack of precision in the latter respect cannot be con- 
sidered serious, however, since by analogy, one should 
remember that the entire electron theory of metals rests 
on the theoretically unproved assumption (among others) 
that the Hartree-Fock ground state of an ideal Fermi gas 
is the familiar Fermi sphere of occupied momentum 


states. 


Objection 2 

The proposed mechanism of antiferromagnetism is 
similar to the mechanism of ferromagnetism suggested 
by ZENER. However, YostpA has shown (with simplify- 
ing approximations) that the energy contribution result- 
ing from first order excitation of ferromagnetic excited 
states of the Fermi gas is cancelled by second order con- 
tributions of the s-d exchange interaction. Similarly, one 
might expect such second order contributions to cancel 
as well the antiferromagnetic interaction resulting from 
first order excitation of a static spin density wave. 


Reply to objection 2 

No such cancellation occurs in this case. The totality 
of intermediate states employed by YosiDaA in his second 
order calculation exhausts all of Hilbert space. No further 
second order contributions remain to be evaluated. (Of 
course, in so far as intermediate states employed in a 
perturbation calculation should approximate eigenstates, 


the recognition of collective modes—e.g. plasma waves, 
spin density waves, etc.—as better “eigenstates’’ than the 
single particle excitations, of which they are linear-com- 
binations, will suggest improvements to such computa- 
tions. But the improvements would involve replacement 
rather than addition of terms.) The spin density wave 
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mechanism of antiferromagnetism assumes and incor- 
porates YosIpA’s work as a foundation. The second order 
s-d exchange interaction between solute spins is pre- 
sumed to be always present (and to be responsible for 
the positive paramagnetic Curie temperature of Cu-Mn 
alloys). A localized spin which interacts with a spin 
density wave is not just the “bare’’ solute ion spin- 
orbital, but that together with its localized conduction 
electron, spin density readjustment, as envisioned by 
Yosipa. It is incorrect to think that spin density waves 
give rise to a solute—solute interaction of infinite range. 
Rather, the spin density wave must be considered as 
having independent existence, and as interacting in- 
dividually with localized solute spins; the very tendency 
towards long range antiferromagnetic order vanishes 
above the Néel point, where the spin density wave 
amplitude is zero. 


Objection 3 

It is difficult to understand why a single spin density 
wave having a unique wave vector magnitude, go, should 
be involved so pre-eminently instead of a cooperative 
participation by many spin density waves with a distri- 
bution in qg; and it seems odd that the allowed ampli- 
tudes of the spin density wave form a continuous distri- 
bution rather than a discrete set like the harmonic 
oscillator levels of an ordinary collective mode. 


Reply to objection 3 

The special character of a static spin density wave is 
that it is static. The uniqueness of the eigenvalue qo is 
associated with the employment of stationary state per- 
turbation theory in deriving the integral equations (11). 
There are, to be sure, non-static spin density waves, 
which oscillate harmonically in time, and these can be 
constructed by employing time dependent perturbation 
theory in a straightforward fashion. One finds that the 
frequency w of such waves varies with q according to 
(qo—q)*/2. (These collective modes will be quantized and 
will yield a negligible contribution, ~ Nk(kT/E,r)?, to 
the specific heat.) The molecular fields arising from such 
waves will oscillate in time, and that is why they are un- 
important for long range magnetic order. It seems likely, 
however, that waves with g near go may play a role in the 
description of antiferromagnetic domains. The Hamil- 
tonian of a collective mode can be written, P?+ w?Q2, 
where P and Q are appropriate generalized coérdinates. 
It is well known that a Hamiltonian of this type leads to 
discrete energy levels, but only as long as w ~ 0. When 
w = 0, only the P? term remains, and the allowed ener- 
gies form a continuous spectrum, analogous to that of 
free particles. 


Objection 4 


Since solutions of the integral equation (11) obey a 
superposition theorem, it seems that a spiral spin den- 
sity wave (such as a cos gz polarized in x plus a sin qz 
polarized in y) could be constructed and would lead to 
an antiferromagnetic state of lower energy, since the spin 
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same magnitude everywhere, 


tion with position 


has been chosen. One can superpose two spin density 
waves only if they ha 


ve the same axis of spin quantiza 
tion. To construct a spiral spin density wave as suggested, 


one would require conduction electron spin states simul- 
rposition prin- taneously quantized along two perpendicular axes 


—an 
obvious impossibility 


n quantization 
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Abstract—The intensity of the infrared emission in ZnS:Cu phosphors has been studied as a 
function of the sulfur pressure under which the phosphors were heated at high temperatures and of 
Al concentration in the phosphors. The observed dependence is interpreted using a model in which 
the infrared absorption and emission arises from hole transitions between states of a normally un- 
ionized Cu acceptor and the valence band, and in which sulfur vacancies behave as doubly ionizable 
donors in ZnS. The effect of Al impurities also follows from the model. 


1. INTRODUCTION 

INFRARED emission bands peaking at 1-54 and 
1-654 in ZnS phosphors were observed by 
DUMBLETON and GarLicK™ in 1954. In an in- 
vestigation of this infrared emission in 1956, 
BROWNE®) found that ZnS phosphors could be 
divided into two classes depending on the con- 
ditions necessary to excite this infrared emission. 

In his Class I phosphors, the infrared emission 
could be observed by exciting in bands peaking at 
0-76 and 1-35 and without previous or simul- 
taneous ultraviolet excitation. His Class II phos- 
phors required simultaneous excitation by the 
infrared and 0-365 radiation so that under these 
conditions of excitation the phosphors showed 
visible as well as infrared emission. Browne stated 
that the Class I phosphors were nonstoichiometric 
in which the only appreciable impurity could have 
been chlorine and that only the Class II phosphors 
contained copper as an impurity. However, 
Meyer®) and Hatstep et al) showed that the 
aforementioned infrared absorption and emission 
were observed only in those ZnS samples con- 
taining copper as an impurity. 

The purpose of the investigation reported in 
this paper was to define the conditions of pre- 
paration of copper activated ZnS phosphors which 


* This paper was presented at the 1959 Spring Meet- 
ing of the Electrochemical Society held in Philadelphia, 
Pa. 
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showed the infrared emission under infrared exci- 
tation alone. Specifically the subject of this paper 
covers the effect on the intensity of the infrared 
emission of variations in sulfur pressure in equi- 
librium at high temperatures with the phosphor, 
ZnS:Cu, and of the concentration of Al donor 
impurities. 


2. EXPERIMENTAL 
(a) Preparation of samples 

Cu and Al were added as solutions of the sulfates 
to a water slurry of ZnS (General Electric Co., 
luminescent grade) which previously had been 
heated in a stream of purified H2S+ successively at 
400°C for 2 hr, 800°C for 2 hr and 1150°C for 3 hr, 
and which was nonluminescent under 3650 A 
excitation even at —196°C. After drying at 100°C, 
the phosphor mix was heated at 1150°C in an H2S 
stream for 3 hr. 

A sample of the fired phosphor weighing 3-4 g 
was placed in the top part of the quartz firing tube 
shown in Fig. 1 and 0-2-1-8 g St was added to the 
bottom part of the tube. The tube was evacuated 


+t The HeS (Matheson Co.) used was bubbled through 
saturated Ba(OH)e2 solution, then passed through silica 
gel, P2Os, and a cold trap held at —50°C before coming 
in contact with the sample. 

{ The sulfur used was obtained by decomposition of 
purified H2S. Prior to use, it was fused under vacuum to 
get rid of volatile inclusions. 





82 5. F. APPLE 
to about 3 x 10-° mm Hg, sealed off and placed in 
the three-zone furnace (shown in Fig. 1) which 
was designed so that the ZnS phosphor sample 
and the sulfur reservoir could be held at constant 
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Furnace and silica glass tube for firing under 
controlled sulfur pressure. 


Fic. 1 


temperatures in the ranges 700—1100°C and 125- 
830°C, respectively. The temperature control was 
better than +2°C. In this way the vapor pressure 
of the sulfur over the sample was determined by 
the temperature of the sulfur reservoir.* The 
vapor pressure of sulfur in all the experiments 
exceeded the pressure of sulfur due to the dis- 
sociation of ZnS at 940°C.) After firing for 3 hr 
which time was sufficient to reach equilibrium 
(see Fig. 2), the tube was quenched in silicone oil. 
The quenching procedure was necessary to insure 
reproducibility between samples fired under the 


* Vapor pressure data for sulfur obtained from: J. R. 
West, Indstr. Engng. Chem. 42, 713 (1950); K. K. 
Ke.iey, Bull. U.S. Bur. Min. no. 383 p. 99 (1935). 
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same conditions and also to give maximum i.r. 
effects, as is also shown in Fig. 2. X-ray diffraction 
studies showed that all samples had the hexagonal 
zinc sulfide structure. 


10 
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INTENSITY (ARB. UNITS) 








4 5 6 

FIRING TIME (HRS.) 
Fic. 2. Infrared emission intensity at —196°C of ZnS: 
5 x 10-°Cu as a function of firing time and quenching 
rate. Samples were equilibrated at 940°C under a sulfur 
pressure of 1:1 x 10-? atm. @ quenched; air cooled; 


@ HeS fired only. 


(b) L.R. detection system 

The resulting phosphors equilibrated under 
various sulfur pressures were excited at —196°C 
by a band extending from about 0-7 to 1-0 iso- 
lated from a tungsten lamp with a Corning No. 
2600 filter and a 1-cm He2O cell. The infrared 
emission of the phosphor was passed through 
Corning No. 9788 and 2540 filters which absorbed 
reflected exciting radiation, and was then detected 
by a lead sulfide cell (Kodak Ektron Detector, 
Type II) cooled to —78°C. The photocurrent was 
measured with the aid of a sensitive d.c. galvano- 
meter and any drifts in the photocell sensitivity or 
intensity of exciting radiation were monitored by 
use of a “‘standard”’ diffuse reflector (BN powder 
covered by a diffusing quartz disc). The geometry 
was such that samples could be reproducibly 
placed in the same position with respect to the 
exciting source and detection system. All the 
phosphors had infrared emission bands peaking at 
1-674 (0-74eV) and 1-55u (0-80eV)® whose 
positions and relative intensities were independent 
of the sulfur pressure under which the samples 
were fired. Measurements of the infrared emission 
intensity were carried out at —196°C since the 
intensity decreases with increasing temperature as 
already reported by BROWNE). 
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3. RESULTS 
(a) Effect of sulfur pressure 
A series of ZnS samples containing from 10-6 
to 5x 10-4 g atoms Cu/mole ZnS were fired under 
()-8 atmosphere sulfur pressure. As shown in Fig. 
3 the i.r. emission intensity increases with Cu 


INTENSITY (ARB UNITS) 








5x06 10° 51105 10°4 5x10°* = 10°3 
CONCENTRATION OF COPPER (gm-atom/mole ZnS) 

Fic. 3. Infrared emission intensity of ZnS :Cuat —196°C 

as a function of Cu concentration. Samples were equi- 

librated at 940°C under a sulfur pressure of 0-8 atm. 


concentration in the range 10-®-10-4; concentra- 
tion quenching causes the intensity to drop in the 
5x 10-4 sample. In one group of experiments, 
phosphors of a given composition were heated at 
940°C under sulfur pressures ranging from 
7 X 10-5 to 30 atm. The dependence of I.R. emission 


INTENSITY (ARB. UNITS) 








: -1 0 
LOG SULFUR PRESSURE (ATMOS.) 


Fic. 4. Infrared emission intensity of ZnS :Cu at —196°C 

as a function of sulfur pressure. Samples were equi- 

librated at 940°C. Lines are drawn with a +1/4 slope. 
@ ZnS:5 x 10-5Cu; [|] ZnS :10-5Cu. 


intensity on sulfur pressure in ZnS:10-> Cu and 
ZnS:5 x 10-° Cu is shown in Fig. 4. In the range 
from 7X 10-5 to about 10-! atmospheres sulfur, 
the log of the infrared emission intensity increases 
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linearly with the log of the sulfur pressure. The 
line shown is drawn with a +1/4 slope. Above 0-1 
atm, the intensity levels off with increasing sulfur 
pressure. Similar results were obtained with 
ZnS:5 x 10-5 Cu, 10-5 Al as shown in Fig. 5. 


300; 








2. I 
LOG SULFUR PRESSURE (ATMOS.) 
Fic. 5. Infrared emission intensity of ZnS:5 x 10-5 Cu, 
10-5 Al at —196°C as a function of sulfur pressure. 
Samples were equilibrated at 940°C. Line is drawn with 
+1/4 slope. 


(b) Effect of donor concentration 

In another group of experiments, phosphors 
with 5x 10-5 Cu and varying Al concentrations 
were heated at 940°C under 9 atm sulfur pressure 


500, 
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Fic. 6. Infrared emission intensity at —196°C of ZnS: 

5 x10-5Cu, X Al as a function of Al concentration. 

Samples were equilibrated at 950°C under 9 atm of 
sulphur. 
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(in saturation region). The i.r intensity as a 
function of concentration is shown in Fig. 6. Over 
the range of 0 Al added to 3x 10-° Al added, the 
i.r emission intensity is essentially constant, from 
3x 10-5 to 5x 10-° Al the intensity drops by a 
factor of 2 and from 5x 10- Al to 5x 10-4 Al it 
drops by a factor of 100. 


(c) Reflectance measurements 

It was observed that the phosphors containing 
only Cu had a near-white body color when fired 
in HeS but became grey when fired under the 
higher sulfur pressures. The greyness was not 
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changed from orange-red to blue to green with 
increasing Al concentration as reported by AVEN 
and Porter‘). In the ZnS phosphors containing 
copper as the only added impurity described in 
Section 3(a), the luminescence under 3650 A 
excitation consisted only of the orange-red band‘) 
in those samples equilibrated under low sulfur 
pressures. At the higher sulfur pressures a green 
band and a weaker blue band are observed in 
addition to the strong orange-red band. As the 
temperature is decreased from room temperature 
to that of liquid nitrogen, the ratio of the in- 
and blue bands to the 


tensities of the green 
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10-5 Cu 


(reflectance of MgO taken as 100). Sample equilibrated at 940°C under 
30 atm of sulfur. 


reduced by washing the phosphors in 10% KCN 
solution in which any copper sulfide present on 
the surface as a separate phase would be soluble. 
Reflectance measurements shown in Fig. 7 indicate 
the greyness is due to an absorption band extend- 
ing across the visible part of the spectrum. In 
addition, there is a narrow absorption band peak- 
ing at 1-34. The same reflectance spectrum was 
observed in a ZnS phosphor containing Cu pro- 
duced by the radioactive decay of Zn®. 6) 


(d) Ultraviolet excited luminescence 
In the series of phosphors described in Section 
3(b), the luminescence under 3650 A excitation 


orange-red band decreases. This ratio is also com- 
position dependent in that the ratio increases with 
decreasing copper concentration. 


4. DISCUSSION 

The infrared emission and absorption observed 
in copper-activated ZnS phosphors has been 
interpreted as being due to hole transitions between 
the valence band and two localized states associated 
with the copper impurity: 4; 6) as shown in Fig. 8. 
From its position in the Periodic Table, it has been 
presumed that copper may act as a singly ionizable 
acceptor in ZnS giving rise to a ground and excited 
states for a hole with energy levels above the 
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valence band. With a hole in the ground state 
(upper level in Fig. 8), the copper is neutral with 
respect to the zinc for which it substitutes and can 
be represented by Cu°. With the hole ionized into 
the valence band so that the ground state and 
the excited hole state are occupied by electrons, 
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Fic. 8. Levels introduced by a copper substituting for 
Zn in ZnS. Hole transition (1): absorption band peaking 
at 0-95 eV. Hole transition (2): broad absorption starting 
at 1-3 eV. Electron transition (3): green emission band 
peaking at 2:4 eV. Electron transition (4): broad absorp- 
tion starting at 2-9 eV. Hole transition (5): infrared 
emission band peaking at 0:80 eV. Hole transition (6): 
infrared emission band peaking at 0-74 eV. Band gap of 
ZnS :3-70 eV. 




















the copper is negatively charged and can be repre- 
sented by Cu-. In those phosphors which show 


emission in the infrared with bands peaking at 
0-74 eV and 0-80 eV without previous ultraviolet 
excitation (BROWNE’s Class I), the upper level is 
occupied in the dark by a hole. The sharp absorp- 
tion band peaking at 0-95 eV corresponds to the 
excitation of the hole to an excited state and the 
broad absorption starting in the vicinity of 1-3 eV 
and extending to higher energies (see also Ref. 4) 
corresponds to ionization of the hole into the states 
of the valence band. The reverse transitions give 
rise to the two emission bands. On this model the 
strong absorption starting around 2-9eV and 
extending to higher energies corresponds to the 
transition of an electron from the upper state due 
to copper to the states of the conduction band (see 
also Ref. 8). Finally the green luminescence peak- 
ing at 2-39 eV observed in copper activated ZnS 
phosphors arises from the recombination of a con- 
duction electron (or one in a state very close to the 
conduction band) with a hole trapped at the copper 
acceptor.) The origin of the blue emission band 
observed in ZnS phosphors containing copper as 
impurity is not well understood at the present 
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time. The phosphors showing infrared emission 
may exhibit orange-red, blue or green lumin- 
escence (or combinations of the three) under 
3650 A excitation (see Section 3d). However, the 
green and blue emissions are not observed in those 
phosphors containing copper as the only added 
impurity and equilibrated at the lower sulfur 
pressures even though they contain the same Cu 
levels as are present in those phosphors showing 
the green and blue emission bands. When there 
are two or more recombination processes competing 
for excitation energy, the observed luminescence 
depends not only on the presence of appropriate 
levels but also on the details of the recombination 
kinetics. The dependence on temperature and 
composition of the ratio of the green and blue 
intensities to the red intensity indicates that such 
competing processes are involved in ZnS:Cu 
phosphors. This was also shown in the studies of 
APPLE and WILLIAMS on a series of ZnS phosphors 
containing Cu and Ga or In impurities which may 
or may not show green luminescence depending 
on the excitation temperature and phosphor com- 
position.“ The difference in the level structure 
depending on whether the copper acceptor is 
ionized or not is due to lattice polarization effects 
and accounts for the observed shift between 
excitation and emission. It is significant that the 
various energy differences shown in Fig. 8 add up 
to the band gap energy of 3:7eV at —196°C. 
Further evidence for hole transitions of the type 
described above is given in the work of DRoPKIN 
and ULLMAN“), in which they showed that 
excitation in the infrared absorption bands led to 
photoconductivity in ZnS single crystals. They 
presented evidence to show that the photocurrents 
were carried by holes. PoTTER and AvEN ?) have 
shown by thermoelectric measurements that ZnS 
crystals having the infrared absorption and 
emission properties described above are p-type 
semiconductors. We shall, therefore, assume the 
correctness of the model for the origin of the 
infrared absorption and emission. 

With different layers of polycrystalline ZnS 
phosphors of the same particle size distribution 
in which absorption of incident radiation is taking 
place in impurity centers, the power absorbed in 
the phosphor layers will be very nearly propor- 
tional to the power incident upon the sample and 
the concentration of absorbing species, provided 
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that the reflectance of the samples for the incident 
light is greater than about 0-6.4%) Even our most 
absorbing samples equilibrated under the highest 
sulfur pressures had reflectances greater than 0-6 
in the infrared excitation region. Under these con- 
ditions the application of the model taken for the 
absorption and emission processes indicates that 
the emitted power should be proportional to the 
excitation intensity and to the concentration of 
Cu’ provided that the former is not so high so as 
to saturate the absorbing centers. This would 
show up as a nonlinear relation between the 
excitation and fluorescent intensities. Measure- 
ments have shown a linear relationship over a wide 
range of excitation intensities. 

The copper activated ZnS phosphors were 
equilibrated under various pressures of sulfur at 
high temperatures and quenched rapidly to room 
temperature. We assume that the atomic defects 
are frozen in during quenching at their equilibrium 
concentrations determined by the high tempera- 
ture T and sulfur pressure ps .“4) We have already 
indicated that copper can substitute for zinc in 
zinc sulfide either as Cu” or Cu~ and that the 
infrared emission intensity is proportional to the 
concentration of the former. The observed one 
fourth power dependence of the infrared emission 
intensity on the pressure of sulfur in the gas phase 
can be understood if four Cu” species are trans- 
formed into four Cu~ species when two sulfur 
atoms from the solid are transferred to the gas 
phase to form a sulfur molecule. We can write for 
the solid—gas equilibrium. 


Zn Cug, Si 49 <— Zn Cuy4s Vox Si 23 +6Se (1) 


V** represents a sulfur vacancy which is doubly 
charged with respect to S in the solid. 

Applying the law of mass-action with the con- 
dition that 6 < 1, we get 


}[Cu-}4 
[Cu°}4 


AV 
ps,| K (2) 


In addition we have the conditions of charge 
and mass balance in the solid. 


[(Cu-] = 2(V**] 
[Cu°]+[Cu-] [Cu ]tota 


Equation (4) assumes, of course, that there is no 


constant (4) 
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precipitation of Cu from the solid solution. At low 
sulfur pressures, the equilibrium represented by 
equation (1) will be displaced to the right, so that 
the condition of mass balance can be approximated 
by 

[Cu ] [Cu tota (5) 


and equation (2) then leads to the result 


[Cu°] = constant . ps,1/4 (6) 

At high sulfur pressure the mass balance equation 

is approximated by 
[Cu°] 


constant (7) 


Thus the one-fourth power relationship at low 
sulfur pressures and the saturation observed at 
higher sulfur pressures can be explained. Since a 
sulfur vacancy can give up two electrons to a 
copper acceptor, it behaves as a double donor in 
ZnS with its two levels above that of the acceptor 
level introduced by Cu. 

Aluminum impurities act in a similar manner 
since their position in the Periodic Table suggests 
that they can act as singly ionizable donors. The 
condition of charge balance becomes: 


[Cu-] = [Al*]4+2 [V**] (8) 


From measurements of thermal glow curves 
HOOGENSTRAATEN has found that Al introduces an 
electron trapping level with a thermal depth of 
about 0-25 eV below the conduction band.“ In 
view of the assumed model for the origin of the 
infrared absorption and emission the presence of 
holes in the copper levels in the dark at low tem- 
peratures means that all the aluminum donors are 
ionized. Therefore: 


[Al ; ] [Al total (9) 


Furthermore the experiments with aluminum 
doping were carried out at high sulfur pressures 
so that we may take 


2[V++] - 


[Al*], 
hence: 
[Cu"] [Cu ]total —[Al Jtotai (10) 


When the aluminum concentration is much 
smaller than the copper concentration, the infra- 
red intensity will be almost constant. However, 
added aluminum 


when the concentration of 
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approaches that of the copper, the infrared inten- 
sity should drop to zero rapidly. We do not observe 
this behavior until the added aluminum is about 
10 times that of the copper. We cannot be certain, 
however, with polycrystalline materials that all the 
added aluminum goes into solution. Further- 
more, we have not considered the possible role of 
zinc vacancies which may behave as acceptors. 
Thus an excess of Al over Cu would be needed to 
compensate the copper acceptors. 


5. SUMMARY 

The infrared emission bands peaking at 0-74 
and 0-80 eV in ZnS phosphors are due to the 
presence of Cu in the phosphors. Phosphors show- 
ing the most intense infrared emission when 
excited by infrared alone at —196°C (without 
simultaneous or previous ultraviolet excitation) 
can be prepared if in addition to the presence of 
Cu: (i) the impurity donor concentration is kept 
much lower than the Cu concentration; (ii) the 
phosphor is equilibrated at high temperatures 
under high sulfur pressures and then quenched 
rapidly to room temperature. 

An interesting observation made during the 
course of these experiments and not reported pre- 
viously is that in ZnS phosphors containing copper 
as the only added impurity it is possible to get a 
green emission band when these phosphors are 
equilibrated under high sulfur pressures. The 


orange-red emission band is always observed. 
This effect is being investigated in more detail at 
the present time. 


INFRARED EMISSION IN ZnS:Cu 87 


Acknowledgements—We are grateful to Mrs. D. J. WEIL 
for preparation of the phosphors, to Dr. R. E. HaLstep 
for measurements of spectra on many of these phosphors, 
and to Mr. F. C. Mostex and Dr. D. T. F. Marp te for 
reflectance measurements reported in this paper. 


REFERENCES 


. Gartick G. F. J. and DumMBLETON M. J., Proc. 
Phys. Soc. B67, 442 (1954). 

. Browne P. F., J. Electron. 2, 1 (1956-57). 

. Meer M., J. Phys. Chem. Solids 7, 153 (1958). 

. HAsteD R. E., APPLE E. F. and PRENER J. S., Phys. 
Rev. Letters 1, 134 (1958). 

. Pocorety!i A. D., J. Phys. Chem., Moscow 22, 731 
(1948). 

. KasTNER J., Potter R. M. and Aven M. H., 
Electrochem. Soc. Enld. Abstr. p. 48. Electronics 
Division, Spring Meeting, New York, April 27- 
May 1, 1958. 

. AvVEN M. H. and Potter R. M., J. Electrochem. Soc. 
105, 137 (1958). 

. Broser I., Proc. Symp. on the Role of Solid State 
Phenomena in Electric Circuits p. 314. Interscience 
Publishers, New York (1957). 

. Kuasens H. A., J. Electrochem. Soc. 100, 72 (1953). 

. APPLE E. F. and Wiuuiams F. E., J. Electrochem. 
Soc. 106, 224 (1959). 

. ULLMAN F. G. and DropkIn J. J., Electrochem. Soc. 
Enld. Abst. p. 66. Electronics Division, Spring 
Meeting, April 27—May 1, 1958. 

. PotTer R. M. and AvEN M. H., Bull. Amer. Phys. 
Soc. (Ser. 2) 4, 227 (1959). 

. JoHNSON P. D., J. Opt. Soc. Amer. 42, 978 (1952). 

. Kr6Ger F. A. and Vink H. J., Solid State Physics 
(Edited by F. Sertz and D. TurRNBULL) Vol. 3, 
p. 352. Academic Press, New York (1956). 

. HOOGENSTRAATEN W., J. Electrochem. Soc. 100, 356, 
(1953). 





Chem. Solids Pergamon Press 1960. Vol. 13. pp. 88-104. Printed in Great Britain. 


J]. Phys 


ABSORPTION AND EMISSION SPECTRA OF AN 
ELECTRON IN A ONE-DIMENSIONAL DEEP TRAP 


B. S. GOURARY* 


Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 


and 


A. A. MARADUDIN? 


Institute for Fluid Dynamics and Applied Mathematics, University of Maryland, College Park, Maryland 


(Received 22 July 1959) 


Abstract—The wave functions and the energies of the bound states of an electron in a special one- 
dimensional deep trap are calculated. Only two essential approximations are made in the course of 
the treatment, namely the Born—Oppenheimer approximation for the separation of the electronic 
and the nuclear motions, and the harmonic approximation for the lattice energy. Further 
approximations are also made, but these are not essential to the calculation and they can be avoided, 
if necessary. Green’s function techniques are employed in the solution of the electronic and the 
lattice-vibration problems, and they make possible the treatment of both the localized and the ex- 
tended lattice-vibration modes and their influence on the electronic absorption (emission) spectrum. 
The first two moments of the absorption and emission spectra are then calculated. The principal 


utility 


of this work lies in providing a test case for more approximate theories, although a generaliza- 


tion of the method to three dimensions and to more realistic potentials should also be possible. 


1. INTRODUCTION 

Tue problem of the calculation of the absorption 
and emission spectra of an electron in a deep trap 
in a crystal is of considerable importance in the 
field of color centers, as well as in the study of the 
spectra of impurities in large-gap semiconduc- 
tors.1-6) A complete solution of this problem in 
the Born—Oppenheimer approximation requires 
the calculation of the wave functions of the trapped 
electron as functions of the nuclear coérdinates and 
then the solution of the nuclear-motion problem, 
using the sum of the electronic energy and the 
interatomic potentials as the potential energy for 
the nuclear motion. Once these wave functions and 
energies have been evaluated, it is necessary to 
evaluate the probability of transition of the elec- 
tron from a given electronic state and nuclear con- 
figuration to an excited electronic state and a 

* Work supported by the Bureau of Ordnance, De- 
under NOrd 7386. 

+ This research was supported by the Air Research 
and Development Command of the U.S. Air Force. 


partment of the Navy, 


88 


different nuclear configuration, to sum this 
probability for all final states entailing the same 
transition energy and to average over all possible 
initial nuclear configurations, using a Boltzmann 
weighting factor. A number of difficulties stand in 
the way of a complete solution of this problem, and 
we shall now proceed to a detailed description of 
some of these problems. 
One difficulty is presented by the determination 
the electronic function in the Born- 
Oppenheimer approximation without making 
further unjustifiable assumptions. This is a parti- 
cularly severe problem in the case of the deep 
trap, where the determination of the electronic 
wave function is usually very difficult even if the 
surrounding ions are assumed to be at rest in the 
sites which they would occupy in the perfect 
lattice. The requirement that the wave function be 
determined as a function of the lattice coérdinates 
increases the difficulty of the problem. 

Another problem is presented by the accurate 


of wave 


determination of the vibration modes of the lattice 
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and of their frequencies. The lattice vibration spec- 
trum is complicated even for the perfect crystal, 
and its determination for the imperfect crystal 
poses a formidable task. The difficulty is that the 
lattice vibration modes are modified by the pre- 
sence of a defect. Most of the modes are modified 
only in the immediate neighborhood of the lattice 
defect, but a few suffer major alterations, and the 
vibrations become localized around the defect. The 
complete solution of the deep-trap problem re- 
quires, of course, the treatment of the interaction 
of the electronic transition with the lattice modes, 
and this is impossible to carry out accurately unless 
the nature of the normal modes is known in the 
vicinity of the vacancy. 

Two general approaches have been used in the 
past to treat this problem. One has been the con- 
figuration coérdinate approach, ®) which involved 
the treatment of the interaction of the electronic 
transition with the localized modes only. It thus 
entailed the assumption that the influence of the 
extended modes on the absorption and the emis- 
sion spectrum must be negligible. The usual argu- 
ment presented in support of this view goes as 
follows. Consider an extended mode. It is easy to 
prove by the use of the orthonormality and com- 
pleteness relations that the amplitude of an ex- 
tended mode in the vicinity of the defect is of 
order N~-1/2, where N is the total number of 
particles in the crystal. Thus this interaction must 
vanish in the limit of an infinite crystal. The fallacy 
is, of course, that there are N such modes (minus a 
finite number of localized modes) and that the sum 
of these infinitesimal interactions does not neces- 
sarily vanish. Thus the use of a configuration co- 
érdinate alone is not adequately justified. 

The other approach has been the use of the 
elastic-continuum representation for the 
crystal.(1-2-6) The electrical properties of the 
crystal are then taken into account by the intro- 
duction of a dielectric constant. The vibrational 
modes of such an elastic-dielectric continuum are 
then calculated, and the wave function of the elec- 
tron is found approximately. The possibility of 
localized modes is not considered in this approxi- 
mation, although it should be entirely possible to 
include them in such a theory. Here the fallacy is, 
of course, that the localized vibration modes are 
omitted. It is a difficulty which can be corrected, 
however, within the framework of the elastic 
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dielectric continuum. The really fatal weakness of 
this approach is that the continuum model makes it 
impossible to obtain an adequate wave function for 
the electron. It should be possible, however, to 
remedy this by using the ‘“‘semi-continuum”’ 
theory) for the electronic wave function and then 
considering the localized modes which exist in the 
presence of the Jost cavity. Even then, however, 
the correct shape of the vibrational spectrum can- 
not be obtained from the continuum theory. 

Lax) and others‘4:5) have studied the shape of 
the absorption and emission spectra of an electron 
in a general trap by the methed of moments. Their 
work does not lessen the need for a detailed 
study of models, capable of yielding the para- 
meters which enter into the expressions for the 
moments. 

The purpose of the present work is to study a 
simple, completely tractable model, and to com- 
pute the first few moments of the spectrum, mak- 
ing only the Born—Oppenheimer approximation 
and the harmonic approximation for the lattice 
energy. This will provide us with some insight into 
the various factors which determine the shape of 
the spectrum, since there will be no involved cal- 
culational approximations to lead us astray. While 
the model chosen will be a highly idealized one- 
dimensional defect, many of the conclusions will 
apply to a more general class of problems. More- 
over, with the use of our method it should prove 
possible to carry out a numerical calculation of the 
relative importance of the extended and the local- 
ized vibration modes in determining the shape of 
the spectra for this model. Such a simple but 
accurate calculation would provide an excellent 
check on more general but approximate methods. 


2. DESCRIPTION OF THE MODEL AND OUTLINE 
OF THE CALCULATION 

We study the motion of an electron in a one- 
dimensional potential which can be represented as 
a sum of localized potentials due to nuclei spaced 
arbitrarily along a line (see Fig. la), and we ask 
first for the electronic wave function and the energy 
as a function of the nuclear coédrdinates. Adding 
this energy to the potential energy of the lattice, 
we then expand the sum in powers of the displace- 
ments of the nuclei from their equilibrium posi- 
tions, which are assumed to lie at the lattice points 
of a periodic one-dimensional chain, except for the 
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central atom, which is absent from the lattice. If 
we carry out this expansion only to quadratic 
terms in the nuclear displacements, we can then 
solve for the nuclear wave functions and hence 


-3b+€_, -2b*€_5 -be€_, -a'ea beg, 


Fi Be es 


2b+€> 3b+€s 


LL 











. (a) The potential energy of the trapped electron, 


that is V(x)+ U(x). (b) V(x). (c) U(x). 


obtain the total wave function for the electron- 
lattice system in the Born—Oppenheimer approxi- 
mation. 

Since in solving the electronic part of this prob- 
lem we will be primarily interested in the wave 
functions and energy levels of an electron bound 
to the vacancy, we find it most convenient to 
formulate the electronic problem in terms of the 
Green’s function solution to Schrédinger’s equa- 
tion for the motion of an electron in the one- 
dimensional, aperiodic potential mentioned above. 
It is our purpose in this section to present a general 
outline of the manner in which such a Green’s 
function can be constructed, and to derive the ex- 
pressions for the electronic wave functions and 
energies in terms of this function. The use of these 
methods with a particular choice for the nuclear 
potential will be described in the following sec- 
tion. The calculation of the vibration modes of the 
lattice in the presence of the vacancy is also most 
conveniently carried out with the aid of Green’s 
function techniques, and a general discussion of 
such methods, together with their application to 
the present problem, will be given in Section 4. 

The Schrédinger equation for an electron mov- 
ing in an aperiodic potential due to nuclei spaced 
arbitrarily along a line and a vacancy at the origin 


and 
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(see Fig. 1a) is, in Hartree atomic units 


1/ @ ) 
— —92—2V(x) (x) U(x)h(x). ( 


9 


Z ax 


where 


is the energy of the electron, V(x) represents the 
potential due to the nuclei (Fig. 1b) and U(x) is 
the potential due to the vacancy and will be 
assumed to be localized (see Fig. 1c). In the pre- 
sent problem we will be primarily interested in 
those solutions of equation (2.1) which correspond 
to an electron localized in the neighborhood of the 
defect. The solution to equation (2.1) is most 
readily carried out with the aid of the Green’s func- 
tion for the differential operator on the left-hand 
side of this equation. This Green’s function satis- 
fies the equation: 


x2—2V(x))G(x, 2’) d(x—x’). (2.3) 


This equation cannot be solved in closed form for a 
general V(x), but can be expressed in a form con- 
venient for our purposes in terms of the free- 
particle Green’s function g(x, x’), which satisfies 


Assuming the following form for g(x, x’), 


l 


x 
Qa 


[ A(y) exp[i(x—x’)y] dy. (2.5) 
7 J 
we find on substituting this expression into equa- 


tion (2.4) that 
af 


A(y) “ 
y+ 42 
so that 
exp[i(x—x’)y] 
y+o2 


— = exp(—ax—2’|) 
7 
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The relation between G(x, x’) and g(x, x’) is ob- 
tained by rewriting equation (2.3) as 


= —a2) G(x, x') = V(x)G(x, ')4+8(0—*’) 
\ dx? / 
(2.7) 


and using equation (2.4) to cast this in the form of 
an integral equation 


G(x, x’) = 2(x, x’)+ | &(x, x1) V(x1)G(%, x’) dx. 
as (2.8) 


This integral equation for G(x, x’) can be solved 
by iteration with the result that 


oO 
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The delta function is chosen in order to convert the 
integral equation into a set of algebraic equations. 
The need for two delta functions arises from the 
desire to have two bound states. The integral equa- 
tion (2.12) reduces to 


Wx) = —UdlG(x, —a)(—a)+G(x, a)H(a)], 
(2.14) 

and the consistency equations become 
UpG(—a, a) 


UpG(—a, —a)+1 
UpG(a, a)+1 


} x 
UpG(a, —a) 


G(x, x!) = ox, x')+ | g(x, )V(rr)g(m, 2’) deat 


-00 


io 8 8 


+ | dx ( dx29(x, X1)V(x1)g(%1, ¥2)V(x2)g(x2x')+ ... 


—0o —O 


(2.9) 


In the case that the potential V(x) can be written as a sum of contributions from many scattering 


centers, 


V(x) - bn(X—Xn), 


equation (2.9) can be written as 


a 
. 


G(x, x’) = g(x, x’)+ > 


io @) 


oc oo 


+ > | ax | AX29(X, X1)bm(X1—Xm)g(%1, X2)bn(X2—Xn)e(x2, X'}+ ... 


m,n —o 


An evaluation of this expression for a special 
choice of x(x) will be carried out in the next 
section. 

We now return to an investigation of equation 
(2.1). Casting it into the form of an integral equa- 
tion, we find 
oO 
| G(x, x’)U(x’ ix’) dx’. (2. 


—oo 


Wx) = 


In the special case of interest to us, we choose 


U(x) = —Up[8(x-+a)+8(x—a)]. (2.13) 


(2.10) 


2(X, X1)bn(%1—Xn)e(%1, x’) dxy+ 


(2.11) 


The condition that this homogeneous system of 
equations have a solution for ¢(a) and ¥(—a) is the 
vanishing of the determinant of their coefficients. 
This condition leads to the following equation: 


I 
Th = — $[G(a, a)+G(—a, —a)]+ 
/0 
+ $v/{[G(a, a)—G(—a, —a)]}?+4G%(a, —a)}, 
(2.16) 


which relates the energy parameter « to the nuclear 
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coérdinates. The solution of these equations will 
be carried out for a special case in the next section. 
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+v" > &(X, Xm)g(Xm, Xn)E(Xn, KA wee 


m,n (3.2) 

3. THE ELECTRONIC PROBLEM 
We are now in a position to apply the formalism 
developed in the preceding section to a concrete 


Substituting the result of equation (2.6) into this 
equation, we obtain 


, 


ms > exp(—2a|x—x_|—a|X%,»—x'|)— 


n 


U- 7 
, , ’ | . a nA 
; p2 EXP(—4)X—Xpy|—2/Xn—X | )+ ea exp(—a|X—Xm| —24|Xm—Xn| —2)Xn—%X |) | + 
” n m,n 


msAzAn 


exp(—2|X—Xm|—2|Xm—Xn|—a|Xn—%'|) + 


> exp(—a|X—Xn|—%)Xn—x'|)4+2 


7 - ee pe = os ad 
Xm|—%|Xm—Xn| —2|Xn—Xp| —a|Xp—%X|)] + ... 


Combining all terms with the same summand, we obtain the following exact result: 


l 
G(x, x’) es(— x’ —x!) 


val 


, 


~ 14(v/x) 


, 


> exp(— |x’ —Xp|—a|X%_—x|)+ 


n 


(v/a) 


> exp(—24)X —Xm| — 24) Xm—Xn| —4|Xn—X|)— ... 


example. The potential V(x), which represents the 
unperturbed potential for the motion of the elec- 
tron in our lattice, is chosen to be (see Fig. 1b) 


x 


> OX —Xn), 


n x 


V(x) =v (3.1) 


where the prime on the summation excludes the 
value n = 0, and x, is the codrdinate of the mth 
nucleus.* The Green’s function G(x, x’) in this 


case becomes 


G(x, x’) = g(x, x')+v Ss 2(X, Xn)e(Xn, X')+ 
— 
n 


* This is a modified version of a model first used by 
KRONIG and PENNEY. For a discussion of their work see 
for example, Sertz'”). 


The convergence of this modified iteration series 
will be established in a subsequent paper, which 
deals with impurity band conduction. 

With reasonable choices for the parameters v, 
Uo and the lattice spacing b, we can insure that the 
second sum in this expression is negligible in com- 
parison with the first two terms. Thus in all that 
follows we use the following expression for 


G(x, x’): 


exp(— ax’ —Xp|—a|X_,—2]) 
[1+(v/x)] “ 


(3.5) 


Since the only values of the Green’s function 
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which arise in the calculation of the bound-state 
energies are G(a,a), G(a, —a), G(—a,a) and 
G(—a, —a), where a < b, we need consider only 
the general expression for G(x, x’) for |x], |x’| < b. 
We begin by putting 


Xn =nb+é, (n= +1, +2, +3,...) 


into equation (3.5), where | €n| < 6. With this sub- 
stitution, equation (3.5) becomes 


(3.6) 


] 
o 


x 


_™ 
[1+v/x] ; 


a 
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the equilibrium condition, so that the entire static 
distortion of the lattice will arise from the linear 
terms in the é,’s in the expansion of the electronic 
energy. The terms quadratic in the €,’s will com- 
bine with corresponding terms in the expansion of 
the lattice potential energy to alter the normal 
mode frequencies of the lattice. Since the electronic 
contribution will be smaller than the lattice term, 
we neglect it for convenience. This neglect is not 
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D3 exp[—«(2nb+ 2&,—x’—x)]— 


P exp[—a(2nb—2é r+%'+9)] 
1 


We now expand the right-hand side of this equation in powers of €, and €_», with the result that 


> 8) 


2 exp[—a(2nb—x’ — x) (1 —2aEn+ 


1 


+ Gi0) 


ahd exp(—alx’—x/)—| 


n 


] 
| + — Se 
= fn ” toe v)) 


+ 24267 + -)| 
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x 


l l 
a are oe 
a 1+(a/v) 


Since the dependence of the electronic energy 
on the nuclear coérdinates will be slight compared 
with the sensitivity of the lattice energy to the 
nuclear positions, its principal effect will be to shift 
the equilibrium positions of the nuclei away from 
x, —nb. The potential energy of the perfect 
lattice contains no linear terms in the £y, due to 


L/V 
n =1 


I 2 cosh a(x+.’) 
= jexp(—a)x’—x))~ — - 


> exp[—a(2nb+x«’ +2) ](1+2aé»+ 
n=1 


exp(2ab)— 1 


»3 exp(—2nab){exp[a(x+ x’) ](—2aEn-+ 20267) 4 exp[—a(x+~’)](2aé n+202€7,,)} 


(3.8) 


essential for the calculation, nor does it influence 
any of our major conclusions. It does have 
the simplifying feature of causing the normal 
mode frequencies of the lattice to be the same 
whether the electron is in its ground state or in 
its first excited state. This approximation means 
that 


2 cosh an 


I 4 a/v ‘exp(2xb)— I 


> exp(—2nab){exp[a(x+.’)]én— exp[—a(x+2’)]én} 
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ments, now become 


l l 
[1+ exp(—2aa)]— 


2 (cosh 2xa+1) 


ee + 
x (1+</v) [exp(2xb)— 1] 


x 


pa exp(—2nxb)(En—E n) 
al (3.10) 


2(cosh 2xa+1) 
(1+a/v) 


to first order in the nuclear displacements. Here 
the upper sign is associated with the ground state 
and the lower sign with the excited state. This can 
be seen from the following argument. The con- 
sistency equations (2.15) for an unstrained (£, = 0) 
lattice can be written as 


where 






fo(x®) 


and 


The equations (2.16), expressing the electron 
energy implicitly in terms of the nuclear displace- 


V (2) 


where, in keeping with our earlier remarks, we 
have retained only terms linear in the &,’s. 


pendix A, and the results for the ground-state and 
excited-state energies are 


“9 2(cosh 2ax9)+1) 


1+a9/v 


2(cosh 2ax'’— 1) 


1+a0/o 
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This matrix is diagonalized by the unitary matrix 


I l —| 
wien as ') (3.13) 
Now, 
I I —1 h(a) 
at Won) 
[y(a)—y(—a)] 
_ (3.14) 


[Y(a)+Y(—a)] 






Numerical solutions show that the state defined by 
A+B = 0 has the lower energy, while the state 
defined by A—B = 0 has the higher energy. The 
wave function in the former case is clearly even, 
while it is odd in the latter case. In the case of 
finite €,, the symmetries are no longer simply odd 
or even, but the relative magnitudes of the energies 
will be preserved. 

For the further development of this problem we 
require not so much the electronic energy with its 
implicit dependence on the &,’s but its explicit 
dependence in the form 
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E Eot+ 2 (En€n+ FE n€-n)+ « 


n=1 








This inversion problem is carried out in Ap- 
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> exp(—2nx'b)(En —E_n). 
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3 exp(— 2nxb)(En—E_n). 
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1g) 

where E% 
0 

1 


= —[1+ exp(—2«a)]— - 


1 
Uo X'9 


respectively, through the relation 


(3.18) 


E = — }e?. 

fo'(«) is a constant which is defined in Appendix A. 

From equations (3.16), we see immediately that 

the force exerted on the mth atom, Fy, is equal and 
opposite to the force exerted on the (—m)th atom: 


OF 
om) 


s 


. 
: —F_, 


(3.19) 


and it decays exponentially with increasing 7. 
The wave functions for the electron in its 
ground and excited states are given by 


pg(x) = — Upitg(a)[G,(x, —a)+G,(x, a)]. 
(3.20a) 

— Upye(a)[— G(x, —a)+ G(x, a)]. 
(3.20b) 


where Go(x, x’) and G,(x, x’) are obtained from 


Use(X) 


IN A ONE-DIMENSIONAL 


DEEP TRAP 


and ia are obtained from the solutions «9), «¢), to the zero-order equations 


2 (cosh 2a%a-+1) 


U 


(cosh 2«a—1) 


equation (3.8) on replacing « by «9 and «'@), 
respectively. 


4. LATTICE VIBRATIONS IN THE PRESENCE OF 
A DEFECT 

For the purposes of the present work, it will be 
necessary for us to choose a particular model of the 
lattice which, on the one hand, will be completely 
tractable even in the presence of an imperfection, 
while, on the other hand, it will lead to a finite re- 
sult for the dispersion of an atom about its equili- 
brium point, since the latter quantity will appear 
in certain moments of the absorption spectrum. 
For these reasons, we shall consider the following 
model, in which only longitudinal vibrations are 
allowed. The spacing between successive atoms in 
the one-dimensional crystal is 6. Each atom is tied 
to each of its two nearest neighbors by a spring of 
spring constant kg. It is also tied to its lattice point 
by a spring of spring constant k;. This latter 
coupling gives the model some three-dimensional 
character. The equation of motion of the mth atom 
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Fic. 2. The model employed in the calculation of the Jattice vibrations. It should be 
noted that only longitudinal vibrations are allowed in this model. 
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in the perfect lattice is therefore 


Mii —kytim—ko(2um—um 1—Um+1 ); (4.1 ) 


where M is the mass of the atom. These equations 
can be readily solved if periodic boundary condi- 
tions are introduced, i.e. if the following condition 
is imposed 

(4.2) 


Um+N Um; 


where NV is the number of atoms in the chain. The 
solutions can be obtained in various forms. For 
our purposes, it will be convenient to use standing 


waves, i.e. solutions of the form 


{ sin(mv) 


cos(w,t—d) we cos(w,t—d¢) 
" 


| cos(mé@) 

R 

x} 

where A is a constant, w, is the angular frequency 

of the Ath mode, ¢ is a constant and 6 is given by 
the boundary conditions as 


(4.4) 


p, can take on the values p) . N/2 for 
the cos m@ solution and p, = 1, 2, 3... N/2—1 for 
the sin m@ solution, where N has been assumed to 
be even for convenience. Thus there is a total of N 
modes. The normal mode frequencies can be ob- 
tained by substituting equation (4.3) into (4.1). 
Thus 
[M-1(ki+2k2—2k:2 cos@)]/*. (4.5) 
( learly the lowest frequency occurs for @ 0, and 
the highest frequency arises for 6 = 7. ‘The spec- 
trum of w* has the same shape as in the more 
familiar case where kj = 0, but it is displaced by 
ki M upward from the origin. Thus zero is not a 
natural frequency of the system. This fact will 
turn out to have considerable practical importance. 
In order to simplify the treatment of the normal 
modes in the presence of an imperfection, it will 


be convenient to introduce the operator. 


(4.6) 


(ki +2hko)5mn—kolSm-1.n+5m 


Then the equations of motion of the atom in the 


perfect lattice can be written in the form 


Miin+ Lmata = 0. (4.7) 


7 


and 
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The equations of motion of the atom in the pre- 
sence of an imperfection are 


Miim+ Li Linntin F'm (4.8) 
where Fj, is the force due to the defect acting on 
the mth atom. We shall require the complete 
solution of equation (4.8) i.e. both the vibrational 
frequency and the eigenvector of each mode. 

Following Montro._t and Ports), we shall 
solve the equations (4.8) by a Green’s function 
method. The Green’s function ymn(w) will satisfy 
the equations 


_ Mwy mi(w)+ >> Lim nYnk( w) —Omk- (4.9) 
n 


Then the set um defined by 


(4.10) 


Un Wn cos(wt—d¢) 
— 2 yni(w) Fi (4.11) 
will be a solution of equation (4.8). 

The explicit form of ynx(w) is derived in Ap- 
pendix B, and several expressions for it are given 
there. It is a function of w and of |n—R| only, and 
can therefore be written as yn_z(w). 

In the presence of a lattice imperfection, the 
forces Fy, are linear in the displacements, wp, of a 
few atoms surrounding the imperfection. They can 
be written in the form 


’ te oe 
F; a ttt, 
t 


where the Cy; are the expansion coefficients. The 
expression (4.11) then becomes 


oe elt i, Bi 
an snd 2 Ynk(w)¢ er] 
t k 


which is a set of linear equations relating all the 
Wn's to a few w;’s near the imperfection. For ex- 
ample, if the mass of only one atom is changed, 
then the indices k and ¢ assume only one value. If 
a force constant between two atoms is changed, the 
indices k and ¢ assume the 
sponding to the two atoms involved. If 7 is now per- 


two values corre- 
mitted to assume the small number of values which 
form the range of ¢, then a set of simultaneous 
linear equations (the consistency equations) is 
obtained for the displacements of the several atoms 
neighboring the imperfection. These consistency 
equations have a solution only if the determinant of 
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the coefficients of the system vanishes, and the 
roots of the determinant give us the natural fre- 
quencies of the system, which we call w,. The N 
eigenvectors ww, obtained by substituting the 
w,’s and the corresponding w;’s into equation 
(4.13) can be normalized to unity. They will then 
obey the orthogonality and the completeness re- 


lations 
DS ded . 2 
® w ne 4 = Onm 


(4.14) 


A,,,A’ 
pH WyWy 
n 


dyn (4.15) 

In the present paper, we shall be interested in 
the normal modes which arise in the presence of a 
simple defect, consisting of the removal of one 
atom and the insertion of a force constant between 
its two nearest neighbors. Consider the case where 
the atom at 0 is removed and its interactions with 
its lattice point and with its nearest neighbors are 
cancelled. Let us then insert a new force constant 
between the atom at 1 and the atom at —1, and let 
us call this force constant K. Then, 


Fo = — Mw?wot+(kit+2k2)wo—ho(wit+u 1) (4.16) 


F; ko(w1 — wo) — K(w —w 1) (4.17) 


Fy - Ro(w 1— wo) — K(w 1—}). (4.18) 


This leads to the following expression for wy: 
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A = 1+hk:[yo(w)—yi(w) ] + K[y2(w)—yo()] 
(4.22) 


B = hol yo(w)—yi(w) + K[yo(w)—y2()]. 


The transformed equations are then 


A-—B 


W1—W_} 


(0) 
0 re a 1 


There are then two cases. Either 


(1) A+B =0, A—B # 0, and w 


or 


(2) A—B = 0, A+B # 0, and w 


(4.26) 


It is easy to show that case (1) does not lead to any 
localized solutions. To see this, write out the con- 
dition obtained by assuming that w; = w_; and 
that » = 0 in equation (4.19) and use equations 
(B.7) and (B.8). The interesting case is (2). Here, 
equation (4.19) becomes 

Wy, = w1(2K —ho)[yn i(w)—Yyn 1 1(w) } 


—W_p. 


(4.27) 


wn = bnoWo— 1 [Ro(yn 1(w)—yn(w)) + K(ynsi(w)—yn 1( )]J- 


a 1[Ro(yn+1(w)—yn(w)) + K(yn 1(w)—Yn-+1( ))]. 


Clearly wo drops out. We can thus get our set of 
simultaneous linear equations by setting m = 1 or 
—1. It is easy to simplify this problem by noticing 
that the resulting normal modes are likely to be 
either symmetric or antisymmetric about the 
defect. This suggests that the matrix of the coeffi- 
cients may be diagonalized by the transformation 
matrix 


(4.20) 


(4.19) 


and the eigenvalue equation can be written in the 
form 
yo(w)—y2(w) = (2K—ko)-1. (4.28) 

This gives rise to one localized mode, and to a fre- 
quency shift of the allowed modes in the band. 

The description of the emission and absorption 
spectra which we shall present in Section 6 will 
consist of the calculation of the first three moments 
of the spectra. This will require the sum of the 
series 


(4.29) 


opr 
Li wh when, ’ 


which is essentially the bilinear expansion of a 
Green’s function [m»(0). This function Dpn(w) is 
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defined as the Green’s function for the perturbed 
lattice; that is, it satisfies the equation 


— MoT mn(w)+ iz Link en(w)— 
i 


(4.30) 


vn , 
a aC mk! kn(@) —Omn 


where the C's describe the particular perturba- 
tion. We shall first obtain the bilinear expansion for 
this Green’s function, and then we shall find a 
closed form for the same function. Equating these 
two expressions, we shall obtain a closed form ex- 
pression for the series. 

The bilinear expansion for the Green’s function 
is obtained as follows. We assume that the Green’s 
function has an expansion of the form 


= 
Ya waa: 
1 f k nt 


Pyen(w) ay ay(w). 


where the a,’s are undetermined coefficients, and 
obtain expressions for the a,’s by requiring that 
equation (4.31) should satisfy (4.30). Using equa- 
tions (4.14) and (4.15) and the eigenvalue equation 
for the w,’s, namely 


. : 2 ‘ 
~ [Lime— mk \w* Mwjwr (4.32) 
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We shall be concerned only with localized defects, 
of course, and consequently the summation over ¢ 
goes over only a few values while m may take on 
any values. Setting k equal to these values gives us 
a set of simultaneous linear equations for I¢n(,) 
where f is restricted to the few atoms constituting 
the defect, while may take on any value. This set 
of equations has the same determinant of coefh- 
cients as the set resulting from equation (4.13), but 
since it is inhomogeneous, it will have solutions for 
those values of w for which the determinant does 
not vanish. This means that it will have solutions 
for all frequencies except the w,’s. The explicit 
solution is obtained by Cramer’s rule. Since 
w = 0 is not an eigenvalue of the unperturbed 
lattice, and since the localized mode cannot cor- 
respond to a pure translation of the lattice, it 
follows that this solution will exist for w = 0, thus 
providing us with a closed form for I'yn(0). Uxn(0) 
for all values of k can then be obtained from equa- 
tion (4.35). Thus we have obtained our summation 
formula. 

For the defect described by equations (4.16), 
(4.17) and (4.18), we have 


Pn m(w)+ Pi m(w)[Rolyn 1(w)—yn(w))+ K(yn + i(w)—Yyn 1(w))]+ 


+P im(w)[Ro(yn+1(w)—yn(w)) + K(yn 1(w)—yn+i(w))] - 


we obtain 


[M(w?—w5)]-1. (4.33) 


a)(w) 
Thus clearly the expression (4.29) is simply 
— MI mx(9). 
Ps} m(w) 


¥ im(w) 


Our next task is to obtain a closed form for equa- 
tion (4.34). This can be done in the following 
manner. We multiply equation (4.30) by yrm(w) 
and sum over m; we then multiply equation (4.9) 
by Pinm() and sum over m. Subtracting the second 
equation from the first, we obtain 


Yen(w)— ~ 2 yem(w) Cm in( ). 
(4.35) 


Pen(w) 


oe 


Yn m(w) 


for all values of m and m, except 0 which never 
occurs (the particle at the origin is missing). 
Setting m equal to 1 and then to —1, we obtain the 
set of simultaneous equations for Iym(w) and 
I'm(w), which leads to the result 


A —B 


| 


where A and B are defined by equations (4.22) and 
(4.23). Thus equations (4.36) and (4.37) furnish a 
closed form for the Green’s function for the per- 
turbed lattice. This result thus enables us to sum 
the series (4.29). 


(4.37) 


Ym pe 


Ym+1(w) 


5. TOTAL WAVE FUNCTION AND ENERGY OF 
THE SYSTEM 


We are now ready to study the wave function and 
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the energy of the entire system, consisting of an 
electron moving in the potential of a one-dimen- 
sional vibrating lattice. The lattice interacts with 
the electron by means of delta function repulsive 
potentials. The Oth lattice atom is missing, and the 
resulting vacancy interacts with the electron by 
means of two attractive delta-function potentials. 
The interactions of the missing atom with its 
neighbors and with its lattice point are absent, of 
course, but there is an added interaction between 
the atom at +1 and the atom at —1. The electronic 
wave function as a function of the nuclear coérdin- 
ates is given by equations (3.20a) and (3.20b). The 
electronic energy is given by equations (3.16a) and 
(3.16b). The total potential energy for the nuclear 
motion is, of course, the sum of the electronic 
energy and the energy of interaction among the 
nuclei. We shall denote this total potential energy 
by W, and will write its expansion in terms of the 
displacements of the atoms from equilibrium. Thus 
the energy expansion is 


oO, 
W = We4 z Entn+ 
n ro @) 


(Lam—Cnm)éném 5.1 ) 


n,m — 

where the prime(s) indicate the omission of the 
point n,m = 0. The correctness of this equation 
should be obvious from the inspection of equations 
(3.15) and (4.32). 

We shall now expand the displacement of the 
nth atom &, in terms of the normal coérdinates of 
the system. Thus 


Ey = M12 YQ wi. (5.2) 
A 
Substituting this into equation (5.1) and utilizing 
equations (4.14), (4.15) and (4.32) we have 
W = Wo— LOOiwr+(4) LOjw} 
/ A 


- W—(8) Z (Qo; + 


+($) Dox(Q.—Oh? 
where 


ait , 
—w, M12) Enw?, 
n 


i, = 
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and it depends on the state of the electron. The 
kinetic energy of the lattice is likewise 


(M/2) > én = (8) > Ox +-@) > | - ). 


Thus the total Hamiltonian of the electron plus 
lattice system consists of a quantity independent of 
the lattice codrdinates, and a part which is a sum 
of harmonic-oscillator-type Hamiltonians for each 
of the displaced normal modes (Q,—O}) of the 
perturbed lattice. The quantization of such a 
system is trivial, of course, and the eigenvalues of 
the total Hamiltonian can be written in terms of 
the energy eigenvalues of the individual normal 
modes. Thus the eigenvalues are 


H' = W—(h) DY (OY2+ ZX wy(ny+1/2) (5.6) 
A A 


The wave function of the Ath mode in the Ath state 


1S 


4(Q,—O}) = NAL V/(o,)(Q,—O8)] x 


k 


7 0\5 7 
x exp}]——"(Q,-O8"] (6.7) 
where Nx is a normalizing factor and Hy is the Ath 
Hermite polynomial. 


6. ABSORPTION AND EMISSION SPECTRA 

The next step in our calculation is the derivation 
of the shape of the absorption and emission spectra. 
Following Lax“), we shall confine ourselves to the 
calculation of the first few moments of the spectra. 
This will allow us to obtain relatively simple ex- 
pressions for the measurable quantities, namely, 
the zeroth, first and second moments of the spec- 
trum. 

Before we embark upon this calculation, let us 
state the explicit significance of W°, which will be 
required in the calculation of the transition energy. 
This quantity, which first occurs in equation (5.1), 
is the sum of the electronic and lattice energies 
when the atoms are in the perfect-lattice positions. 
If we choose as our energy zero the state of the 
system when all the lattice codrdinates are at zero 
and the trapped electron is removed to infinity, 
then W® is just the electronic energy, i.e. 


W° = E? for the ground state (6.1) 
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and Thus the first few moments are 


W° — E,’ for the excited state. (6.2) " ; ‘. 
w? B X P(n)(n|M,, Meq\n). (6.7) 

The £ ’s are defined in equations (3.16a) and “ 

3.1€ = viata 

(5-269). si : ne B > P(n){(n|M> Meg H# (e)—# (g))|\n)+ 

The probability of an allowed transition is pro- n _— 

portional to the square of the electric dipole —— 1 ‘e)) 

matrix element evaluated between the initial-state +(0|M LF () - Teg ]|n)}. (6.8) 

wave function and the final-state wave function. 

[hus the normalized absorption spectrum of the iN as L P(n){(n| Me Meg H (e)— #0 (g))2|7) + 


system is . 


Ig(w) = BY P(n) p> \(n’, e| M|n, g)|?8[H'(n'e)—H'(ng)—w]. 


where / is the dipole moment operator, m goes Facil ae , 
over all the initial ate gt goes a all +(n|M,[# *(e), Meg] —2M,[#(e), F 
the final vibrational states, P(n) is the statistical + M* Meh 7 
weight factor for the initial vibrational states and B is ite 
is the normalizing factor. 

Following Lax®), we shall write the character- If the Condon approximation is made, that is, if 
istic function of equation (6.3), and then expand it _ the electric dipole matrix element Meg is assumed 
to be independent of the nuclear codrdinates, then 


g), H(e)]\n)}. 


to obtain the moments of the spectrum. Thus, 


x 
. 


Coe t) 
r=0 


|M|n'e)(n'e|M|ng) x exp{it|#’'(n'e)—H(n, g)]} 


n 


- B ye P(n) p2 (n| Mge exp[it#(e)]|n’) x (n'| Meg exp[—1t#(g)]|n). 


n n 


Here #(g) is the total Hamiltonian of the system the moments become 

with the electron in its ground state. It is obtained w9) = BIM,-|2 

by adding equations (5.3) and (5.5); #(e) is the Baie 

same operator, but with the electron in the excited , 

_ é : = {,,\2 > |. 2)\—. 

state. We have introduced the notation - B\ Meq| 2 P(n)(n oh mead’ 
Meg = (e|M|2). (6.5) 

, w? B\Meq|? & P(n){(n\(#(e)-—H(, 

Remembering the completeness relation for the "Mo 

final vibrational states, we have +(n\[#(g), #(e)]|n)}. 


Cye(t) = BX P(n)(n| Moe exp[it# (e)|Meg exp[—it#(g)]|n). 


n 
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The spectrum can then be normalized by choosing 
B = |Ma|-2. (6.13) 


The zeroth and the first moments agree with the 
moments of the semiclassical spectrum as dis- 
cussed by Lax. The first term on the right-hand 
side of equation (6.12) also agrees with the semi- 
classical result for the second moment, but the 
second term is asmall quantum-mechanical correc- 
tion, which will later be shown to vanish in first 
order. We shall now proceed with the evaluation of 
equation (6.11) and (6.12). Later we shall investi- 
gate the effects of the Condon approximation more 
fully. 

Let us first write a formal expression for the 
transition energy operator. Thus, 


W (e)—H(g) == Mot OA, +4 b> % AnAQ Q). 
oe, 


>A 


(6.14) 


Denoting the thermal vibrational average over the 
initial states by Av( ) and the quantum-mechan- 
ical average over the initial vibrational wave func- 
tions by a bar, we have, with (o° )ground state = 0," 


(w> = = Mot ZA, O44 z DA, Av(Q,02) 
bt 


= = Mo+E 


+Ao BAW Av( 0,0, )\+Avi[A(g), # 
Tad 


=z DA,A,{Av(Q,0)— 


Cw? >= (Kw >)? = 


== DA,A,Av{(Q,—O7(O,- OY J+ Av [H 


A 


y+ Avi[#(e); 


= DAZAv((2,— 


be 


Thus it is clear that we could break off equation 
(6.15) after the first two terms, and equation (6.17) 
would remain unchanged. This is indeed the 
accuracy to which we have performed our ex- 
pansions in the earlier part of the calculation, since 
we had assumed that the vibrational frequencies of 
the system were unaffected by the electronic tran- 
sition. To this accuracy, it can also be readily seen 
that the second term in equation (6.17) vanishes. 
We thus have the following simplified expressions 
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LA, A,Av(Q,,Qa) )+2A0 BAO 


Ag) 
(9 y+ Avi[H 


ft 
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for the mean frequency and the variance, where we 
have carried out the averaging operations: 


(gy) 


w = Ao+ LA, O) (6.18) 


DA wy (m+4). (6.19) 


w? >—(<w>)? 
The omission of the third term of equation (6.15) 
has the effect of making <w> independent of the 
temperature. 

It now only remains to carry out the summations 
over the normal modes. For this purpose it is 
necessary to put these sums into the familiar form 
(4.29) for which we have obtained a summation 
formula in Section 4. We note that 


H (e)\—H (2) \\én =0 


M-1/2 > AW A 


n (6.20) 


(6.15) 


(9g) 


ar 


F(e))} 


Ag), #(e)]} 
(g), #(e))} 


KH (e)}}. (6.17) 


where we used (5.2), and where A, is defined by 
this equation. Using equation (5.4) and denoting 
En for the ground state by Ewe have 


— = Ao—(1/ M) = z E®An & Lwhwh wy 


m n 


=Aot D LD EPA nn(0) 


m n 


(6.21) 


where we have utilized equation (4.29) and (4.34). 
For the special defect discussed in section 4, 
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Pinn(0) is given by equations (4.36) and (4.37). The 
series (6.21) converges exponentially, and it can 
therefore be summed numerically. 

The analogous series for the variance can be 
summed directly only in the high-temperature 
limit, where 
2keT) = 2kpT W). 


2n +] coth(w, 


a,2 2 
kp 7 os Ajyw 
A 


kpTM1D > ApAn Dwrw 


m i 
m nt A 


—kpgTX & 


m n 


AmAnl mn(Q). 


This series also converges exponentially. This can 
be seen from an examination of the explicit form of 
A,. From its definition (6.20), and from the fact 
that the lattice alone (that is, aside from the influ- 
ence of the trapped electron) is in equilibrium, it is 
clear that all linear terms in the expansion of 
W(e)—HA(g) must originate from the electronic 
energy alone (see equation (5.1)), and therefore 


A, = E'—E?. (6.24) 


Equations (3.16a) and (3.16b) show that these 
quantities do indeed fall off exponentially with n. 
We can now also examine the effects of a de- 
parture from the Condon approximation. If the 
electric dipole matrix element has the form 


Meg = MO4n | M 00), (6.25) 
then to first order in the displacements the mean 
absorption frequency can be shown to remain un- 
changed. The details of the effect on the variance 
have not been computed, but it appears that there 
will be a change. 

We shall now turn to a discussion of the emis- 
sion spectrum. It is given by a formula analogous to 
equation (6.3), but with the statistical weighting 
factor applied to the n’ summation, that is, to the 
initial vibrational states, which in this case are the 
vibrational states when the electron is in the first 
excited state. The analogue of the equation (6.6) 
for the characteristic function is now 


Ceg(t) 


n 


B'S P(n')(n'| Meg exp[—it#(g)|Moe exp[itt#(e)]\n’). 
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It differs from equation (6.6) only in having the 
summation run over nm’ and in having “(g) re- 
placed by —W(e), and H(e) replaced by —H(g). 
Formulas (6.7) through (6.14) can thus be taken 
over from the previous discussion, providing that 
the above replacements are made. Formulas (6.15) 
through (6.19) can also be taken over, provided 
that we remember that the quantum-mechanical 
averaging, which is indicated by a bar, is now over 
the excited electronic state vibrational states, and 
consequently the Q,’’s must be replaced by 
Q,”. Similarly, in equation (6.21) E%’ must be 
replaced by E,”. Thus we can obtain an expres- 
sion for the shift of the mean frequency between 
the emission and the absorption. It is 
XY LAmAnl mn(0)- 


m n 


7. DISCUSSION 

The above calculations indicate that both the 
localized and the extended lattice-vibration modes 
play an important part in determining the shape of 
the absorption and the emission spectra. This is 
clearly seen from an examination of equation (6.18) 
as well as from a scrutiny of equation (6.19). Both 
the mean frequency and the variance are given by 
sums. From equations (5.4) and (4.15) it is clear 
that QO,” is of order unity for a localized mode, 
and of order N~!/2 for an extended mode. Equa- 
tion (6.20) shows that A, is also of order unity for a 
localized mode, and of order N-!/2 for an extended 
mode. Since there are only several localized modes, 
but approximately N extended modes, it should be 
clear that all the extended modes combine to give 
a non-zero contribution to the sum in equation 
(6.18). Each localized mode also gives a non- 
vanishing contribution. An analogous statement 
clearly also holds for equation (6.19). This con- 
clusion cannot be modified by the retention of the 
second-order terms in the expansions of the elec- 
tronic energy in equations (3.16a) and (3.16b), 
since an equation of the form of (6.14) will still 
hold. Thus it will be necessary in general to treat 
deep-trap problems by a technique which can 
handle both the extended vibration modes and the 
localized modes. In special cases it is quite pos- 
sible, of course, that the contribution of one or the 


(6.26) 
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other kind of vibration modes should be dominant, 
but this cannot be taken for granted in general. 

Approximate methods designed to handle both 
kinds of vibration modes may be tested by applying 
them to the present model. This comparison 
should bring out the influence of the assumption of 
an incorrect vibration spectrum (as in the Debye 
approximation) on the absorption and emission 
spectra of an electron. Under some special cir- 
cumstances, this calculation may also provide a 
clue to the accuracy of an approximate method used 
for computing the localized modes. 

It appears to the authors that the method used 
in the present paper for the calculation of the elec- 
tronic wave function may be capable of extension 
to three dimensions and more realistic potentials. 
The MonrtrROLL and Ports technique can probably 
also be used to handle the three dimensional 
problem. It would be interesting, therefore, to 
attempt to treat a three-dimensional problem by an 
extension of the present method. 
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APPENDIX A 


In this Appendix we carry out the inversion of the 
equations (3.9) to obtain « explicitly as a function of &p 
and £_-n. The energy of the electron, E£, is related to « by 


E = —1a!, (A.1) 
The equation (3.10) can be written as 
S(«) = fol%) +A(«) = 9 


where fo(x) does not depend explicitly on & and &-n, 
while fi(«) has an explicit linear dependence on &, and 
én, and so on. We wish to write 


(A.2) 


9 
bod 


2 


(A.3) 


where the subscript 0 indicates the situation with all &p 
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and én set equal to zero. However, we see that 


so that we need ¢Ca/Cén|o and da/dé—nlo. These can be 
obtained by implicit differentiation of equation (A.2): 


with a similar expression from the differentiation with 
respect to _». The primes denote differentiation with re- 
spect to the argument «. 

Thus we find that 


On 


bite ch() €n 
€n 


Fila) +f" (x) 


and 

Om 1 Cfi(o) 
(- —— Jo —_—- Soe : . = Jo. (A.7) 
OEn Ty(%o) En 


The quantity Ey = —«?/2 is obtained from the solution 
to the equation 
So(%o) = 9, 8) 

which in general must be carried out numerically. «o is 
the root of (A.8). 

The explicit expressions for the functions fo(«) and 
fi() in the cases of the electron in its ground and excited 
states are: 


(a) Ground State: 


[1+ exp(—2aa)]— 


, 1 1 
fo(«) = — Tt 


/0 x 


ys cosh 2aa+1 


od 


(1+ =)fexp(2x4)—1) 


2(cosh 2aa+1) < 


of 
1+- 
; 


Ai(«) = exp(—2nxb)(En—& n) 


n=1 


(A.9) 
(b) Excited State: 

l 1 
= — — + —[I— exp(—2za)]— 

l 0 of 


2 cosh 2xa—1 


. (1+-)[exp(22b)—1) 


fo(«) 
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2(cosh 2xa—1) 


y xp(—2nxb)(En— 
ond c I (é 


n=1 


14+ - 


APPENDIX B 


The explicit form of the Green’s function for the per- 


fect lattice is obtained as follows. We note that the 


Kronecker delta can be written as 
N-1 
1/N) S exp[2zis(m—k)/N]. (B.1) 
hmm 


) 
a form 


We therefore assume 


1 
N) p2 Ds exp[2z1s(m—k)/N}], 
(B. 


and substitute it into equation (4.9) in order to deter- 
mine Ds 


Ds ~ —[— Mw? +k) +2hk2{1— cos(27 


The equation (4.9) is satisfied if 


This can also be readily rewritten as 


Ymitw) (1/N)x 


/ 


{2as(m—k)/N} 


<> — cos; 
+ — Mu*®+k;+2ko{1— cos(2zs/N)} 


(B.4) 


Clearly this Green’s function is a function of |m—k 


only 
If Mw? < ki, or if Mw* > ki +4ke, then it is per- 
missible to replace (B.4) by an integral obtained by 


setting 0 2s N and proceeding to the limit as N 


and 
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becomes very large. This leads to the representation 


Ymk(w) (—3hke)(1 27) X 


2a 


x | (p— cos @)-! cos{(m—k)6} dé, (B.5) 
0 
where p is given by 


p = 14+(A1/2k2)— 


This integral can be carried out by contour integration. 

‘Two cases must be distinguished. Case I arises when the 

localized mode is above the band. Then Mw? > ki + 4k, 

and p < —1. If the localized mode is below the allowed 

band, however, we have case II, that is, Mw? < kj, and 

p i. the contour integration gives with 
m—k 


(Mw? 2ko). (B.6) 


For case I, 


yn(w) = (2k)! (—1)" csché exp(—né@) (B.7) 


— cosh 9. For case II we obtain 


(B.8) 


where we have set p 


Yn(w) = —(2k:) 


cosh @. 


| csch @ exp(—n8), 
where we set p 
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Abstract—The partition function is calculated to order H? for a gas of independent electrons inter- 
acting with a periodic lattice potential and a uniform applied magnetic field H. A formula is deduced 
for the steady diamagnetic susceptibility of a metal, expressed in terms of the Bloch wave functions 
and energy levels. The result is exact and general within the limits of the Bloch model. 


1. INTRODUCTION 
THE theory of the magnetic susceptibility of solids 
that arises from the translational motion of con- 
duction electrons belongs to an important class of 
problems in solid-state physics that involve the 
energy levels and wave functions of the conduction 
electrons in the presence of an external magnetic 
field. For a free electron in a uniform field the 
solution of the Schrédinger equation is readily 
obtained, but in real lattices the influence of the 
periodic potential must also be considered; the 
eigenvalue problem is then of a much greater order 
of difficulty and, in spite of important recent ad- 
vances,) is even now incompletely solved. How- 
ever, to determine the field-independent part of 
the magnetic susceptibility y, with which we shall 
be concerned in the present paper, it is sufficient 
to calculate the partition function Z per unit 
volume (or, more generally, the density matrix) 
for the problem to order H? in the applied magnetic 
field H, and WiLson®) has shown how to obtain 
the density matrix directly as a power series in H in 
terms of the solutions of the Schrédinger equation 
when H = 0. The calculation of y is therefore 
essentially a computational problem, but in prac- 
tice the computation is made so intractable by the 
appearance in large numbers of complicated inter- 
band matrix elements that no really satisfactory 
general expression for y has been derived so far. In 
all existing treatments of the problem (including 
the present one), it is agreed that the result in- 
cludes the well-known term Xp, depending upon 
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the Gaussian curvature of the energy surfaces, 
which was first derived by Peterts™) for tightly 
bound Bloch electrons as a generalization of the 
free-electron susceptibility calculated by Lan- 
DAU"), and it is also agreed that there must be a 
term in x that reduces to the susceptibility of a set 
of free atoms in the limit when the lattice spacing 
tends to infinity. There are, however, additional 
terms in y (with no simple analogues) which in 
previous treatments have been either incompletely 
evaluated) or appear as very complicated ex- 
pressions; it is only for the special case of elec- 
trons confined to the vicinity of the bottom or top 
of an energy band that it has so far been possible to 
derive a theoretical expression for y in a form 
sufficiently simple to permit of numerical evalua- 
tion (KJELDAAS and Koun“®)). 

In the present paper we re-calculate y for Bloch 
electrons by a method that is essentially identical 
with WiLson’s®), The calculation is restricted to 
non-degenerate energy bands, and we ignore all 
effects associated with the electron spin. These re- 
strictions could be lifted, but are unlikely to affect 
the results significantly except in special cases. We 
also neglect all electron—electron interaction 
terms, in the hope (for which there is some theo- 
retical support) that their effects are small so long 
as we disregard the phenomenon of supercon- 
ductivity (compare Ref. 7). Subject to these 
assumptions, we do not neglect any of the terms in 
the complete partition function (it is somewhat 
simpler to calculate Z directly instead of the full 
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density matrix), and we obtain the final general ex- 
pression for y (equations (53) to (56)), expressed 
in terms of the Bloch wave functions and energy 
levels, in a much simpler form than any that have 
been given before and one which, we hope, is not 
too far from being the simplest that can be ob- 
tained for the general case of arbitrary crystal sym- 
metry and arbitrary orientations of H. 

The formula for y is obtained after reduction of 
a very complicated expression for Z and assumes 
its final, reasonably simple, form through the aid of 
apparently fortuitous cancellations of terms. This 
suggests that it should be possible to discover 
simpler formulations of the calculation, a problem 
of particular interest with a view to attempts at 
extending the theory to deal with phenomena such 
as the de Haas—van Alphen effect (see Ref. 8 and 
Note added in proof, p. 123). 

The details of the calculation of Z are described 
in Sections 2-4, and the susceptibility formula is 
written down in Section 5. In Section 5(a) we 
discuss the invariance of the result under changes 
in the phase of the Bloch functions and in the gauge 
of the vector potential, and in Section 5(b) we 
show that the result reduces to the expected forms 
in the limiting cases of free and tightly bound elec- 
trons and in the case considered by KyELDAAS and 
Koun®), In Section 5(c), finally, we add some re- 
marks on the evaluation of the susceptibility, but 
no attempt is made in the present paper to derive 
numerical estimates of y for particular substances. 


2. THE PARTITION FUNCTION 
We consider a system of electrons interacting 
with a periodic lattice potential Y(r) and a constant 
external magnetic field H. We take H to be in the 
z-direction, choose the vector potential in the 
form (—Hy, 0, 0) and write the one-electron 


Hamiltonian # as 


HK H +H +H 2, (1) 


where 
HK | 
H > 2(poll )*y? 


and po = 1/2c is the Bohr magneton. (Atomic 
units are used, with e = h = m = 1.) 
The partition function of the system (volume V)) 


E. 


H. SONDHEIMER 
is (WILSON“®), Section 6.61) 


VZ 


Tr{exp(—B#/ )} 

1/kT and 

dX yi(r)* exp(—B#H)yi(r), 
t 


where 8 
‘V(r, r, B) (4) 
defined with reference to any complete orthogonal 
set of functions Yj. Direct calculation of the expres- 
sion (3) for an infinitely large system leads to diffi- 
culties, since, when the integration in equation (3) 
is extended over the whole of space, the result 
(which is proportional to the volume of the system) 
is infinite. In fact we require Z, the partition func- 
tion per unit volume, and it can be shown from the 
transformation properties of ‘’(r, r, 8) under a 
change in the origin of co-ordinates) that the 
integral of ‘’(r, r, 8) over one unit cell of the 
lattice is the same for all lattice cells. Hence 


Z [ V(r, r, B) dro, 


where A is the volume of the unit cell and the 
integration extends over one unit cell. The quantity 
(5) is finite and can be calculated unambiguously 
without having to consider explicitly the influence 
of the boundaries of the system. 

To calculate Z to order H? in the magnetic field 
we expand exp(—8*#) in powers of H and #2 by 
means of the well-known operator expansion!) 


1 
ea — ds exp[—(1—s)a ]be~*4 + 


0 


exp[—(a+4)] 


1 1 
+ | sds ds’ exp[—(1—s)a]bx 
0 0 
xX exp[—s(1—s’)a]b exp(—ss’a) —... 
(6) 
The expansion of Z in powers of H is then 
Z = 20+ 22+Z1,14 ...; (7) 
where Zp is the partition function when H = 0, 
and where 


B ne 
Za =——> | dro | dopi*x 
a 0 


x exp[—(1—s)B%o]H2 exp(—sBH oti (8) 
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and 


Zi, 


e bd 

os | dro | sds ds’ by* X 
A . © nm 
i 0 0 


(1—s) BH%o]H1 exp[—s(1—s’) BH] H 
x exp(—ss'BH oi. (9) 


These are the terms in Z proportional to H2 that 
give rise to the steady diamagnetic susceptibility. 

To evaluate the integrals (8) and (9) we use as 
basis functions yj the Bloch functions ygm, ex- 
pressed in terms of the reduced wave vector k 
(with components &j, ke, kg) and a band index m. 
These functions are eigenfunctions of the zero- 
field Hamiltonian #9 with eigenvalues Eym, and 
they form a complete set of orthogonal functions 
for all space. We suppose them normalized so that 


x exp[— 


A 
(27) 


(orthogonality), and 


— | dem(tren(r) dr = 8(k—R’)Smn (10) 


A 


(27)3 


2 [ bem(r’) 1’ bem") ) dk . d(r—r’) (11) 


m 
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write, as usual, 


Upm(T) Upm(1) exp(7k - r), (12) 


the functions ugm possess the lattice periodicity and, 
for fixed k, they form a complete orthonormal set 
in the unit cell, so that 


r « 
| Upm(T Upn(1) dro Omns 


* , . , 9 
> Upm(T’ Uen(T) d(r—r’) (13) 


m 


for r’, r within the same cell. A number of rela- 
tions involving Bloch functions, required in the 
subsequent analysis, are collected together in 
Appendix 1. 

Equation (8) may now be rewritten as 


1 
| dk | dro | dsthem X 


‘ B 
ae Oe 


m 0 


(1—s) BH] H 


or, in view of (11), 


x exp[— 2 exp(—sBH 0)bem; 


ms <> | ae [ dk’ | @r0 | dr’ j dsban(t) exp[—(1—s)BHo] x 


mn 


x bent bent A o(r’) exp(—sBA% o)bem(1’) 


- exp{ —( l —s)BE, n—SBEpm bem(t br n(t bee n(t ? 


(completeness). The integration with respect to k 
extends over the fundamental Brillouin zone. If we 


+ The expansion (6) also gives rise to aterm in Z which 
is linear in H. This term is easily shown to reduce to 


zero, and has been omitted. 


(uoH)? Z | ak { dro dsbem exp(—SBEwm)Liemn exp{—(1—s)BEen}ben, 


3 
~¢ ; mn 


] 
~(uoH)? > J dk | dk’ | dro | dr’ | asx 
0 


(27 mn 


v’ben(t"’), 


since H pxbem = Exmibem and #2(r) = 2(woH)*y". 
Since Z is real, we may replace this expression 
by its complex conjugate. It is then in a form in 
which we can apply formula (A.2) of Appendix 1 to 
perform the integrations with respect to r’ and 


k’. This gives 


(14) 
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(15) 


An analogous calculation, which involves a double application of formula (A.1) of Appendix 1, gives 


R2 

‘. J 
41,1 7-\3 
(277) Imn 


1 1 


(uof)* >| dk | dro J sds | As’ dsp} exp(—ss’BExi) X 


0 


Rel). P ’ . (1+1) ( 1 * 
xX Lem exp; — 5( l—s )BEem}Liemn exp, —(1 —s)BEpn hens 


where 
C Den 


F * 
Li Boe n | Wem ieee 
e Cx 


In equations (14) and (16) the differential operators 
Lemn Operate on all terms standing to the right. 

The partition function has now been expressed 
in the form of an integral over the fundamental 
Brillouin zone in k-space, in which the integrand 
involves the Bloch energy levels Exm and wave 
functions wpm for the different bands m at a fixed 
value of k. In future we omit explicit reference to 
the wave vector R. 


3. REDUCTION OF Z2 
From equations (14) and (15) we obtain, per- 
forming the differentiations with respect to ko, 


5 (uoH)° > [ dk | dr roln| | Bn »(€mn) = ape 
J ok; 


mn 


* Cun 
Um om 
C 


—2Bfo(€m n) = 


~ On 
Um — ies 
é ) @k 


+2/1(€mn) 
where €mn = B(En—Em), and 


1 


[ (1—sye 


0 


ae yt =. 


h(x ) 0X8 ds 


C n 
avo) het ! 


= ~ dro+ fi(emn) um—> 


| ein 


x OUpn Otten 
Upm —— A€T9— 
OR2 © 


i Mim 


Ox 


Note that Tr(€mm) is 
Since 


fr(0) = 1/r. 


r * “ 

| bmibn dr Omns 

all the terms in Z2, except the second term in- 

volving 0:7, /Cko, contain a factor dmn, so that for 

these the summation over m can be carried out at 

once. Among the terms thus obtained, consider in 

particular 

~ Cum 

um—— To+ 
CR9 


2B c E m 


C7En 


' mn CEn \2 
+3 mnB*fs(emn)( —~} = 
C 


9 


ti : ; CEn 
id + = 28 mnBf2(€mn) Oho 


x Cun 


oR? 


ina 
C un 


~ FP mnfalemn) a 
Ck; 


2 


exp(—fE»), 


a9 
x OUm 
+ Um Oke 


ry C 2 


ir exp(—fBE»). (20) 


Since u_pm = Ukm, the first term is the integral 
with respect to k of an odd function of k, and is 
therefore zero. Further, since Z is real and 

o2 


Pe 
mr | mum dro = 9, 
Oks + 
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the second term may be written as 


OUm |* 
——| dro exp(—BEm). 
Che 


Two further terms in Ze are of the same form as 
(20), except that um is replaced by ys, and are 
treated in the same way. Finally, it is convenient 
to rearrange the surviving double sum in Z2 by 
collecting together all terms in the sum which 
involve a particular exponential factor exp(— SE») 
(say). We use the formula 


exp(— 
e Silemn)G mn eXp(—BEp) = 2p: Gmm exp(— —BEm) + > Gmn—— 


mn 


Slomt DS 


n~Am™ 
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4. REDUCTION OF Z;,; 


We introduce the notation 


« fn 
Pinn bm On — adr 0» 


um Cun 
— rs 
Oko 


¢ OUn 
a 
OR2 


Omn thy [ dry — {= 


e 


so that 


(151) 
Linn ? P mn - +Omn- 


o 


mFn . 
—BEn) 


—BEm)— exp(— 


B(En—E m) 


mn 


xp(—BEm). 


When all the simplifications have been made, we are left with 


ee 


A = a (uo)? Ps | 
- | |= 


OUm \* 


dro—B tes 


wr Ory i 
—— ato 
m Oko 


“ 


men 


> denotes the summation ») » in 


double 


which terms with m = n are omitted. denotes a 


n~m 


single summation over n, for fixed m. 


“tnt? Y 


lmn i= 


Om 


x Cum 
bay, —— dro+ 
CR2 


a Oubn 
* drat 28 | bn" dro | 
J Oke 


dun r OUn 
ae — drq a dtot+ 
Oke Oke 


a.* 


% Cun i 
Um dl in| exp(—BEm). 
Ck 


2 


(Pmn is t times the matrix element between Bloch 
waves of the x-component of the momentum op- 
erator.) Then, performing the differentiations with 
respect to kz in (16), we find after some algebra that 


2 


> s dkI,;(Imn)Aj;(Imn), 
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1 
I; ;(lmn) = exp(— 


0 


a 


CEy 
Ax,(/mn) | dzoa{ Qm—B h 


Pim Pim . 


Aj9(lmn) 


a 


B | — 


e 


A>(lmn) 


‘ | ¢ a ee 


OR» Cho 


F , CEm 
Aoo(lmn) = B | dtou- " 


Cc 


CEn 
A3;(l/mn) = B? | azoal wa 


A C ko 


Ag3o(l/mn) = B? | Aro — 


7 Che 


The 79-integration in equations (30) and (31) gives 
a factor 5;,; the other A-integrals contain, how- 
ever, in addition to terms proportional to 37, also 
terms proportional to 


* mae 
; Chin s r bn 
[ In aT and ] In wb 


29 


with the special cases 


We now evaluate the elementary integrals (25) 
and then (as in Section 3) rearrange the terms in 
the triple summations over the band indices 
1, m, n in (24) so as to group together all terms in- 
volving a particular exponential factor exp(— SE»). 


BE,) | st exp[sB(Ey—E 


— Prat Pla a 
CEn 
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Pim | Oun~PB 
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CEm CEn 
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1 


m)| ds | sil exp[ss’B(Em— E))] ds’, 


0 


-) —_— 


0) 


P > ¢ ” 
Pmnt+Pimn ag }yn, 
C ko 


’ 


CEn 
Pm n + 


Cho} Cho 


C 
Pmnt+Pmn Pd 
Cho 


C\ x 
Pmnt+Pmn a -) ns 
Cho 


CEn >) > - 
)- ams Pimt mnn, 
Che Oko 


* 
> p 
Pimt man: 


Cko 


1 we obtain 


exp( —BE)) 


T,,(lmn) - + 


B2(E)— En)(Ey— Em) 
BEm) 
E\(En—E. n) 


exp(— 


BE -m~ 


exp(—BEp) 
BE —_ E, m En — E;) 
(33) 


I \;(mmn) cout 


exp(—BE») 


11,(nmm) 


(e nm) 


(in the notation of Section 3), and 


1\;(mmm) = 4 exp( 


—BE»). 
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We therefore have, using (19), 


3 [;(lmn)Aj,(/mn) = 


imn 


LAm-s#n mF#zn 


T4,(lmn)Aj,(/mn) + z {111(mmn)A,\(mmn)+ 


lLmn mn 


+111(mnm)Aj;(mnm)+111(nmm)A}1(nmm)} +> I41(mmm)A};(mmm) 


m 


1 
Bp 32( Ey — Em)(En—Em - 


B: E 


n#Fm 


1—B(En—Em) 


B? (En—Em)? 


n-~m 


Note that the terms in Aj;(/mn) which are pro- 
portional to 87, give zero contribution to (36), ex- 
cept in the terms involving A);(mmn), Aj;(mnm) and 
Aj;(mmm). 

When all the terms in (24) have been treated in 
this way, and the explicit expressions for the 
A,;(lmn) given by (26) to (31) are substituted, we 
obtain the expression for Z;,; in the form 


i i b | dkFn(k) exp(—BEm), 
m 


(37) 


where F;,(k) is a sum of a large number of terms of 
the following form. Fin(k) involves the derivatives 
of the energy with respect to k; and ho, the integrals 
Pmn and Qmn defined by (23) and their derivatives 
with respect to ke, and the integrals Umn and Vinn 
defined by (32). Fm(R) contains single sums over 
the band index n(n #4 m) with energy denomin- 
ators (E,—E,)/ for j = 1, 2, 3, 4, and double sums 
over / and n (1 4 n # m) with — denomin- 
ators (Ei—Em)(En—Enm) ) and (Ei— Em )?(En—Enm). 
Finally, F,(k) is a polynomial in £ of the fourth 


degree, 
rp 
> Fin(k 


Fin(k) = (38) 


(Aj1(mmn) + A1;(mnm)+ Aj1(nmm)}+4A)1(mmm) | exp( 


{Au(/mn)+ Aji(mnl)+ Aji (nlm)}+ 


— {A1i(nnm)+ Aj;(nmn)+ Aj1(mnn)}— 


—BEm). 
(36) 
It is convenient to group together terms in Z 1 


that correspond to a particular power of 8 in 
Fin(k). We therefore write 


-> zh. 


where 


an B> | dkFim(k) exp(—BEm), (39) 
m 


and, treating Z2 in the same way, 


4 


z Z®, (40) 


i=0 


Dat Za = > cae 


where Z,” includes all terms proportional to 
Bt exp(—BEm) in the integrand of (22). 

The complete expression for Z;,; will not be 
written down here, and we shall discuss in detail 
the simplification of Z) for i = 4, 3, 2 only. (In 
these terms there are no double sums over band 
indices.) 
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(a) Reduction of Z-+-Z® 


It is found that 


2 r l 
Z494 Z° ; (uoH)*63 | dk |- B| 
(27) i 4 
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> 
Ck 
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+- ne 1 —— Om 
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cEm\* 
Ck 


Oho 
n#=m 


To simplify this we note that, since Z is real, any 
complex term in the expression for Z can be re- Qmm by 
placed by its real part. (The vanishing imaginary * 
parts correspond to non-zero terms in the com- Cum 
plete density matrix.) Therefore: 


(i) the term in equation (41) involving Umm is 
zero, since Umm is purely imaginary (see equations 
(32) and (A.6)) 


(iii) using (A.3) and the completeness relation (13), we have 
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and the real part of this is, by 
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Cum é 
ato —_ , 


* * 
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Ck Ox Ck 
(the imaginary part is zero). 
Substituting these results into equation (41), we obtain 
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(see equations (23), (/ 
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(41) 


(ii) in the term involving Qmm we may replace 


(43) 
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This expression can be transformed into a form which involves 8 only through a factor 
B2 exp(—BEm), and which can then be combined later with the expression obtained for Z@), We use 
the identity 


8 t OF @E | . 
age —— —— ——_—— } exp(— BE 
Ok? 6 Oki Oke Okyk2) avere? 


@E \2 3/0E BE @E @E \) | 
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On integrating this over the fundamental Brillouin zone, the complete derivatives with respect to kj 
and ke lead to surface integrals which vanish because of the periodicity of the integrands. We 
therefore have 
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(b) Reduction of Z) 
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This is transformed as follows: 
(i) The last two of the three terms involving Umm 
are purely imaginary (note that Pam = —Pmn*), 
and give zero contribution. 
(ii) We replace COmm/Ck2 by its imaginary part, r | Cum . | 
which is 4708 Ey, /Ck,Ok=, and (Omm)* by its real part, 7 | | Ok ero | 
. . - ‘i e Cc ie 
which is : 
en 
Cum Cum 
Kar v) We replace 
Ox Che ( P 
] 
I mnQnmt+Prn m2 mn 
by 


> wo) ‘ ‘A 2 > 
(111) We replace PmnQnm+PnmQmn 


) ) T Ip ) T Dy p * 

(PmmPmnl mn+3PmmPnml nm) (En—Em) Pum(QOmn—Onm) 

by ae ; . 
- i Cum Cun Cun Cum 

> 
‘(Pp * 2p Li(F a a = T 
f(} nt mal mn) +3PmmPnml nms (En—Em) — | | OX Cho On Cho ) ” 
‘ RO 2 

2Pm mPn ml n m (En —Em ) : x ; 
(see equation (23)), An integration by parts allows 
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We do not need to carry out the summation over 7 
for this term, since the term will be found to cancel 


oxOke Oko OX 
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(iv) Using equations (A.3) and (A.6), we have 
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The last term cancels with the last term in equation (46), and the remaining terms may be evaluated 
by means of equations (42) and (47). 
Using all these results, we find, after some simplification, that 
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(c) Reduction of Z™4-Z which appears among the terms in Z) (it consists 

The remaining terms in Z may be simplified of two of the terms obtained when equation (26) is 
along similar lines, but the calculation is much substituted into the double summation in equation 
more laborious and full details cannot be given (36)). We shall show that one of the summations 
here. can be carried out in this expression. We inter- 

The first task is to deal with the double sum- Change / and n in the second term and replace 
mations in Z® and Z®, As an example consider _ it by its complex conjugate. We then obtain, using 


the expression 
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This is now in a form in which the summation 
over m can be carried out at once (the result ob- 
tained will not be written out here). It is found 
that, by similar considerations, at least one sum- 
mation can be carried out in every double sum that 
appears in Z®) and Z(), 

We next collect together and simplify the terms 
in Z®, By means of a series of integrations by 
parts of the general types 
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etc. (the surface integrals all vanish), the com- 
plete expression for Z) can eventually be trans- 
formed into a form in which the integrand depends 
on f only through a factor 8B exp(—fEp»), the 
“zero-order” terms cancelling exactly. The trans- 
formed expression for Z) is then combined with 
Z 1), and the result is simplified again by means of 
transformations of the type (49) and (50). When all 
possible reductions have been made, we finally 
obtain Z-+ Z®) in a form that contains both 
“‘linear’’ terms whose integrands involve the factor 
terms whose 
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Bexp(—fE»), and “quadratic” 
integrands involve the factor f? exp(—fSEm) and 
which can be combined with equations (45) and 
(48). After lengthy algebra the surviving terms are 
found to be 
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The complete expression for Z (to order H?) is 
obtained by adding equations (45), (48) and (51). 
It is seen that the first three terms in (51) cancel 
with terms in (48), while the fourth term in (51) 
changes the sign of the last term in (48). 


5. THE DIAMAGNETIC SUSCEPTIBILITY 
The expression for Z will not be written out 
again, and we proceed at once to transform to the 
general case of Fermi statistics. ‘The term pro- 
portional to H? in the Fermi free energy F may be 
written down at once®) by replacing a factor 
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Bexp(—fBEm) in Z by —2fo(Em), and a 
fp? exp(— BEm) by 20fo(Em)/CEm, where fo(E) is the 
Fermi function. The volume susceptibility y is then 
obtained as —(1/H)0F/0H (the H-dependence of 
the Fermi level may be neglected in calculating the 
constant term in the susceptibility). The final ex- 
pression for the steady susceptibility of a crystal of 
arbitrary symmetry, for a magnetic field applied in 
the z-direction, is conveniently written as the sum 
of four terms, X = X}+X%.+X3+X4, where, on 
changing from atomic to arbitrary units, 
obtain + 
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+ Note that the present notation differs slightly from that used by HEBBORN and SONDHEIMER'®). The use of m in 
two different senses, as a band index and to denote the free electron mass, should not cause any confusion. 
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We recall that Xmn, Ymn and Wy», are defined by 
equation (52). 

Obviously many equivalent forms of the final 
result are possible, but we have not been able to 
reduce the formulae for the general case to a form 
that is significantly simpler than that given here. 
The structure of the terms in the general expres- 
sion for y is considered further below. 


(a) Invariance properties 

It is important to verify, as a check on the cal- 
culation, that the expression for y satisfies certain 
general invariance requirements. We note, first, 
that the result must be independent of the choice 
of phase for the Bloch functions, + and must there- 
fore be unchanged in form under the transforma- 
tion 


Urm U km exp{76(k)}, (57) 


where time-reversal invariance requires that 


Om(—k) —Om(k). 


It is easy to see that, for example, the factor 
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in Xs is invariant under this transformation, and in 
fact it can be shown that each of the four terms in 
x is separately invariant by explicit verification that 
the additional terms, involving the derivatives of 
6(k), which arise when equation (57) is substituted 
into (53) to (56), are identically zero. 

For a crystal that possesses a centre of sym- 
metry at r = 0, we may simplify the general ex- 
pression for y by choosing the phase of the Bloch 


functions such that upem(—r) = uj,,(r). We then 
+ The importance of this requirement has been 


pointed out to us by Professor W. Koun. We are also in- 
debted to Professor Harvey Brooks for helpful com- 
ments on this matter and on the taterpretation of x. 
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(and similar relations), so that Xmn and Yinn are 
purely imaginary, and Xmm = Ynm = Wm = 0. 


In this case equations (53) to (56) reduce to the 
somewhat simpler expressions published earlier. 
For cubic lattices, moreover, X3 reduces to the 
single term 
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We must also consider gauge invariance. The 
particular algebraic form taken by our final ex- 
pression for y is determined by the choice 
(—Hy, 0, 0) for the vector potential that corre- 
sponds to the magnetic field (0, 0, H). We could 
equally well have chosen the vector potential in the 
form (0, Hx, 0), and would then have obtained a 
result in which x and y, and k, and hg, are inter- 
changed wherever they appear explicitly in the 
formulae (53) to (56). And, by taking half the sum 
of this expression and the original one, we can 
write y in a form that is symmetrical in x- and 
y-components and evidently corresponds (in some 
sense) to the vector potential (—4Hy, 4Hx, 0). 
These symmetry properties can be demonstrated 
by direct transformation of equations (53) to (56). 
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real). In Appendix 2 we show that this equals 
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and thus possesses the required symmetry. 

The complete proofs of these invariance pro- 
perties involve only transformations of the same 
type as were used in the calculations of Section 4. 
Since the calculations are somewhat lengthy and 
do not possess any novel features, the details will 
be omitted here. 


(b) Special cases 
(i) Free electrons. For perfectly free electrons uz is 
constant and Ey is proportional to |k|? (there is only 
one “‘band’’). It follows immediately that the only 
surviving term in X is the part of X; that involves 
the second derivatives of the energy. This is just 
the Peierls term Xp which gives the correct free- 
electron diamagnetism. 
(ii) Tightly bound electrons. In the tight-binding 
limit of large separation of the atoms, all the energy 
derivatives tend to zero exponentially with increas- 
ing lattice parameter, and only X4 survives amongst 
the terms in y. If we neglect all exponentially 
vanishing terms, we may write 

Upm() = exp(—ik - r)dbn(), (61) 


where ¢(1r), which is taken to be real, is an atomic 
function within the lattice cell centred at r= 0 
(whose radius tends to infinity). Thus 
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so that W,, = 0+ and we obtain for the contribu- 
tion X4,m to X4 from the atomic state m (the inte- 
gration in (56) over the occupied region in k-space 
gives a factor 4(27)8n, where n is the number of 
conduction electrons per unit volume) 
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This is just the usual formula (expressed in the un- 
symmetrical gauge used here) for the ordinary 
atomic diamagnetism, including the “VAN VLECK 
paramagnetism’’.(!?) In particular, when the state 
m is an s-state, the summation in equation (62) may 
be evaluated and gives 
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In this case (62) reduces to the familiar expression 
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(iii) Nearly empty band. The special case of a small 
number of degenerate electrons, contained near a 
band minimum (at k = 0) in a cubic crystal, has 
been considered by KJELDAAS and KouNn‘). ‘These 
authors calculate y as a power series in ascending 
powers of ko, where ke = 32°n, of the form 


x= ako+bki+ eee y (64) 


in which the leading term akp arises entirely from 
. * Shi grees 
the Peierls term X p, whereas the term bk, contains, 


+ Wm is in fact proportional to the magnetic moment 
of the atomic state m and, when this is non-zero, the last 
term in xa leads to a non-zero Langevin—Debye para- 
magnetic susceptibility. 
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in addition to a contribution from Xp, a term Xp 
which is shown by KjELDAas and KOHN to reduce 
to the atomic diamagnetism in the tight-binding 
limit. 

It can be shown that, in the approximation re- 
presented by equation (64), the result (53) to (56) 
given by the present theory reduces to that ob- 
tained by Kyetpaas and Koun. To obtain the 
analogue of the KyELDAAS-KOHN expansion, we 
expand wpm and Epm about k = 0 in powers of the 
components of k. It is then clear that, since all the 
non-zero terms in X except Xp can be written as 
volume integrals over the occupied regions in 
k-space,* their entire contribution to the ex- 
pansion (64) must be of the order of ke, and we 
therefore conclude, in agreement with KJELDAAS 
and Kou, that when terms of order kj are neg- 
lected the result given by Xp is exact. It is a more 


ren 3 
difficult matter to show that the terms of order &p 


are equivalent in the two theories, and, in view of 
the restricted range of validity of the result, the 
details of the proof are omitted here. 


(c) Discussion 

The general expressions (53) to (56) are valid for 
arbitrary degeneracy of the electron gas. (We note 
in passing that, while y is independent of tempera- 
ture for highly degenerate electrons, and while its 
temperature variation for arbitrary degeneracy is 
easily calculated for electrons 
(WiLson”®), p. 167), it is not possible to derive any 


perfectly free 
simple law for the temperature variation of y for 
the general case of arbitrary Fermi—Dirac de- 
generacy and arbitrary E- relations. A detailed 
investigation of the temperature variation to be ex- 
pected for particular models would be of interest.) 
In the subsequent discussion we shall, with ap- 
plications to metals in mind, confine ourselves to 
the case of high degeneracy. In this case X; and X2 
may be expressed as surface integrals over the 
Fermi surface (which need not lie in a single band), 
while X3 is a volume integral extending over the 
occupied regions in every band and X,4 is a mixed 


* For example, the second part of X; can be written 
in the form 
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Note that Xmm Wn 0 for a cubic lattice. 
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volume and surface integral (but the separation into 
surface and volume integrals in k-space is not 
unique) 

The term X; represents that part of X that can be 
expressed in terms of the energy derivatives only, 
and that is therefore determined entirely by the 
energy level structure in the vicinity of the Fermi 
surface. It seems to have been generally assumed 
hitherto that the only term in X that could be ex- 
pressed in this way was the Peierls term Xp, but we 
now see that X; contains, in addition to X p, a second 
term (XQ, say) that involves the third derivatives of 
the energy and that does not seem to possess any 
simple physical interpretation. For a nearly full or 
a nearly empty band, where Ey is approximately 
quadratic, Xp is negative and large compared with 
Xa, but for more general E-R relations Xp and Xg 
will generally be of comparable magnitude, and 
each may be either negative or positive. (When E 
is proportional to |k/*, for example, Xp/Xg = 7/6. 
But there is little point in comparing X p and XQ for 
particular models without also considering the con- 
tributions from X9, X3 and X4. In fact the division 
of y into the sum of separate terms, and in parti- 
cular the contribution assigned to Xj, is to some 
extent arbitrary and may be affected, for example, 
by the choice of gauge; it is this circumstance that 
leads to the appearance of so many superficially 
quite dissimilar expressions for y in the literature.) 

Of particular interest are the highly diamagnetic 
metals such as bismuth and the y-phase copper— 
zinc alloys, where the susceptibility is supposed to 
arise from small numbers of electrons, of small 
effective mass, associated with high-curvature por- 
tions of the Fermi surface lying close to a zone 
boundary. If we suppose as a crude approximation 
that the energy spectrum is that of quasi-free elec- 
trons, with E = h?|k|?/2m*, we have Xg = 0, but 
Xp is m/m* times as large as the free-electron value 
(for a given carrier density) and is usually regarded 
as giving the dominant contribution to y. This 
assumption has been criticized by Apams®), who 
pointed out that, when m* is small, there must be 
other terms in y of abnormally large magnitude, 
and it is easy to see qualitatively that the present 
theory leads to similar conclusions. For example, 
when we compare X2 and X3 with the analogue X4 of 
the atomic diamagnetism, we easily see that the first 
term in Xo is of order m/m* times the first term in 
X4, while Xg contains a term of order (m/m*)? times 
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a corresponding term in X4; and therefore, even 
when Xp is large compared with free-electron and 
atomic diamagnetic susceptibilities, it is not neces- 
sarily large compared with the “mixed”’ terms X2 
and Xz. 

Considerations such as these are, of course, much 
too tentative to be in any way conclusive, and with 
equations (53) to (56) we are still far from having 
numerical values of y for particular substances. But 
at least we now have a complete formula (subject to 
the basic assumptions made in the theory) which 
allows y to be calculated, for any metal or semi- 
conductor, as soon as sufficiently detailed informa- 
tion is available about the Bloch wave functions and 
energy levels. We shall not discuss here the pro- 
blems involved in the computational aspects of the 
subject, nor shall we enter into the practical pro- 
blem of obtaining the diamagnetic contribution of 
the conduction electrons from experimentally mea- 
sured susceptibilities. We remark only that, since 
the formula for y involves the second derivatives of 
uz and the third derivatives of Ex, the calculated 
values of y are likely to be sensitive to the finer 
details of the energy-level spectrum and the pre- 
cise form of the variation of ug with r and k, 
except in simple cases (if any exist) where the free- 
electron approximation is not too far from the 
truth. Also the fact that X3 and X,4 still contain non- 
zero contributions from summations over excited 
bands will, in general, seriously complicate the 
numerical analysis, unless these contributions can 
be shown to be small (but one must here remember 
the sum rules and the fact that the identification of 
the terms to be regarded as arising from excited 
bands depends upon the gauge of the vector 
potential). Even when all simplifications arising 
from crystal symmetry have been made, the com- 
putational obstacles are therefore likely to prove 
formidable for any but the simpler monovalent 
metals, although it would perhaps be unwise to 
over-emphasize the difficulties at this stage. 
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APPENDIX 1 


Properties of Bloch Functions 
In the reduction of the multiple integrals in Section 2 
we require the ‘‘Fourier formulae’’ (JONES and ZENER(®) ; 
WILSon(9), Section 2.82): 
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in which F(k) is any twice differentiable periodic func- 
tion of the reduced wave vector. 

For fixed k, we have the following well-known re- 
lations among matrix elements of Bloch functions. (See 
WILson!9), Chap. 2. We recall that atomic units are 
used here, and omit A where no ambiguity is possible). 
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We note also that : APPENDIX 2 


Equivalence of Equations (59) and (60) 


We have, using familiar transformations, 
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from which the equivalence of equations (59) and (60) follows on taking real parts. 
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Abstract—EPR measurements show that during 2537 A irradiation the valence of chromium and 
iron impurities (~10 p.p.m.) in MgO single crystals changes from 2 to 3 or vice versa dependent on 
treatment. The reverse valence changes as well as thermoluminescence are observed during sub- 
sequent heating. It was shown by optical absorption that the energy levels of Fe+® and Cr*® lie about 
5-8 and 6-0 eV respectively above the valence band while the levels of Fe+? and Cr+? are respectively 


6-9 and 5-1 below the conduction band. The possible luminescent processes are: 
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+ free electron 
free hole 
free electron 
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Four crystals were studied each of which showed preponderantly only one of the above luminescent 
processes. By assuming the band gap is 8-7 eV, good agreement between the color of the observed 
thermoluminescence and that predicted by the model was obtained. 


1. INTRODUCTION 

THE luminescence of MgO when excited in various 
ways has been the subject of a number of 
studies.1-®) Irradiation with X-rays or ultraviolet 
or heating in oxygen or magnesium vapor will 
produce optical absorption bands in MgO crystals 
which contain no intentionally added foreign ions. 
Until recently it was assumed that both the 
luminescence and the optical absorption were 
associated with defects in the host lattice other 
than foreign ions. Haxspy‘?) and SosHEA et al.(8) 
have recently presented evidence that certain of 
the ultraviolet absorption bands are due to Fe*®, 
We support this hypothesis. Wertz et al.(- 10 
have evidence for changes in valence of various 
foreign ions in MgO during X-irradiation and other 
treatments. 

We wish to present evidence that certain lumin- 
escent effects in relatively high purity MgO are due 
to the transfer of electrons (and holes) between the 
iron and chromium impurities and depend on 


defects such as ion vacancies only in an indirect 


manner. 


2. EXPERIMENTAL PROCEDURE 

Crystals studied 

Most of the single crystals used in this investiga- 
were grown in this laboratory by L. J. ScHupp by 
the arc melt method. In our highest purity crystals 
(designated R-58 and R-72) the chief impurity is 
calcium (<0-05 per cent)* which probably has 
little effect because of its chemical similarity to 
magnesium. The following were spectroscopically 
detected in amounts less than 0-01 per cent: Si, 
Al, Fe, Ti, Ni, Zn, Sr, Na, K. Using other 
methods, R-58 crystals were found to contain 
approximately 5 p.p.m. Sr, 8 p.p.m. Fe, 3 p.p.m. 
Li and 5 p.p.m. Cr. 


* The concentrations of impurities are given either as 
or p.p.m. by weight. 
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Electronic paramagnetic resonance (EPR) absorption 
measurements 

Mnt2, V+2, Fet? and Crt? ions in MgO give 
readily observable peaks in the EPR absorption 
spectrum. We have observed the changes in con- 
centration of these ions in a number of crystals 
subjected to various treatments. Quantitative data 
were obtained for the concentrations of Crt? and 
Fe*? in some crystals subjected to certain treat- 
ments. 

The EPR spectra were taken with a Varian 
spectrometer and 6-in magnet. The crystals were 
cemented to a quartz rod and oriented so that Hy 
was parallel to the [100] axis and Ho was parallel 
to the [010] axis. A CuSO4-5H2O sample was 
placed in the cavity and the Cu*? absorption line 
used as a relative intensity standard. 

Only one line of each of the complex spectra of 
Crt? and Fet+? was used for the quantitative in- 
tensity measurements. For Cr+? the “‘cubic’’ line 
was used and for Fe+? the central line of the five 
line spectrum was used. (19) 


Optical absorption measurements 

A Beckman model DU spectrophotometer was 
used for most of the measurements. After excita- 
tion with ultraviolet it was sometimes necessary to 
check to make sure that long-lived phosphor- 
escence did not interfere with the measurement. 
The measurements in the vacuum ultraviolet were 
made by Dr. P. D. JOHNSON at the General Electric 
Research Laboratory, Schenectady, New York. 


Detection of luminescence 

Most of the measurements were of a qualitative 
type in which the color of the thermoluminescence 
was noted when the crystal was placed on a hot 
plate at about 300-400°C after being irradiated 
with light from a 4-W germicidal lamp.* A small 
quartz spectrograph was used to measure the 
emission in a few cases. 


Glow curves 

Thermoluminescent glow curves were obtained 
for a few crystals. The crystals were heated at a 
uniform rate and the light output measured with 
a 1P28 photomultiplier. 


* This low pressure mercury discharge lamp produces 
principally 2537 A (4-9 eV) radiation. 
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3. EXPERIMENTAL RESULTS AND INTERPRE- 
TATION 

Preliminary results of EPR measurements on a 
number of samples suggested that neither the 
manganese nor vanadium were directly involved 
in the observed thermoluminescence. The amount 
of Mn+? remained remarkably constant under quite 
a variety of treatments. No correlation seemed 
to exist either between the amount of V*? present 
and the luminescence or between the valence 
change of the vanadium and the luminescence. 
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Photon Energy (ev) 
Fic. 1. The absorption coefficient vs. photon energy of 
an MgO:3%Fe2QOs crystal which was fired 6 hr at 1100°C 
in hydrogen in order to reduce the iron to the divalent 
state. The sharp rise in absorption at about 6:7 eV we 


> 


attribute to the Fe*?. 


Depending on the previous treatment the 
amount of Fet® could either be increased or de- 
creased during ultraviolet irradiation and showed 
the reverse change during thermoluminescence. 
The same was observed with Cr*3. These pre- 
liminary results suggested the luminescence might 
be correlated with these changes in valence. 

The positions of the energy levels of Fet*, Fe*?, 
Cr+3 and Cr+? in the MgO lattice were determined 
by optical absorption. Haxpy‘) showed the 
correlation between the amount of Fe*® in the 
lattice and the 4-3 and 5-7 eV absorption peaks. 

We found that by hydrogen firing an 
MgO :3% FeOs?¢ crystal for six hr at 1100°C all of 


+This notation means, ‘‘grown from a melt to which 
3 per cent by weight Fe2O3 was added’’. The amount of 
foreign ion in the crystals usually is about one-tenth of 
this amount. 
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the 4-3 and 5-7 eV absorption could be removed. 
Fig. 1 shows the absorption edge at approximately 
6:7 eV which we attribute to Fet+?. That the iron 
was not removed by the hydrogen firing but 
merely reduced was shown by observing the return 
of the 4-3 and 5-7 eV absorption after heating the 
crystal briefly in air. 

Fig. 2 shows the absorption of an MgO: 
()-1°,,CreO3 crystal after hydrogen firing 5 hr at 
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Photon Energy (ev 
Fic. 2. The absorption coefficient vs. photon energy of 
an MgO:0-1%CreOz crystal which was fired 5 hr at 
1200°C in hydrogen to reduce the iron present. This 
treatment does not reduce the chromium. The 5-9 eV 
peak is due to Cr*%. 


1200°C. A strong peak at 5-9 eV is observed. This 
crystal contains some iron although none was in- 
tentionally added. Our EPR results show that the 
iron is reduced to Fe*? but that the amount of Cr+ 
present is a maximum after hydrogen firing. The 
absence of any 4-3 eV absorption confirms that no 
Fe* is present. The occurrence of this absorption 
at 5-9 eV which we attribute to Cr*? is close to the 
5-7 eV Fe* absorption maximum. It may explain 
the shifts in the peak observed in this region which 
were reported by SosHEA et al.(8) 

The chromium can be reduced to Cr*? only 
under unusually strong reducing conditions. EPR 
measurements show that even firing in magnesium 
vapor does not reduce an appreciable fraction 
although such firing will reduce the iron present 
in the crystal to the metallic state. The presence 
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of metallic iron is inferred from valence studies 
carried out by R. P. Tay.or of this laboratory 
using wet chemical methods. It is also suggested 
by the fact that crystals containing more than 
100 p.p.m. of iron are attracted by a magnet after 
firing in Mg vapor. We have been able to produce 
Cr*? in high purity MgO crystals (total chromium 
about 3 p.p.m.) by passing direct current through 
the crystals at high temperature. Fig. 3 shows the 
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Photon Energy (ev) 
Fic. 3. The absorption coefficient vs. photon energy for 
ahigh purity MgO crystal which has been treated by the 
passage of direct current at high temperature for a few 
minutes. We attribute the band at 5 eV to Cr*?. 


absorption spectrum after this treatment. The band 
at 5 eV which we think is due to Cr*? has not been 
observed previously by optical absorption. 
PeriA(1: 12) reports a peak in the photoconductivity 
spectrum at 5-05 eV. He states that the charge 
carriers arising from this center are electrons. This 
is consistent with the change in valence from 
Crt? to Crt, 

The positions of the absorption bands associated 
with these ions are tabulated in Table 1. 


Table 1 


Ion Optical absorption 


In order to explain the color of the luminescence 
which is associated with transitions at these four 
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ions we propose the band model shown in Fig. 4. 
The large Stokes shift between the occupied 
(Fet? and Cr+?) and the unoccupied (Fet? and 
Cr+) levels is the result of the large polarizability 
of MgO. The excited states of the centers are 
sufficiently close to the valence and conduction 
bands that the carriers can be thermally excited 
into the bands even at room temperature. If we 
accept the value for the band gap of 8-7 eV given 
by ReILING and HeEnstey 3) the energy of the 
photons produced during luminescence is roughly 
the difference between 8-7 eV and the optical 
absorption energy. The solid arrows in Fig. 4 
indicate the optical absorption energies. The 
dashed arrows show the electron and_ hole 
transitions giving rise to luminescence. 

With our proposed model in mind we sought 
out crystals in which one of four reactions domin- 
ated the others. The processes which produce the 
luminescence, and the energy and color of the 


Conduction 
and 








Valence Band 


Fic. 4. An energy level scheme showing the energy 
levels introduced in magnesium oxide by di- and tri- 
valent iron and chromium. The solid arrows show the 
transitions causing optical absorption. The dashed 
arrows show the transitions which produce luminescence. 
The trapping states for electrons and holes which can be 
emptied by heating the crystal are not shown. 


Table 2. The concentration of Fe+® and Cr** in four MgO crystals after various treatments. The arrow 
shows which change in concentration produced the luminescence indicated in the reaction. 


Sample Reaction 


no. 


Concentration of 


Treatment 








Fe+?+ free electron Ultraviolet 


‘et? -+2-9 eV (blue) 


78 x10 cm-3 


Partial thermoluminescence 106 


Complete thermolumin- 


escence 





‘e+2+free hole 
‘e+3 42-0 eV (red) 


peak 


1st Thermoluminescence 


2nd Thermoluminescence 


peak 








+34 free electron— Ultraviolet 


+2.42-7 eV (blue) 
peak 


lst Thermoluminescence 


2nd Thermoluminescence 


peak 


Complete thermolumin- 


escence 





+24. free hole> Ultraviolet 
+34+3-6 eV (blue) 
peak 


1st Thermoluminescence 


2nd Thermoluminescence 


peak 


3rd Thermoluminescence 


peak 
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light are shown in Table 2. The concentrations 
given in the last column of Table 2 are the EPR 
intensities multiplied by a calibration factor. The 
calibration factor was obtained by comparing the 
maximum Fe*® or Cr+? EPR intensity from a 
given crystal (highly oxidized) with the total 
amount of Fe or Cr in that crystal as determined 
by chemical means. Therefore, the numbers in the 
table are really the upper limits on the concen- 
trations instead of the concentrations. The relative 
amounts of Fe*? (or of Cr*+3), however, are in error 
by no more than 10 per cent (due to “‘noise”’ in the 
EPR spectrum). 

The first sample mentioned in Table 2 was of 
high purity (from melt R-72) and had been treated 
by passing d.c. through it at a high temperature 
resulting in a reduction of most of the iron and 
chromium. During ultraviolet excitation evidently 
both holes and electrons are freed from iron and 
chromium and become trapped elsewhere. The 
glow curves for this crystal are shown in Fig. 5. 











1 
. 
Fic. 5. The light as measured by a 1P28 photomultiplier 
as a function of crystal temperature for a uniform heating 
rate of 0-23°/sec. The (R-72) crystal had been treated by 
the passage of direct current at high temperature. It was 
irradiated with 2537 A light before being heated to pro- 
duce the glow curve A. Curve B was obtained by heating 
the crystal only to 115° after the irradiation, cooling to 
room temperature and then heating while recording the 
light output 


The complete curve (A) with a strong peak at 
160°C and a very weak one at 90°C was made by 


continuous heating at a rate of 0-23°/sec. The 


crystal was then irradiated again and heated to 
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115°C, cooled to room temperature and the EPR 
spectrum measured. In Table 2 the resulting 
changes are recorded after ‘Partial Thermo- 
luminescence”. Without further irradiation it was 
then heated to 255°C (curve B), cooled to room 
temperature and the EPR spectrum measured 
again. The results are tabulated after “‘complete 
thermoluminescence”’ in Table 2. The Cr** de- 
creases during the first part of the thermolumin- 
escence while the Fe*# increases. This implies that 
the Cr*+3 must have a larger capture cross section 
for electrons and the Fet? for holes. During the 
complete thermoluminescence the Fe*? picks up 
most of the electrons liberated at the higher tem- 
perature. Evidently the majority of the holes are 
liberated during the first step. The 90°C peak may 
be associated with the untrapping of holes. The 
luminescence would be red corresponding to hole 
capture by Fet+?. No red luminescence was visible. 
The relatively intense blue luminescence probably 
masks it. During the second step the emission con- 
sists of a blue band between 2:7 and 3-4 eV, in 
good agreement with the predicted 2-9eV. It 
should be pointed out that the position (tem- 
perature) of the glow peaks is only dependent on 
the nature of the hole and electron traps and the 
rate of heating. The position is not dependent on 
the nature of the luminescent center. 

The second sample, also of high purity but from 





Light Intensity 








Fic. 6. The glow curve of a high purity (R-58) untreated 
MgO crystal. Curve A was made during continuous 
heating following 2537 A Curve B 
obtained after a preliminary heating to 110°C to remove 
the carriers causing the lower temperature peak. 


irradiation. was 
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a different melt (R-58), was not treated other than 
to cleave it from a larger piece. The concentrations 
of both Fet+® and Cr+? are much higher. Fig. 6 
shows the glow curve made in one continuous 
heating (curve A) and that made to determine the 
valence changes which occurred during the second 
peak (curve B). As shown in Table 2, only holes 
freed from the Fe*® during ultraviolet excitation 
and returned during the thermoluminescence 
appear to be involved. The two peaks in the glow 
curve suggest the presence of two different types 
of hole traps. The luminescence consists only of 
red light in a rather narrow band at 2-0 eV. This is 
consistent with our model. 

The third sample was from the same melt as the 
second (R-58) but was treated by passage of direct 
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Fic. 7. The glow curve of a high purity (R—58) MgO crys- 

tal which had been treated by passage of direct current at 

high temperature. Curve A was obtained by continuous 

heating following 2537 A irradiation. Curve B was ob- 

tained after a preliminary heating to remove the carriers 
causing the lower temperature peak. 


current at high temperature. Fig. 7 shows the glow 
curve obtained with continuous heating (curve A) 
and that made to check on the changes occurring 
during the highest temperature peak (curve B), 
The shoulder on the first peak is evidence that 
we are not separating all the effects. With the glow 
curve apparatus it was not possible to obtain 
temperatures high enough to untrap all the carriers, 
The last entry in Table 2 under sample 3 gives the 
concentrations of Fe+? and Cr+ after heating the 
crystal on a hot plate at 300-400°C for 15 min. 


I 
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Only blue luminescence was observed. The slight 
amount of red which our model predicts we might 
see during the first peak was probably masked by 
the relatively intense blue luminescence. The Crt® 
concentration dropped during each step. The 
light emitted during the first peak consists of a 
broad band from 2-75 to 4:3 eV. The light pro- 
duced during the highest temperature peak is 
weaker and extends approximately from 2-75 to 
3-45 eV. The fact that the Fe+* concentration in- 
creased during the first peak is evidence for the 
presence of free holes. If some of these holes are 
trapped by the Cr+?, we should expect some 3-6 eV 
photons. The emission during the first peak 
extending to 4-3 eV might be explained in this 
way. During the highest temperature peak and at 
higher temperatures (the spectrum was taken by 
heating to about 400°C following the heating and 
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Fic. 8. The glow curves for a moderate purity MgO 

crystal which was treated by oxygen firing one hour at 

1200°C. Three curves taken to separate the three types 
of traps are shown. 


cooling carried out to obtain the spectrum of the 
first peak) there is little evidence for the presence 
of holes. The observed spectrum extending from 
2:75 to 3-45 eV is thus in fair agreement with the 
2-7 eV peak predicted by the model for electron 
capture by Cr*?. 

The fourth sample is from a different melt (P-5) 
and contains a relatively larger amount of 
chromium. It was heated 1 hr in oxygen at about 
1200°C. The glow curves in Fig. 8 are shown for 
continuous heating (curve A) and for heating 
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schedules used to separate the changes occurring 
during the three peaks (curves B and C). The first 
and third peaks indicate that hole capture by Cr*? 
is occurring while the second peak seems to involve 
electron capture by Cr+. The thermoluminescence 
of sample 4 was too weak to be detected by our 
spectrograph. During thermoluminescence the 
crystal first appears purple and then red. The 
purple color is the result of both red and blue 
emission occurring simultaneously. The red should 
arise from hole capture by Fe*? while the blue is 
the result of hole capture by Cr**. This is the least 
convincing of the four experiments, but thus far 
we have been unable to find any crystal in which 
the only significant change was hole capture by 
Crt<, 

The results of the measurements on these four 
crystals offer support for the model we are pro- 


posing. Measurements on many other crystals 


have failed to produce any effect which is not 
satisfactorily explained in terms of this model. 
We have thus far said nothing about the exact 
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Fic. 9. The absorption coefficient vs. photon energy for 
a neutron irradiated moderate purity (P-5) MgO crystal. 
The integrated neutron dose was 1:2+0-2 x10°° nvt. 
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nature of the hole and electron traps. At least two 
optical absorption bands have been observed 
(2:3 eV and 3-6eV) which we may attribute to 
trapped holes and electrons. Fig. 9 shows the 
optical absorption spectrum of a moderately high 
purity (P-5) neutron-irradiated sample. Peaks at 
1-3, 2-2, 3-0 and 3-5 eV are seen. 

An analysis of the glow peaks of the type 
described by RANDALL and Wrikrns“4) in which 
we assume no retrapping, gives values for the 
activation energy of 0-2-1 eV and frequency factors 
of 105 to 1012 sec-!. Such calculations are probably 
of little significance, however, for there is no reason 
to believe that retrapping does not occur. The com- 
plexity of the glow curves indicates that at least 
four types of traps exist. Magnesium vacancies 
should trap either one or two holes and thus give 
rise to two types of trapping centers. The observa- 
tion by Orton(5) of Fe*! in crystals which have 
been ultraviolet irradiated makes Fet? a good 
possibility for an electron trap. The identification 
of the traps with the optical absorption bands is 
one of the attractive problems remaining in the 
study of magnesium oxide. 


4. SUMMARY 

1. Optical absorption studies have shown the 
position of the energy levels due to Fe*?, Fe*®, 
Cr+? and Cr*3, 

2. By assuming the band gap in MgO is 8-7 eV 

(after REILING“3)) the energy of the luminescence 
due to recombination of free holes with Fe*? and 
Cr+? and free electrons with Fe*? and Cr*? is pre- 
dicted. 
3. EPR studies have made it possible to select 
crystals in which only one of the four processes 
takes place during some part of the thermo- 
luminescence which is carried on after excitation 
with 4-9 eV (2537 A) photons. 

4. The spectrum of the light emitted during 
this one process has been measured for each of the 
four cases and compared with that predicted by 
the model. The agreement is good. 

5. The thermoluminescent glow curves offer 
information about the hole and electron traps. No 
identification of the traps has been made. 
our 
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Abstract—The heat capacity of the following six salts has been measured from ~20°K to ~300°K: 
ammonium, rubidium and potassium stannichlorides, ammonium, rubidium and potassium stanni- 
bromides. By comparison of the heat capacities of the ammonium and rubidium salts (which are 
isomorphous), that part of the heat capacity due to the torsional oscillations of the ammonium ions 
has been separated, and for both the stannichloride and the stannibromide is found to be decreasing 
as room temperature is approached from below, reaching at 298°K a value roughly halfway between 
that for free rotation and for classical torsional oscillations. This implies that the ammonium ions 
are restricted rotators prevented from freely rotating by comparatively low energy barriers. The 
bearing of this on the charge distribution in the stannihalide ions has been considered. 

Gradual transitions have been found in ammonium stannibromide and potassium stannichloride. 
Whereas the latter is apparently a simple A-type transition with an entropy change of ~1:13 e.u., 
that in the stannibromide has an entropy change of ~4°5 e.u. and appears to be a transition of some 
complexity. The possibility is considered that the transition in potassium stannichloride might be 
due to the availability to the anion of two alternative orientations. 


ALTHOUGH the ammonium ion in_ simple atoms. These atoms are very symmetrically dis- 
ammonium salts does not undergo free three- posed about the cation, since they lie on or parallel 
temperature, an _ to the crystal axes and since the tin-halogen bond 


dimensional rotation at room 
ammonium ion could undergo such motion, or length is very nearly one quarter of the length of 


a near approach to it, when present in a lattice in the side of the unit cell. Moreover, as the total 
which the field of force acting on the ion is’ charge on the stannihalide ion is two, the effective 
sufficiently uniform to make the potential barrier charge on any one halogen cannot be large. These 
to rotation small. Such a field of force might be factors should favour a comparatively small barrier 
expected in salts of high lattice symmetry where _ to the rotation of the ammonium ion. 

the anions are polyatomic and not too highly The principle of our method is simply to com- 
charged. In this paper we describe experiments to pare the molar heat capacities C, of the corre- 
investigate the freedom of the rotational move- sponding ammonium and rubidium salts, which 
ment of the ammonium ions in the lattices of are isomorphous and have almost the same lattice 
ammonium stannichloride and ammonium stanni- dimensions. The actual values for the sides of the 
bromide. These salts were chosen since at ordinary cubic unit cell are (NH4)2SnCle, 10-038 A; 
temperatures they have anti-fluorite structures in RbgSnCle, 10-099A; (NH4)oSnBrg, 10-59 A; 
which each ammonium ion, being surrounded RbeSnBrg, 10-64 A.) It is reasonable to suppose 
tetrahedrally by four stannihalide ions, has as its that the following contributions to C,, will there- 
nearest neighbours twelve equidistant halogen fore not differ significantly for the ammonium and 





A HEAT CAPACITY STUDY OF THE 
rubidium salts: (i) Cp—C,; (ii) the contribution 
from the internal vibrations of the anion; and (iii) 
that from the torsional oscillations of the anion. 
Consequently, at temperatures sufficiently high 
for the lattice vibrations to contribute the maxi- 
mum limiting amount to Cp (a state which should 
virtually be reached well below room temperature), 
the quantity ACy, = Cp (NH, salt)—Cy (Rb salt) 
—2Cint (NH4), should be the heat capacity con- 
tribution from the torsional or rotational move- 
ment of the ammonium ion. Cin¢ (NH4) is the 
relatively small contribution from the internal 
vibrations of the ammonium ions, which can be 
calculated from the frequency assignment of 
Wacner and Hornic®). 

Since the lattice dimensions of the ammonium 
and rubidium salts do in fact differ, if only slightly, 
we have also made measurements on the corre- 
sponding potassium salts. The length of the side of 
the cubic unit cell of KoSnClg is 9-983 A. It is 
possible that K2SnBrg, almost alone among salts 
of this type, is not isomorphous with the rest, for 
while KETELAAR et al.(2) considered it to be cubic, 
MARKSTEIN and Nowotny®) concluded that it has 
a slightly modified, tetragonal structure. 

A similar investigation to this on the ammonium, 
rubidium and potassium salts of tetraphenylboron 
has already been described. 


EXPERIMENTAL 

The heat capacities of the six salts were measured 
from ~20°K to ~300°K, using the calorimeter 
described by Davies and STAVELEY"). We have drawn 
attention elsewhere’) to an unusual phenomenon en- 
countered in these measurements, namely that the heat 
capacities of these salts at higher temperatures is reduced 
by cooling, and only attains reproducible values after 
repeated cooling. The Cp figures recorded in this paper 
are throughout the final reproducible values. 


Table 


MOVEMENT OF THE AMMONIUM ION 


1. Analytical results for the 
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A good sample of (NH4)2SnCl¢ was already available. 
KeSnCle was prepared by mixing concentrated solutions 
of KCl and SnClq in stoichiometric proportions in the 
cold and slowly evaporating the resulting solution in a 
vacuum desiccator. RbegSnCl¢ (which has a low solubility) 
was obtained by adding a hot solution of SnClq in hydro- 
chloric acid to a hot acid solution of RbCl]. The rubidium 
stannichloride separated on cooling, and _ further 
crystallisation was allowed to proceed in a vacuum 
desicator. (NH4)eSnBré¢ was readily obtained as a yellow 
precipitate by adding a solution of ammonium bromide 
in water to the stoichiometric quantity of molten stannic 
bromide. Recrystallisation from water at room tem- 
perature gave large crystals. The preparation of stable 
samples of the potassium and rubidium salts gave a little 
more trouble. It was found that a solution made from 
the stoichiometric proportions of KBr and SnBr4 de- 
posited potassium bromide on evaporation. Large 
crystals of KeSnBrg were however obtained from a 
solution containing equimolar amounts of KBr and 
SnBr4. The rubidium salt was prepared by adding 
rubidium bromide in stoichiometric proportion to a 
solution of stannic bromide in hydrobromic acid. 

All salts were separated from the mother liquor by 
centrifuging, dried in vacuo over P2Os and finally lightly 
crushed and sieved to give samples for the calorimeter 
of approximately the same particle size. 

All salts were analysed for the halogen content by 
first hydrolysing them to precipitate the tin as SnOs, and 
then determining the halogen content of the filtrate 
gravimetrically as the silver halide. The tin content was 
determined by one of the following methods: (i) iodi- 
metrically, after its reduction to the stannous state by 
antimony in an inert atmosphere (KeSnCle, RbeSnCle, 
(NHa)2SnCle, (NHe2)eSnBre), (ii) gravimetrically as 
SnO2(Ke2SnBre), (iii) by the electrolytic method of 
ScHocH and Brown’), modified by ENGELENBURG'®), 
(RbeSnBre). The ammonium content of the two 
ammonium salts was found by distilling off the 
ammonia with alkali into excess standard acid. The 
analytical results are shown in Table 1. It will be noticed 
that there is a tendency for the halogen content to be 
below the theoretical value. Mr. G. SAVILLE has more 
recently made careful analyses in this laboratory of 
KeoSnCle and (NHa)eSnCle prepared under various 
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conditions and finds that these two salts are always intervals are given in Table 3. Plots of C, against 
slightly deficient in chlorine. temperature for RbgSnClg and KeSnBrg show no 
signs of any anomaly. (NH4)2 SnCl¢ shows a slight 
RESULTS anomaly between 235 and 245°K (see Fig. 1). The 
The heat capacity results are recorded in Table eutectic temperature for the system of this salt with 
2, and smoothed values at regular temperature water is not known. The anomaly might be due to 


Table 2. Measured values of C,, the molar heat capacity in cal/mole deg. 


1 calorie = 4-184 absolute joules. J’ = temperature in °K (0°C = 273-16°K). 


Ammonium stannichloride 


‘i :  § Cp 
111-40 : 220-66 60°18 
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Table 2. Measured values of C,,, the molar heat capacity in cal/mole deg (continued). 
1 calorie = 4:184 absolute joules. T= temperature in °K (0°C = 273+16°K). 


Rubidium stannichloride 





T 








21:90 : 98-78 38°33 190-79 49-20 
23°85 ‘ 104-81 39°35 197-70 54 
26:27 °< 110°95 . 204°75 89 
29:78 ‘15 116:°83 5 211-70 50-44 
35°15 “f 122-22 . 218-79 50-80 
41-40 “ 128-06 3° 226-05 51:21 
48-21 3: 134°16 . 233-50 51:21 
55:26 : 140-08 . 241-15 51-71 
61°43 5 145-89 5°37 248-90 52:06 
66°79 30: 152-21 : 257°17 52°23 
71°65 31° 158-62 5 266°15 52-99 
76°76 33: 164-92 . 275°88 53°13 
82:17 34:5 171-24 . 286:09 53-60 
87-79 36° 177:52 . 296:°53 54-01 
93-18 Eee 183-85 48-69 


Ammonium stannibromide 





zr Cp 





21°37 ‘87 109-40 62-69 149-97 
21°56 ‘81 110: 62:78 151-02 
23°18 59 113- 63:77 152-63 
24:01 ‘06 114°2 63:7 153-13 
25°45 ‘02 116: 64: 155-21 
26:23 43 118-27 64:7 156-85 
28-64 ‘29 120-2 65°43 157-27 
29-28 58 123- 65: 160-09 
32:71 7:06 124- 66: 163-07 
33-84 7°82 127: 66° 164:10 
37-00 97 67: 166:25 
39°81 ‘87 31: 67° 167-46 
46°39 39 32: 66° 168-40 
53-40 31°17 32-95 67: 169-83 
59-90 35-90 34: 67°50 173-08 
64°66 39-11 35:7 67°36 180-84 
68-60 +39 37°0 68-68 185-82 
72°63 3-98 37°67 68-32 192-24 
76°84 ‘60 38:2: 68-43 198-56 
81-80 50°12 39°45 68°05 204-76 
87:15 52°63 65 69°05 211-13 
95°35 57:60 . 69-23 217-48 
98-72 58-83 3° 70-93 223-94 
102-01 ‘05 3-65 28-86 229-07 
105-63 33 7° 61:32 236°82 
106:22 58 75 61-83 245°74 
252-09 
260°33 
268 69 
286-84 
295:98 
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Table 2, Measured values of Cp, the molar heat capacity in cal/mole deg (continued). 


1 calorie 


4-184 absolute joules. T = 


temperature in °K (0°C = 273-16°K),. 


Potassium stannibromide 
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crystallisation at the eutectic point of solution 
occluded within the crystals, although equilibrium 
appeared to be established as rapidly in the 
anomalous region as elsewhere. However, what- 
ever the cause of the anomaly, the associated 
entropy effect is very small, and it is not surprising 


that FreyMANN‘) from a study of the dielectric 
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constant of this salt down to liquid air tempera- 
tures reported no transition. By contrast, KoSnCl¢ 
has a A -point (Fig. 2), C,, reaching its maximum 
at 262-14+0-05°K. The determination of the 
entropy change associated with this transition was 
assisted by using the results for (NH4)2 SnCl¢ for 
comparison. It is usually not easy from a single 
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Table 3. Smoothed values of the molar heat capacity C’,, in cal/mole deg, at regular intervals of the 
absolute temperature T. 


(NHa)2SnCle¢ KeoSnCle¢ 


RbeSnCle 


(NHa)2SnBre 


KeSnBr¢ RbeSnBrgs 








6:70 
9-34 
12:07 
14°82 
17°48 
19-90 
22°14 
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26°40 
28°30 
30-02 
31°65 
33°17 
34°56 
35-84 
37-01 
38-11 
40°16 
41-94 
43-54 
44°97 
46:27 
47-40 
48 -46 
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heat capacity curve for a substance as complex as 
KeoSnClg to decide at what temperature a C, 
anomaly may be said to begin and what is the 
“normal” heat capacity in the transition region. 
But from Fig. 3, in which AC,(NH4—K) 

C.,(NH4 salt)—C,,(K salt) —2Cint(NH,), is plotted 
against temperature it appears that the C,, anomaly 
in the potassium salt begins at about 160°K, and 
by drawing the dotted curve of Fig. 3 reasonably 
accurate estimates of the “normal” heat capacity 
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of KoSnClg can be made over the considerable 
temperature range covered by the transition. 
Since this range was about 100°, the entropy of 
transition was estimated in two parts. ‘Two 
measurements were made of the energy intake 
needed to take the salt through the final stages of 
the transition (from ~248 to ~270°K. By sub- 
tracting the “‘normal”’ heat intake for this interval 
the heat absorption associated with the transition 
(a few per cent only of the whole intake) was 
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Fic. 1. Cy vs. T for ammonium stannichloride. The 
inset shows two series of measurements in the region 
220-270°K. 


obtained, and this was assumed for the entropy 
estimation to be wholly absorbed at 262-1°K. The 
rest of the entropy increase associated with the 
interval ~160—248°K was obtained by graphical 
integration of [C,,’d|n T, where C,,’ is the measured 
molar heat capacity of KeSnCl¢ less the ‘‘normal”’ 
heat capacity, estimated as indicated above. The 
final result for the entropy of transition was 1-13 
cal mole deg. The error in this may be one or 
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Fic. 2. Cp vs. T for potassium stannichloride. 
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AC»(NH4 — K) 


ACy(NH4—K) for the stannichlorides vs. T. 
Cp(NHa salt) — Cp(K_ salt) — 2Cint 
(NHa). 


two tenths of a unit, and the figure is therefore not 
inconsistent with R In 2. 

(NH4)2SnBrg was also found to have a A-point, 
with C,, reaching a maximum at 144-8°K. Slightly 
above the A-point there is a small but reproducible 
hump in the heat capacity curve (Fig. 4). In Fig. 
5, C,(NHa—Rb), = C,(NH4 salt)—C,(Rb salt)— 


2Cint(NHg), is plotted against temperature. The 











Temperature, °K 


Fic. 4. Cp vs. T for ammonium stannibromide. The 
inset shows the region 145-170°K (two series of measure- 
ments). 





A HEAT CAPACITY STUDY OF THE 
heat capacity anomaly extends over a considerable 
range, and there is some latitude in drawing the 
dotted curve in Fig. 5 to represent the course of 
the normal heat capacity of the ammonium salt. 
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AC,(NH,- Rb), 














Temperature , 
Fic. 5. ACp(NH4—Rb) for the stannibromides vs. T. 


ACp(NH4 — Rb) = Cp(NHasalt) — Cp(Rb salt) — 2Cint 
(NHa). 


To determine the extra heat intake in the region of 
maximum C,, four experiments were carried out 
in which the salt was heated from a temperature 
between 120 and 131°K to a final temperature of 
about 150°K. From the total measured heat intake 
was subtracted the heat which would have been 
absorbed, had the heat capacity of the salt up to 
144-8°K (the A-point) followed the extrapolation 
of the line drawn through the experimental C,, 
points from 120 to 130°K and, thereafter, from 
144-8°K upwards, a line obtained by back extra- 
polation of the C,, curve from 170°K upwards. 
The extra heat intake measured in this way was 
37410 cal/mole, and in evaluating the entropy 
this was assumed to be absorbed at 144-8°K. The re- 
maining, larger part of the entropy of transition was 
determined by graphical evaluation of {C,,’ d1n T, 
where C,’ is the difference between the full and 
dotted curves of Fig. 5. (In estimating C,,’ from 
130 to 144-8°K, the full curve was assumed to be 
the extrapolation of that followed from 120 to 
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130°K.) The total entropy of transition was thus 
found to be 4-5 cal/mole deg., which may be in 
error by several tenths of a unit. 

The heat capacity of rubidium stannibromide 
showed a slight but reproducible anomaly between 
75 and 95°K (Fig. 6), which however was not large 
enough to complicate the heat capacity comparison 
with the ammonium salt. 
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Fic. 6. Cp vs. T for rubidium stannibromide. The inset 
shows the region 75—105°K (two series of measurements). 


DISCUSSION 
We shall first discuss what conclusions can be 
drawn about the movement of the ammonium ion 
in the stannichloride and stannibromide. In Fig. 7, 


AC», = Cp[(NHa4)2SnC1¢]—Cp(RbeSnC1¢)— 
—2Cint(NI l) ), 


is plotted against temperature. We must first con- 
sider how this plot may be affected by differences 
between the contributions from the lattice vibra- 
tions. While a reliable analysis of C,, for salts of 
this complexity is not possible, some guidance is 
provided by a comparison of the rubidium and 
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ACp(NH4—Rb) for the stannichlorides vs. T. 
Cp(NHa salt)—Cp(Rb salt) —2Cint 
(NHag). 


Fic. 7. 
AC,(NHa—Rb) 


potassium stannichlorides, for the difference in 
the unit cell dimensions of the two salts is only 
about 1 per cent, and so the difference in C,, at 


lower temperatures must be due primarily to the 
difference in mass of the cations. This difference 
is greatest at about 35°K, and by 120° (i.e. before 
the C,, comparison is complicated by the transition 
in the potassium salt, see Fig. 3) it has vanished. 
Presumably at about this temperature the contri- 


bution from the lattice vibrations has almost 
reached the limiting classical figure. It would of 
course be expected that for salts with such com- 
paratively large anions the Debye temperature 
would be relatively low. For the ammonium and 
rubidium salts AC, reaches its minimum at 
~25°K. On any reasonable basis for the extra- 
polation to 0°K of the contribution from the 
torsional oscillations of the ammonium ions, this 
temperature cannot differ very much from that at 
which the difference between the contribution 
from the lattice vibrations is largest. So again, 
from ~120°K upwards, this last difference should 
be small, and in the upper region of temperature 
we may take the curve of Fig. 7 as giving essentially 
the contribution to C,, of the torsional oscillation or 
rotation of the two ammonium ions in the gram 
molecule. The failure of AC, to rise asymptotically 
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towards the limiting value of 6 R for fully excited 
three-dimensional simple harmonic oscillation is 
striking. The passage through a maximum and the 
subsequent decrease is in fact the behaviour 
expected of the heat capacity of a restricted rotator, 
and implies that the ammonium ions in the 
stannichloride are only prevented from freely 
rotating by a comparatively low potential barrier. 

For the stannibromides with their greater unit 
cell sizes, the Debye temperatures should be still 
lower than for the corresponding stannichlorides, 
and the limiting contribution from the lattice 
vibrations to C,, should be effectively attained at 
still lower temperatures. The AC, plot for the 
stannibromides (Fig. 5) is complicated by the 
transition in the ammonium salt, which we shall 
shortly discuss, but again it is significant that 
above the transition, i.e. from 170°K upwards, 
AC,,, instead of tending to a value of 6 R, is de- 
creasing, and at room temperature is about midway 
between 3R and 6R. Here too the potential 
barrier restricting the rotation of the ammonium 
ion cannot be high. If the potassium salt rather 
than the rubidium salt is used for comparison, 
AC, from about 240°K upwards is in fact a little 
less than 3R. The rather large difference at 
higher temperatures between C,, for the potassium 
and rubidium compounds recalls the observation 
that potassium stannibromide, alone of these salts 
may have a tetragonal structure. Thus, the com- 
parison of the ammonium with the rubidium salt 
would seem to be the more reliable and informative. 

Entropy values for the six salts are given in 
Table 4. The entropy changes from 0° to 20°K 
were estimated by using Debye functions of the 
form AD(6/T), where the coefficient A and the 
parameter 6 were chosen to give the best fit with 
the experimental C,, values at 20°, 25° and 30°K. 
The difference in the entropies of ammonium and 
potassium stannichlorides at 298-16°K is 11-5 e.u., 
to which the internal vibrations of the ammonium 
ion only contribute about 0-14 e.u. Owing to the 
difference in Debye frequencies, the contributions 
from the rotational or torsional movement of the 
ammonium ions will, however, be larger than 11-5 
e.u. by an amount which—as a comparison of the 
entropies of potassium and rubidium stannichlor- 
ides indicates—will probably be 2 to 3 e.u. For the 
stannibromides, the entropy of the ammonium 
salt exceeds that of the potassium and rubidium 
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20-+298-16° 


0-20 0—>298-16° 





(NHa)eSnCle¢ 97:1 
KeSnCle¢ 84:8 
RbeSnCle 87°45 
(NHa)2SnBre¢ 115: 
KoSnBre 101: 
Rbe2SnBre 102: 


salts by a larger amount, and here the entropy per 
mole of the torsional or rotational movement of 
the two ammonium ions might amount to about 
15 e.u. The calculated rotational entropy of two 
gram-ions of freely rotating ammonium ions 
(taking 1-032 A as the N-H bond length) is 19-70 
cal/mole deg. 

Since the barriers preventing rotation of the 
ammonium ion in both the stannichloride and 
stannibromide are relatively low, we have con- 
sidered what light this throws on the charge 
distribution in the stannihalide ion by evaluating 
the potential energy of an ammonium ion for three 
different orientations with respect to its stanni- 
chloride neighbours. Only electrostatic forces 
have been considered, and the calculations have 
been confined to nearest neighbour interactions. 
We have supposed that each tin atom carries a 
charge s and each halogen atom a charge x, and 
that the charges are located at the centres of the 
atoms. Clearly s+6x = —2. If a is the length of 
the side of the unit cell, the co-ordinates of a 
halogen atom with respect to the tin atom in the 
same ion are (+wa,0,0), (O+-wa,0) and (0,0+ua). 
The value of u is 0:240+0-01 for the stannichloride 
and 0-245+0-01 for the stannibromide.) (If u 
were exactly 0-25 the centres of the halogen atoms 
would lie at the mid-points of the sides of the 
octant of the unit cell shown in Fig. 8.) The 
estimated potential energies are rather sensitive 
to the value of u, and it is unfortunate that this 
parameter is not known more accurately. ‘The three 
orientations of the ammonium ion which we have 
considered are: (i) The hydrogen atoms pointing 
towards the tin atoms at the corners of the octant. 
(ii) The hydrogen atoms pointing towards the un- 
occupied corners of the octant. (iii) A position 
midway between (i) and (ii), i.e. the hydrogen 
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Fic. 8. An octant of the unit cell of ammonium stanni- 
bromide showing the immediate environment of the 
ammonium ion. 


atoms pointing towards the mid-points of four of 
the edges of the octant. For the charge distribution 
in the ammonium ion we have used PLums and 
Hornic’s estimate that each hydrogen atom 
carries an effective charge of +0-43. The results 
of the calculations are given in Table 5. The actual 
barrier heights cannot be reliably estimated from 
the heat capacity results, since the necessary cal- 
culations have not yet been performed for three- 
dimensional rotators, but from the information 
available on the thermodynamic properties of one- 
dimensional rotators it would appear unlikely 
that in either salt can the barrier much exceed 
1000 cal. (In ammonium chloride it is 6410 cal/g 
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Table 5. Estimates of the relative potential energies U in cal/g ion 

of an ammonium ion in ammonium stannichloride and stannibromide 

for the following orientations: I, H atoms pointing to Sn atoms at 

corners of octant; I1,H atoms pointing to empty corners of octant; 

III,H atoms half-way between 1 and Il. s and x are the assumed 
charges on the tin and halogen atoms, respectively. 


Stannichloride 


Un I 
2910 
340 
—1580 
—3510 


Uni-1 


1810 
390 
— 670 
— 1740 


Stannibromide 


ion, sufficiently high for the contribution from the 
torsional oscillations of the ammonium ion to C, 
to fall 3R room tem- 
perature. The figures of 
suggest that in both stannihalide ions the tin atoms 


even at 
Table 5 therefore 


well below 


(11)) 


carry a small positive charge, but that even in the 
stannichloride this does not exceed about +0-6. 
It also follows from Table 5 that the orientation 
of the ammonium ion which is preferred in the 
stannichloride may not necessarily be that of lowest 
energy in the stannibromide. 

The transition in ammonium stannibromide is 
very extensive, covering a range of ~90°. There 
is a shelf in the heat capacity curve at about 120 to 
135°K, such that were it not for the comparison 
with the rubidium or potassium salt the region of 
anomalous heat capacity might from the appear- 
ance of the C, curve be supposed to be a relatively 
small one in the neighbourhood of 145°K. It is 
clear however (Fig. 5) that from about 95°K to 
the A-point AC,, exceeds the maximum figure of 
12 cal mole deg. which can be ascribed to torsional 
oscillations of the ammonium ions, so that from 
95°K (and probably from somewhat lower temper- 
atures) there is an anomalous contribution to the 
heat capacity of the ammonium salt. The qualita- 


tive features of the transition—its extent, the shelf 


1520 
— 690 
— 2340 
—4000 


in the C, curve and the hump after the maximum 
suggest that it is a change of 
transition in 


has been passed 

some complexity. Whereas the 
potassium stannichloride with an entropy change 
of 1-13 e.u. might conceivably be due to the 
availability to the anions of two alternative 
positions, such a simple possibility cannot hold for 
the anomaly in ammonium stannibromide with its 
much larger entropy increase (~4-5 e.u.). The 
value of the entropy change also rules out the 
possibility (in any case unlikely in view of the 
heat capacity analysis already presented) that the 
anomaly involves disordering on the part of the 
ammonium ions. Nevertheless it is pertinent to 
consider what the preferred mutual orientation of 
a pair of adjacent ammonium ions is likely to be. 
As has been shown, the energy of the ammonium 
ion will in general be different according to 
whether each N-H bond is directed at a tin atom 
or at one of the unoccupied corners of the octant 
containing the ion (Fig. 8). Suppose that the for- 
mer possibility is preferred. Then if any one of the 
six neighbouring ammonium ions adopts the same 
orientation with regard to the tin atoms surround- 
ing it, it must be antiparallel to the central 
ammonium ion. Now two antiparallel ammonium 
ions, separated by a distance R, have a higher 
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potential energy than when in a parallel alignment 
at the same separation by an amount proportional 
to R-5, Since R for ammonium stannichloride and 
stannibromide is 5-02 A and 5-30 A, respectively, 
this energy difference is relatively small, amount- 
ing to only about 21 per cent and 27 per cent of 


the corresponding quantity for ammonium 
chloride, for which R = 3-87 A. It is therefore 
likely that at lower temperatures the preferred 
mutual orientation of adjacent ammonium ions is 
an antiparallel one which is determined by the 
interaction of each ammonium ion with its stanni- 
halide neighbours and with which the inter- 
ammonium ion interaction is not strong enough to 
interfere. As far as the latter interaction is con- 
cerned, any disordering of the ammonium ions 
with rising temperature will mean a decrease in 
the energy of the system. 

The discovery of the A-point in potassium 
stannichloride means that, at lower temperatures, 
the structure of this salt is less simple than that 
assigned to it at room temperature. It merits 
further investigation, but since the entropy of 
transition may represent Rln2 we have con- 
sidered whether it is possible that there are two 
orientations available to each stannichloride ion 
which are fully utilized above the A-point but not 
below. Each stannichloride ion is surrounded by 
eight potassium ions as shown in Fig. 9. The 
simple anti-fluorite structure requires that the 
angle 6 = 0. This is however not necessarily the 
position in which the electrostatic potential energy 
due to the attraction of the eight cations is a 
minimum. If for example the anion is rotated 
about the axis ab, this potential energy term falls 
to a minimum when @ = 45°. On the other hand, 
the energy of repulsion between the metal ions and 
halogen atoms due to the overlap of their electronic 
clouds rises as @ increases from zero. A suitable 
combination of the energies of attraction and re- 
pulsion could therefore produce two minima in 
the potential energy function symmetrically dis- 
posed about 6=0. A satisfactory quantitative 
treatment is made difficult by uncertainty in the 
magnitude of the energy of replusion. Clearly the 
halogen atoms carrying a charge of little more than 
— } cannot be regarded as having electron clouds 
as extensive as single halogen ions. We have carried 
out trial calculations with the repulsive potential 
of Huccins and Mayer“?), which necessitated 
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choosing a value for r_, the effective radius of the 
chlorine atom. We find that if this is taken to be 
small enough, it is in fact possible to account for a 
double minimum in the potential energy curve of 
the stannichloride ion as it is rotated about the axis 


ab in the potassium salt. Thus with r 1-152 A, 























Fic. 9. An octant of the unit cell of potassium stanni- 
the immediate environment of a 
stannichloride ion. 


chloride, showing 


two minima appear at @ = +20" separated by 
about 500 cal/mole. With the same value of r_, 
however, the corresponding potential energy curve 
for rubidium stannichloride (which has no A-point) 
shows a minimum only at 6 = 0°, If r_ is increased 
by the difference between the SnCl- and SnBr- 
bond lengths, and the calculations repeated for 
potassium stannibromide (assumed to have an anti- 
fluorite structure), which also has no A-point, 
here too the potential energy proved to be a 
minimum for @ = 0°. For the energy difference 
between two adjacent stannichloride ions at the 
separation prevailing in the potassium salt, 
according to whether (i) they are parallel with 
6 = 15° or (ii) one has 6 = 15° and the other 
6 = —15°,—we find 490 cal/mole, a figure of 
the right sort of magnitude for a A-point at the 
observed temperature. On account of the sensi- 
tivity of all these estimates to the precise lattice 
parameters, and in view of the rather arbitrary 
treatment of the energy of repulsion, too much 
importance should not be attached to the numerical 
results of these calculations, for which reason they 
have not been treated in detail here, but the cause 
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of the A-point in potassium stannichloride which 
we have discussed is at least a possibility which 


should be considered in the light of any further 


experimental information. 
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Abstract—The adsorption of oxygen on clean silicon surfaces produced by crushing in vacuo 
has been examined in the pressure range 30-200 » Hg of oxygen at room temperature. The 
initial adsorption to the extent of about a monolayer was very rapid but kinetic data were obtained 
for the subsequent slow adsorption. The results were complex and probably sensitive to the crystal 
faces exposed during crushing. The adsorption process was found to terminate at an oxygen take- 
up equivalent to about 1:5 oxygen atoms per surface silicon atom. A unique configuration, with an 
inherent termination at a coverage of 1:5, can be constructed for oxygen adsorbed on the {111} and 
{110} faces of silicon. Prolonged crushing of the silicon led to an enhanced take-up of oxygen which 
may result from the heating of very small particles during the fast adsorption stage. The surface 
areas of the powders were determined by the B.E.T. method, using krypton at liquid nitrogen 


temperature. 


INTRODUCTION AND PREVIOUS WORK 

Or the two most important elemental semicon- 
ductors germanium has been studied more 
extensively than silicon and this situation is pro- 
nounced when the surface chemistry of the two 
elements is considered. The adsorption of oxygen 
on silicon surfaces has, however, received some 
attention. Law) has reported some results for 
oxygen adsorption on evaporated silicon surfaces 
and his main conclusions are: (i) There is an 
initial fast adsorption of approximately a mono- 
layer of oxygen atoms. (ii) Beyond a monolayer 
there is further adsorption of oxygen which 1s 
much slower. (iii) The rate of this slow take-up 
can be described by the equation 

dN/dt = a exp(—dbN) (1) 


where N is the number of oxygen atoms adsorbed 
in time ¢, at constant temperature and pressure of 
oxygen, while a and 6 are constants. Equation (1) 
is often written in the equivalent form 


N = K logy t+C (2) 
where K and C are constants. Karavas() has re- 


ported that the adsorption of oxygen on silicon 
follows an equation of the form of equation (2). 
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However, the logarithmic rate law was obeyed 
over only a short time interval (10—80 min) and the 
presence of mercury cut-offs in his system means 
that he was observing the sum of two adsorptions 
which resulted in an apparent logarithmic rate 
law over a limited period.) There was an increase 
in dN/d log t beyond 100 min as the adsorption of 
oxygen on mercury became dominant. WoLsky“™), 
working with a single crystal of silicon, has re- 
ported the result of a single experiment in which 
the logarithmic rate law was apparently obeyed, 
but WoLsky states that his surface was not clean. 
The general conclusions of Law) for the 
adsorption of oxygen on silicon have been well 
established for the adsorption of oxygen on ger- 
manium.(4-7) However, a closer examination of 
the results obtained for the germanium—oxygen 
system reveal some quantitative differences. In 
particular the values of the constants K and C (in 
equation 2) given by Dei) differ from the 
values reported by GREEN ef al.) DeLL® has 
demonstrated that the values of K and C are re- 
lated to the mode of preparation of the germanium 
samples, particularly the thermal history, and con- 
cludes that the adsorption of oxygen on germanium 
is a ‘‘structure sensitive phenomenon’’. A similar 
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conclusion has been reached by GREEN and 


LIBERMAN®), 

It is to be noted that Law®), in his work with 
silicon, prepared surfaces by evaporation. Films 
of this kind, consisting of extremely small par- 
ticles, are in a very strained state. In view of the 
behaviour of the germanium—oxygen system it 
seems likely that silicon surfaces prepared by 
other methods might well exhibit rather different 


adsorptive properties. 


SCOPE OF THE PRESENT INVESTIGATION 

In this work data are presented on the total 
take-up of oxygen and the kinetics of the slow 
adsorption of oxygen on powdered silicon samples 
produced by crushing a single crystal wafer in 
vacuo. The pressure range covered was 30-200 
uw Hg of oxygen at room temperature. Surface 


areas were determined using the B.E.T. method. 


EXPERIMENTAL TECHNIQUE 


(a) Adsorption apparatus 

The adsorption chamber was very like that 
described by GREEN et al.) and consisted, essen- 
tially, of two compartments separated from one 
another by a break-seal. In one experiment (Run 
No. 1) a single chamber adsorption chamber) was 
employed. This procedure involves crushing the 
silicon wafer in the presence of a known amount of 


oxygen. Typical volumes were: Silicon chamber 


18 cm*; oxygen chamber 25 cm?; single chamber 


apparatus 30 cm?. 


(b) Pressure measurement 

This was accomplished using a glass-coated 
thermistor bead as a non-linear Pirani gauge. 
The thermistor gauge circuit, while similar in 
principle to that described by DusHMAN’), has 
been modified in this laboratory. Calibration was 


against a McLeod gauge. 


(c) Surface area determination 
The B.E.T. apparatus employed was very similar 


to that employed by ROSENBERG”), 


(d) Vacuum system 

The vacuum system was a conventional one and 
consisted of a rotary oil pump, a two-stage mercury 
diffusion pump and a trap kept at liquid nitrogen 
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temperature. After baking out the adsorption 
apparatus at 300°C for 4 hr, a vacuum of better 
than 10-6 mm Hg could be readily attained. On 
standing for 60hr the pressure rose to only 
3x 10-§ mm Hg. 


(e) Materials 

The silicon discs employed in this work were 
cut from a single crystal of n-type silicon 
(p = 12-25 Q-cm), were approximately 1 cm in 
diameter and 0-04cm thick. Both the oxygen 
and krypton were reagent grade gases. 


(f) Experimental procedure 

The apparatus was evacuated and baked at 
300°C for several hours. The lower chamber was 
then sealed off. A known quantity of oxygen was 
admitted to the upper chamber which was then 
sealed off. The silicon disc in the lower chamber 
was crushed using a glass-encased drop-hammer. 
To start an experimental run the break-seal, con- 
necting the two chambers, was broken with another 
drop-hammer and the pressure recorded as a 
function of time. The volumes of both the lower 
and upper compartments were measured before 
each run. At the conclusion of the experiment the 
surface area of the powder was determined. 


(g) Accuracy 

The total take-up of oxygen could be determined 
with an accuracy of +2 per cent. The surface area 
determinations were reproducible to about +3 per 
cent. The absolute accuracy of the B.E.T. method 
is a controversial point,“@°-!1) but a reasonable 
estimate would seem to be +10 per cent. 


(h) Cleanness of the silicon surfaces 

Cleanness of the adsorbent surface is vital in all 
adsorption studies and a discussion of this matter 
follows. First, it must be emphasized that we are 
dealing with a large adsorbent surface area (~300 
cm?) in a sealed, all-glass system of comparatively 
small volume (~40 cm?). This is to be contrasted 
with many adsorption systems used in semiconduc- 
tor surface work where the surface area may be 
small (1-10 cm?) and the volume of the system 
large (~1000 cm?),. 

The glass of the adsorption chamber is neither 
a source nor a sink of gas to any significant extent. 
When the apparatus stood, sealed in vacuum (with 
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the silicon uncrushed), the pressure rose to only 
3x 10-6 mm Hg after 60 hr. The amount of gas 
desorbed from the walls of the apparatus in this 
time was, therefore, approximately 0-15 « cm?. To 
cover 300 cm? of silicon surface with a monolayer 
of oxygen atoms requires approximately 5000 
cm, Obviously desorption of chemisorbable 
material from the walls can contaminate only a 
minute fraction of the total surface area during 
the course of an experimental run. A blank double 
chamber run was carried out with no silicon present 
and it was found that the pressure of oxygen in the 
system after cracking the break-seal was that 
expected for zero adsorption. Therefore the glass 
walls do not adsorb oxygen to within the limits of 
error of our experiments. 

Another possible source of contamination is 
impurities contained in the bulk of the silicon 
itself. It is known that many gases dissolve in 
silicon (and germanium) and, since crushing in 
part liberates them, they may contaminate the 
adsorbent surface. The following experiment was 
carried out. Silicon was crushed in vacuum and the 
pressure followed during the crushing operation. 
No pressure rise was noted and hence no measur- 
able amount of non-adsorbable gas was given off 
from the silicon. This is in contrast to the results 
obtained with germanium grown in argon.) The 
only other source of surface contaminant is by 
diffusion from the bulk of the powder particles. 
That both the single and double chamber experi- 
ments gave essentially the same results is good 
evidence that the diffusion process did not produce 
significant contamination. In the single chamber 
runs the crushing was carried out in the presence 
of the oxygen and the rate of adsorption of oxygen 
on silicon must be much greater than the rate at 
which any contaminant could diffuse from the 
interior of the powder particles. In the double 
chamber technique the silicon was crushed in 
vacuum and the oxygen admitted some time later. 


RESULTS 

The results of several runs are given in Fig. 1 in 
which the coverage (i.e. the average number of 
oxygen atoms per surface silicon atom) is plotted 
against the logarithm of the time. Fig. 1 also lists 
the oxygen pressure in the adsorption chamber at 
the end of the reaction. The coverage at a particu- 
lar time was calculated from the oxygen take-up 
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and the surface area, assuming a figure for the 
number of adsorption sites per cm?. The number 
of broken valence bonds and the number of surface 
atoms per cm? for the three principal crystal faces 
of silicon are: 

7:84 x 1014 sites and bonds 
9-58 x 1014 sites and bonds 
6-78 x 1014 sites and 13-6 x 10 

bonds. 


,111' planes 
, 110! planes 
{100} planes 


_— A | 
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SIL 


FACE 


UR 


Si) 


PER 


OXYGEN ATOMS 


00 


(MINUTES 


TIME 
Mer 


Fic. 1. The adsorption rate of oxygen on clean silicon 

surfaces. Run No. 1, single chamber apparatus (final 

pressure 704 Hg, surface area 210 cm?); Run No. 2 

(200un Hg, 319 cm?); Run No. 4 (26u Hg, 331 cm’); 

Run No. 5 (994 Hg, 233 cm?); Run No. 7 (178 Hg, 
299 cm?); Run No. 8 (160 Hg, 217 cm?). 


It seems unlikely that an appreciable amount of the 
{100} faces could be formed in competition with 
the other two, since twice the number of Si-Si 
bonds per surface atom must be broken to expose 
this face. Consequently we have selected 8-7 x 104 
sites/cm?, the mean of the values for the {111} 
and {110} planes, as a reasonable figure. In so 
doing, we have assumed that these two faces, in 
approximately equal amounts, formed the majority 
of the surface produced by crushing silicon wafers. 
The true distribution would have to be drastically 
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different to alter this figure by more than a few 


per cent. 


DISCUSSION 

Several features of the results in Fig. 1 merit 
attention. All the experimental runs showed a 
very definite termination in the take-up of oxygen 
by the silicon surface. Beyond this point no 
further adsorption of oxygen could be detected. 
It can be seen that the values of the final coverage 
reached were in the range 1-4—1-6. This spread of 
+0-1 coverage units is within the error imposed by 
the surface area and other determinations. In view 
of the additional uncertainty resulting from the 
choice of a value for the number of adsorption 
sites per cm?, a reasonable conclusion seems to be 
that the final coverage is 1-5 oxygen atoms per 
surface silicon atom, with an error of +0-2 coverage 
units. 

It should be noted that the logarithmic rate law 
(equation 2) is not obeyed in these cases; none of 
the experimental runs show a portion where the 
uptake of oxygen increases linearly with the 
logarithm of the time. These results are then to be 
contrasted with those obtained for the adsorption 
of oxygen on germanium) where the logarithmic 
rate law was obeyed over the whole time of 
measurement (6 sec—22 days), during which period 
the coverage increased from 0-9 to 1-9. 

It is of great interest that a unique configuration, 
giving an inherent termination at a coverage of 1-5, 
can be constructed for oxygen adsorbed on the 
{111 and {110% faces of silicon. The relative dis- 
positions of oxygen and silicon are somewhat 
different on the two planes but in both cases an 
extended array can be built up. The configuration 
is obtained assuming that the normal covalencies 
of silicon and oxygen must be satisfied. While 
models of these structures have been built, the 
principle is best illustrated diagrammatically and 
the steps are imagined to be as shown in Fig. 2. 
The inversion of alternate O—Si groups, shown in 
step 1 of the diagram, occurs under the influence 
of the repulsion between neighbors. The problem 
then is to satisfy the valencies of the three under- 
lying silicon atoms previously attached to the 
silicon atom now on the surface. This can be done 
if it is assumed that one of these silicon atoms 
bonds to the oxygen atom now in the second layer, 
while the other two silicon atoms bond to one 
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another.* The silicon atom, now on top, bonds to 
the oxygen atom attached to the neighboring sur- 
face silicon atom forming a cyclic structure. Ring 
structures containing alternate oxygen and silicon 
atoms are well known as the basic unit in many 
silicate minerals.(15- 16) We visualize the last stage 


Ad. 


a STEP 2 (+OXYGEN) 


Os 
O >» 
OO 


Fic. 2. Suggested steps in the formation of a configura- 

tion corresponding to a coverage of 1:5. The starting 

point is the silicon surface covered with a monolayer 
of oxygen. 


to be the reaction of oxygen with the still un- 
saturated silicon in the top layer, giving a fully 
saturated structure corresponding to a coverage 
of 1-5. This structure is probably metastable, due 
to the comparatively weak underlying Si—Si bond, 
and can be broken down (by raising the tempera- 
ture for example), thereby allowing the process of 
oxide formation to occur. According to this picture 
of the process the adsorbed phase corresponding 
to a coverage of 1-5 is essentially covalent. It is well 
known that SiO¢ is a largely ionic solid and so, for 
take-up of oxygen beyond 1-5 coverage to occur, 
there must be a change in mechanism. Further 
uptake would probably occur via the diffusion of 
silicon ions through to the surface or by the 
diffusion of oxygen ions into the solid. 

Another consequence of our mechanism is that 
we would expect the adsorption of oxygen on the 
{100} faces to be very different. The {100} faces of 


silicon (and germanium) have two “‘free valencies” 


*It is to be noted that FARNSWORTH and _ his 
associates, 2-14) in their slow speed electron diffraction 
studies of cleaned germanium and silicon surfaces, have 
obtained results consistent with the existence of a surface 
bond. While this is not the same as the bond between 
underlying silicon atoms, such as we are postulating, 
there are obvious similarities. 
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per surface atom and a valence saturated structure 
can be constructed only for a coverage of 1-0 
oxygen atoms per surface silicon atom. Beyond that 
point further uptake can occur only by what we 
can call oxide formation, as distinct from chemi- 
sorption, with consequently different kinetics. 

The markedly different shapes of the curves 
shown in Fig. 1 pose a problem. It can be seen 
that the pressure of oxygen has no obvious effect 
on either the final coverage or the shape of the 
curves. While the errors in the B.E.T. and other 
determinations can move these curves relative to 
one another, this by itself is not a sufficient 
explanation. There remained the possibility that 
the oxidation of some fraction of the surface may 
have been diffusion controlled with the rate deter- 
mining step being the diffusion of oxygen along 
fine capillaries in the powder. This was ruled out 
because agitating the powder, using an externally 
applied vibrator, caused no sudden break in the 
plot of oxygen take-up versus time. It was there- 
fore concluded that a diffusion process was not 
rate controlling at any time during the measured 
period of oxygen take-up. 

We consider the most likely cause is that the 
crushing of a silicon wafer is not reproducible in 
the sense that somewhat different proportions of 
the two crystal faces were exposed in each experi- 
mental run. There is reason to think that the rates 
of adsorption will be different on different crystal 
faces. In the same way it can be argued that small 
and varying amounts of other crystal faces were 
produced in each crushing. With the data we 
have, it is not possible to distinguish between the 
two possibilities; perhaps both operate. We 
believe that the explanation for the variety of shapes 
exhibited by the curves in Fig. 1 is a structural one 
such as we have mentioned and that we were 
observing the sum of at least two adsorptions pro- 
ceeding at rather different rates. 

Some further data were obtained in the following 
manner. After the surface area measurement, 
the tube and powder were resealed on the adsorp- 
tion apparatus and pumped long enough to ensure 
a good vacuum. The powder was crushed further, 
a dose of oxygen admitted and another take-up of 
oxygen measured. The total area of this powder 
was determined at the end of the experiment and 
the fresh surface area produced in the second 
crushing was calculated by difference. This 
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procedure was carried out for the powders labeled 
(7) and (8) in Fig. 1 and the results of the second 
crushings are given as curves (7b) and (8b) in Fig. 
3, in which again the coverage is plotted against 
the logarithm of the time. It is important to note 
that the assumption is made that no desorption of 
oxygen occurs from that part of the total surface 
already covered by oxygen; this was found to be 
so by Law”), 

The most important feature of the two runs 
shown in Fig. 3 is the greatly enhanced take-up of 


3.2 — oie ae aes : - 
[ RUN No.7 (b) © 
} « «© B(b)@ —— 
. 
| 
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COVERAGE (AVERAGE NUMBER OF OXYGEN ATOMS PER SURFACE SILICON ATOM) 


Fic. 3. The adsorption rate of oxygen on clean silicon 

surfaces, second crushing. Run No. 7(b) (final pressure 

51, Hg, surface area 231 cm?); Run No. 8(b) (111 Hg, 
234 cm?). 


oxygen, the final coverage having the values of 3-2 
and 2-4 respectively, for Runs (7b) and (8b). Also, 
it should be noted that the take-up of oxygen had 
already exceeded a coverage of 2 before the first 
reading was taken. 

It seems to us that there are two possible 
explanations for the results with the finer powders. 
(i) The extensive crushing may have exposed 
crystal faces on which the configuration corre- 
sponding to a coverage of 1-5 either cannot form— 
the (100) faces for example—or is no longer stable. 
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(ii) The heat of adsorption on very small particles, 


which have a large surface/volume ratio, can 
raise their temperature substantially leading to an 
enhanced take-up of oxygen and possibly a differ- 
ent mechanism. Such an effect has been observed 


by STONE and his collaborators“’:18) for the 


adsorption of oxygen on both nickel powders and, 


, lesser extent, on evaporated nickel films. It is 
obvious that the two effects (1) and (ii) are not 


exclusive and that both may operate 


] 


simuitaneously 


Finally, it should be said that we regard these 


¢ 1] 
mutually 


results for the adsorption of oxygen on the finely 
divided powders as being, in a sense, anomalous. 
lhe results for coarse powders (Fig. 1) represent 


the normal mode of adsorption at room tem- 


perature, such as would be expected for single 


crystals. In view of the complexity of the results 
further work on this problem would best be 
using well defined single crystal 


carried out 


surtaces. 
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Abstract—Alloys have been produced for the three systems CdTe-HgTe, CdTe-ZnTe and 
HgTe-ZnTe and annealed to obtain equilibrium conditions. It has been confirmed that solid 
solution occurs at all compositions in each system and the variation of lattice parameter with com- 
position has been determined in each case. The form of the solidus curve has been obtained by 


X-ray methods in the HgT'’e-ZnTe system. 


1, INTRODUCTION 

INTEREST has increased recently in the alloy semi- 
conductors obtained when solid solution occurs 
between two intermetallic compounds. Early work 
on A!!BY! tellurides showed some ranges of solid 
solution and more recently various workers have 
obtained quantitative data on the effects of solid 
solution with these compounds. GoryUNOVA and 
FepoROVA") showed that considerable solid 
solution occurred in the CdTe-ZnTe system. 
Recently Kotomriets and Matrkova®) made 
approximate measurements of the variation of 
lattice parameter with composition for this 
system and investigated the electrical and optical 
properties of the alloys. NrkoLsKAYA and REGEL“»*) 
made similar investigations on the HgSe-HgTe 
system. Very recently, LAwson et al.) have made 
electrical and optical measurements on the CdTe— 
HgTe system and determined the variation of 
certain semiconductor parameters as a function of 
composition. 

In work on alloy semiconductors, it is of con- 
siderable interest to know the variation of lattice 
parameters with composition, for then the deter- 
mination of these parameters for an alloy gives, 
within certain limits, a relatively accurate and 
rapid determination of its composition. This is of 
particular importance when alloys are subjected 
to such techniques as directional freezing and zone 
melting, which give a variation of composition 
along the length of the ingot.‘6-?) Of the available 
AMBY! telluride systems having zinc blende 
structure, viz. CdTe-ZnTe, CdTe-HgTe and 
HgT'e-ZnTe, the only available lattice parameter 
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values are the approximate values of KOLoMIETS 
and Mackova. As an initial part of a programme 
of work involving A! BY! alloys, it was decided to 
determine the lattice parameter variations in the 
three systems mentioned above, and these results 
are presented here. A further useful quantity in 
alloy semiconductor work is the solidus curve for 
the system concerned. Here the possibility of 
determining the solidus by X-ray techniques‘) 
has been considered. 


2. PREPARATION AND METHOD 

The compounds concerned were each prepared 
by synthesis from the elements in vacuum in sealed 
quartz tubes, and then each of the alloys was pre- 
pared from the appropriate compounds. The 
elements used were initially purified by distillation, 
starting from commercially pure materials. 

The alloys in the systems CdTe—-ZnTe and 
CdTe-HgTe were prepared by melting the 
appropriate compounds together under vacuum 
and then annealing the alloys until X-ray photo- 
graphs indicated that equilibrium had been attained; 
the annealing temperature always being below the 
melting point of the lower melting point com- 
ponent. Satisfactory results were obtained with 
the CdTe—-HgTe system after 2 days annealing at 
600°C and with the CdTe—-ZnTe system after 
7 days at 970°C. In the case of the HgTe-ZnTe 
alloys, it was found difficult to produce alloys by 
melting because the molten ZnTe tended to 
attack the quartz which could not then withstand 
the pressures produced by the HgTe. These alloys 
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were therefore produced by thoroughly mixing 
the compounds in powder form, compressing and 
then annealing the powder under vacuum. By this 
method, good equilibrium conditions could be 
obtained for these alloys in a relatively short time. 
Thus alloys of low Hg content required to be 
annealed for 14 days at 600°C while the alloys with 
H 
temperatl 


lo minimize loss of any of the components, 


high Hg content required 28 days at the same 


ure 


i 
could be a particular problem of this type 


which 
of investigation, the alloys were always sealed 
ler vacuum in small quartz tube before any 


neating, 


termined by means of several trial runs. Chemical 


and proper annealing periods were de- 


.alyses of specimen alloys showed no deviations 
from weighed out compositions of greater than 
2 mol. per cent. Such analyses do not, of course, 
give any indication of whether dissociated material 
is present. 

In work mixed A!/IB\ 


systems, 6) it has been shown that the solidus curve 


on solid solution in 
of the system can be obtained by X-ray methods 
in the case of alloys for which low diffusion rates 
cause a slow approach to equilibrium. Each point 
in the solidus curve is obtained by annealing a 
suitable alloy at a temperature corresponding to a 
point in the liquid-solid two phase field, and then 
rapidly quenching to retain the equilibrium solid 
phase. The composition of this solid phase, deter- 
mined from its lattice parameter, gives the point 
on the solidus curve at the annealing temperature. 
This 
systems discussed here, but was successful in only 
one of these, viz. the HgTe-ZnTe system. In the 
case of the CdTe-ZnTe system, the diffusion 


the solid state were too rapid for the 


technique was attempted for the three 


rates in 
method to be of any value, while in the case of the 
CdTe—HgTe system, the variation of lattice para- 
meter from one compound to the other is so small 
that no solidus points determinations would be of 
any significance even if the diffusion rates were 
suitable 
‘he possible existence of closed miscibility gaps 
also investigated. This was done by bringing 
alloys to a single phase state and then anneal- 
for a suitable time at an appropriate lower 
temperature. Any break up of the single phase 
condition would indicate the presence of a closed 


miscibility gap. 
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Fic. 1. Variation of lattice parameter ao as a function of 
composition in the system CdTe-ZnTe. 


3. RESULTS 
In all three systems, solid solution was obtained 
throughout the whole range of composition, the 
alloys having the usual zinc blende structure. The 
variation of lattice parameter with composition 
for the three systems is shown in Figs. 1, 2 and 3. 
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Fic. 2. Variation of lattice parameter ao as a function of 
composition in the system HgTe-ZnTe. 
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Fic. 3. Variation of lattice parameter ao as a function of 
composition in the system CdTe—HgTe. 


The results for the systems CdTe-ZnTe and 
HgTe-ZnTe, where a large variation in lattice 
parameter occurs between the compounds, were 





mG 


Temperature, 








20 40 60 #4280 


HgTe mole % ZnTe 


Fic. 4. Solidus curve for system HgTe-ZnTe. 
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obtained by using a 9-cm Unicam powder camera 
and CuK« radiation. In these cases (Figs. 1 and 2) 
the accuracy of lattice parameter is estimated as + 
0-002 A. In the CdTe-HgTe system the variation 
of lattice parameter with composition is small, and 
so a precalibrated 19-cm Unicam powder camera 
was used. In this case the accuracy of lattice 
parameter is estimated as 0-0005 A. It is seen that 
in all cases the deviation from the Vegard line is 
small, having a maximum value of approximately 
0-002 A for the CdTe-HgTe system, 0-004 A for 
the CdTe-ZnTe system, and 0-006 A for the 
Hg’Te—ZnTe system. 

In all three systems, no sign of a miscibility gap 
was observed at temperatures down to 500°C, nor 
was any sign of ordering observed in the systems. 

The solidus curve determined for the HgTe- 
ZnTe alloys is shown in Fig. 4, where the accuracy 
of temperature is estimated as +5°C and the 
accuracy of composition as +3 mol. per cent. As 
a check on the accuracy of the method in this case, 
alloys of different composition were held at the 
same temperature and a solidus point determined 
from each. The agreement between results 
obtained in this way was within the limits quoted 
above. 
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Abstract 


V-VI-VII (V Sb, Bi; VI S, 


Some photoelectric properties of single crystals of ternary compounds of the type 
Se, Te; VII 


C1, Br, I) were studied. The wavelengths of 


maximum photocurrent, Amax shift in a regular way towards longer wavelengths with increasing 
atomic weight of the components. For the compounds SbSBr and SbSI the dependence of photo- 


current, dark current and Amax on temperature was measured between —140 and 


THE formation of V-VI-VII compounds (where 
V = Sb, Bi; VI =S, Se, Te; VII = Cl, Br, I) 
has been observed already in the past century.» ?) 

In 1950, E. D6ncEs®) studied the structure of 
these compounds by X-ray analysis. He found that 
most of the members of the V—VI-VII family 
belong to the rhombic-bipyramidal system, space 


is » . ts 
group D,,. From his data on colour and variation 


of colour with composition it could be assumed 
that these compounds have band gaps in the 
visible and the near infrared of the spectrum. It 
therefore seemed interesting to prepare single 
crystals of these materials and study their photo- 
electric properties as a function of composition. 
The compounds form readily by reacting 
equivalent amounts of the elements between 500 
and 600°C in sealed, evacuated glass ampoules. ‘To 
avoid the use of gaseous halogens it is also possible 
to start with a mixture of a group-V-trihalide and 
the corresponding group-V-trichalcogenide, e.g. 
SbBrs+SbeS3—3SbSBr. 

As indicated by the equation, the V-VI-VII 
compounds do not melt congruently but undergo 
decomposition into the trichalcogenide and the 
trihalide. To suppress this decomposition—which 
is more pronounced the higher the vapour pressure 
a surplus of the trihalide was 
added to the reaction mixture. 

Single crystals in the form of characteristic 
needles, up to 2.cm in length, were obtained by 
slowly cooling the molten compound at a rate of 
5°C/hr. The crystals were washed with diluted 


of the trihalide 


+ 120°C. 


hydrochloric acid to remove any surplus trihalide, 
rinsed with alcohol and dried. They are stable in 
air but are attacked by strong acids. The needles 
show a remarkable degree of plasticity. They can 
be bent easily and cleave along the needle axis. 

Contact was made to the crystals by gallium or 
silver paste. The latter, however, gave less repro- 
ducible results because at high fields after a few 
minutes a drop in photocurrent was noted, 
probably due to an electrolytic action between 
contacts and the crystal (formation of silver 
halide). 

The following table shows the compounds pre- 
pared and the wavelength, of maximum photo- 


current, A,,,, 


Material Colour Amax: 


SbSBr 
SbSI 
SbSeBr 
SbSel 
SbTel 
BiSCl 
BiSBr 
BiSI 
BiSeCl 
BiSeBr 
BiSel 
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orange needles 
red needles 


dark red needles 


black needles 
black needles 


red needles 
dark red needles 
black needles 


dark red needles 
black needles 
black needles 


5450-5500 A; 
6300-6400 A; 


6500 A; 
6500 A; 


7200 A; 


5900 A; 


6350 A; 
7850 A 


high dark current 
high dark current 
high dark current 
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Amax Seems to depend also on the composition of 
the crystal. Crystals of SbSI obtained from differ- 
ent batches of varying stoichiometric ratios 
between SbeS3 and SbI3 showed differences in 
Amax ranging from 5800 to 6400 A. 

The most sensitive crystals obtained so far are 
SbSI and SbSBr. Both, the photocurrent Jp and 
the dark current Jp show an ohmic behaviour for 
Ga and silver paste electrodes. No saturation volt- 
age has been observed yet. At a light flux of 
approximately 1015 photons/sec cm? ratios of a few 
thousands were obtained for Ip/Ip at d,,,,.. 

The sensitivities of SbSBr and SbSI at room 
temperature are of the order of 10-4 mho cm2/W, 
which is comparable to the sensitivity of Hgle 
crystals as reported by BuBe). It is expected that 
these values can be increased by further purifica- 
tion or proper doping of the crystals. Assuming 
a mobility of ~ = 1 cm?/V sec we obtain a life- 
time of the order of 1—5-10-5 sec at room tem- 
perature. 

Most samples of SbSI show on a log-log scale 
a linear dependence of the photocurrent Jp on 
light intensity Z. The value of the exponent 7 in 
the relation Jp~L” is between 0-4 and 0-6 over a 
range of four orders of magnitude in L. 


The photocurrent in SbSBr and SbSI is quite 
temperature dependent. The dark current stays 
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fairly constant between —140 and +100°C. The 
photocurrent Jp increases roughly exponentially 
with temperature. At —140° Jp is barely measur- 
able. At 100° C the sensitivity has increased by at 
least an order of magnitude reaching values 
around 10-% mho cm?2/W. Above 100°C Jp starts 
to increase and at +150°C the crystals begin to 
decompose. 

The temperature variation of the bandgap FE as 
derived from the temperature dependence of A,,,.,, 
obeys the usual law: E = Ey—fT. The values of 
the coefficients 8 are remarkably high. We found 
for SbSBr: 8 ~ 9x 10-4 eV/degree 

SbSI 


: B ~ 15-16x 10-4 eV/degree. 


h 
i 
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Abstract—The lowering of the superconducting transition temperature of lanthanum by dissolving 
in it the rare earths Ce, Nd, Sm, Eu, Tb, Hoand Er is reported. The discrepancies regarding previous 


theoretical considerations are pointed out. 


In an earlier note®) we have shown that the super- 
conducting transition temperature, 7;, of lan- 
thanum is lowered rather sharply if small amounts 
of rare-earth elements are dissolved in it. The 
depression was essentially a function of the projec- 
tion of the spin on the lowest J state only, although 
europium is an exception to this rule.) The solid 
solutions used to illustrate this rule were those of 
a 1 atomic per cent rare-earth solution in lan- 
thanum, and deviations from the theory were 
attributed to scatter. The variation of 7, with 
the concentration of the rare-earth impurity was 
demonstrated by a continuous plot showing 7°, vs. 
the concentration of gadolinium dissolved in lan- 
thanum. 

The purpose of the present paper is to give 
these continuous plots for several rare-earth 
impurities dissolved in lanthanum (Figs. 1 (a)-(g)). 

These data have two surprising features. One is 
that cerium does not act as the above ideas would 
suggest. It lowers T, by amounts comparable to 
elements with larger electronic spin, which may be 
due to the well-known unstable situation of its 4f 
electron. The other is that neodymium lowers 7, 
by about twice the amount produced by a corre- 
sponding concentration of erbium. While we for- 
merly concluded that the depression was essentially 
symmetrical with respect to gadolinium, the 
systematic deviation from this behavior becomes 
quite apparent. Both neodymium and erbium are 
in symmetrically equivalent positions. They have 
the same absolute spin and orbital moment and 
much the same projection of S on the lowest 


Jj-state. Due to spin-orbit coupling, the effective 
moment of erbium is, however, much larger than 
that of neodymium. It is therefore rather sur- 
prising that the latter depresses the superconduct- 
ing transition in lanthanum much faster than does 
erbium. If one considers secondary factors like 
volume and mass, this effect is even more pro- 
nounced, as according to them erbium should 
lower the critical temperature even more. 

The question arises as to why a larger effective 
moment should favor superconductivity, a phen- 
omenon that has been observed before repeatedly. 
By dissolving the magnetic transition elements 
from chromium to cobalt in titantum, we have 
shown that the superconducting transition tem- 
perature of titanium is raised considerably more 
than might be expected from a variation of 
valence-electron concentration.@) Apart from 
stressing this analogy and implying that a weak 
magnetic interaction raises the superconducting 
transition, we have at present no other explanation 
for the difference neodymium and 
erbium. 

The metal samples were prepared by fusion of 
the elements and subsequent quenching in an 
argon arc furnace. The weight loss was negligible 
(<0-03 per cent) and no attempt was made to 
analyze the samples. The weight loss in europium 
was somewhat larger (<0-12 per cent) and was 
attributed entirely to evaporation. The melts were 
rapidly quenched, as is characteristic of the arc- 
furnace method. They were then cut with some 
care to minimize mechanical strains and formed 


between 
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Fics. 1. (a)-(g). Superconducting transition temperatures 
of lanthanum-rare-earth solid solutions. 
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the core of a mutual inductance for the measure- 
ment of the superconducting transition. Super- 
determining the 


conductivity was observed by 
volume susceptibility as previously described.*) 
While this method encountered no difficulties with 
the rare earths from cerium to gadolinium, the 
elements following gadolinium did not seem to 
give very reproducible data at first. This was due 

the higher melting points of terbium, holmium 
nd erbium, 


first preparing master alloys that consisted of 75 


difficulty which was overcome by 


itomic per cent rare earth and 25 atomic per cent 
lanthanum. With these the final compositions in 
lanthanun 


The superconducting transition 


1 were then prepared. 

temperatures 
re fairly sharp in most cases, with the exception 
terbium solid solutions. 

In the course of trying to improve the sharpness 
of the transitions in these terbium solid solutions, 
we found that terbium precipitated out almost 
entirely in the course of a 5-day anneal at 650°C, 
and the transition temperature reverted to that of 
pure lanthanum. This situation was reversible, 1.e. 
after remelting and quenching, the original behavior 
was restored. This was rather unexpected. Anneal- 
ing now the solid solutions of neodymium, samar- 
ium and gadolinium in the same way, we observed 
this precipitation in varying degrees in all cases. 
A lanthanum melt containing 3-5 atomic per cent 
neodymium thus lost 1-5 atomic per cent neo- 
dymium. In view of the strict isomorphism of 
lanthanum and neodymium and the small differ- 
ence (3 per cent) between their lattice constants, 
complete miscibility at almost any temperature 
would have been expected. Whether this precipita- 
tion is due to magnetic effects can only be con- 
jectured at this time. 
the 
theory": We 


recall that the theoretical evidence strongly favored 


It remains to discuss how these data fit 


based on exchange scattering. 
the view that exchange scattering depressed the 


transition temperature, not so much by reducing 


~ 


the energy gap of the superconducting state, but 


rather by reducing the free-energy difference of 
the normal and superconducting states. As a result 
the transition takes place at a finite energy gap, 1.e. 
*We wish to repeat that this method measures 

ume susceptibilities and will discriminate between 


impurities 


superconducting sample and superconducting 


SUHL 


and E. CORENZWIT 
it should be of first order. This theory also pre- 
dicted that the curve of transition temperature 
T; vs. impurity concentrations € should be convex, 
beginning with d7T,./dé = 0 at € = 0 and ending 
with dT./dé = © at T,=0. This theoretical 
result is in some doubt only near é 
small change that does occur in the energy gap 
gives some small 


0), where the 


dominates the picture and 
initial slope to the 7 vs. € curve. 
perimental evidence seemed in good accord with 


Previous ex- 


this prediction, in particular there were strong 
indications of a vertical tangent near 7, = 0.) 
The present data do not (except perhaps in the 
case of lanthanum-—europium) reach down far 
enough in temperature to confirm the vertical 
tangent. But quite aside from this, the remarkable 
linearity of most of the data seriously raises the 
question of the correctness of the theoretical pre- 
dictions. We the points that have 
occurred to us which might modify the previous 


state now 
picture. 

1. The second-order perturbation theory does 
not apply, even at modest impurity concentrations. 

2. The correct superconducting wave functions 
that should be used in the calculation do not have 
the spin-coherence properties attributed to those 
proposed by the B.C.S. theory. 

3. The indirect spin-spin interaction via the 
conduction electrons lifts the degeneracy between 
sufficiently so that an 
can arise 


different spin levels 
additional electron-electron interaction 
which has an immediate effect on the energy gap. 
Such a situation might explain the greater-than- 
usual enhancement of the S.C. transition tempera- 
ture of titanium with magnetic transition-element 
impurities of certain concentrations. 

4, Crystal field splitting of the ionic spin levels, 
if it happens to have values of order J?£/E, where 
J is the exchange integral between conduction 
electrons and f-shell electrons, and Ey is the 
Fermi energy, could similarly have a substantial 
effect on the energy gap. This would be in the 
nature of a coincidence. 

5. As already indicated, there might be modifi- 
cations of the electron wave functions due to the 
locally strong dipole fields of the ions, outside the 
range of validity of the usual perturbation theory. 
Acknowledgement—We would like to thank Mr. L. D. 
LONGINOTTI for careful preparation of the many alloys 
used in this work. 
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The limiting low-temperature behavior of the 
heat capacity of graphite* 


(Received 16 October 1959) 


DurRING the past few years there has been wide 
experimental and theoretical interest in the heat 
capacity of layer-type crystals. Particular attention 
has been directed to graphite, and measurements 
this substance have been made down to tem- 
atures of about 1°K. Recently in this journal 
Sorso and NicHo.s) reported results for 
different specimens of graphite for the tem- 
range 1-20°K. Interpretations of the 

were given in accompanying papers by 
MAN and KrRuMHANSL®) and by Komartsu®), 


the two approaches being essentially the same. The 


purposes of the present note are twofold: to show 


that there are inconsistencies in the analyses and 
interpretations of the results, and to propose an 
ilt itive approach. 
Remarks on previous work 
be well established“: 5) that in the 
50°K the heat 
yhite shows at least approximately 


T? temperature-dependence. Such a 


I rat region 15 T 


te nperature 


capacity ol gray 
behavior 
can be accounted for theoretically (see, for example 
NEWELL)), Theory also predicts that in the limit 
of very low temperatures the heat capacity should 


The 


obtained by De SorsBo and NICHOLS 


new results 


become proportional to 7 
are in accord 


blished previously in showing 


limiting temperature-dependence 
g between T2 and T°, the exact power depend- 
upon the particular specimen. BOWMAN and 
UMHANSI make 


ral rraphite (CNG) on the 


a clear distinction between 
hand and 
The 
t capacity of the former is taken to be 
lattice 


one 


‘ 


(SA-25) on the other. 


electronic and cubic 
for the larger heat 


Komatsu) also 


to account 

capacity of lampblack graphite. 

introduces the concept of stacking faults to explain 
] ] 
i 


the apparent ndence of the heat capacity of 


OI al Re earch Council 5517 


THE EDITOR 


De Sorso and Nicuos™) describe their results 
for CNG in the temperature range 1-4~-4-2°K by 


0-6 x 10-°7+4-77 x 10-®T? cal/g. atom.deg 
(1) 


and remark that the coefficient of the linear term 
(y) agrees well with that found previously by 
KEESOM and PEARLMAN) for a pile graphite. It is 
important to note, however, that the relation 
C = yT+aT* is taken to hold over quite different 
temperature ranges for the two sets of experi- 
mental results. KEESoM and PEARLMAN’S results 
depart strongly from the relation for 7>2°K, and 
their coefficient of the term in T°? is about 60 per 
cent larger. A close shows that 
equation (1) does not represent DEeSorBo and 
NICHOLS’s observed heat capacities within anything 
like their estimated accuracy (0-5 per cent between 
1-5 and 4-2°K). There are systematic deviations of 
as much as 6 per cent, and they are in such direc- 
tions as to indicate that the true graph of C/T 
against 72 for CNG is a continuous curve with an 


examination 


intercept on the axis 7’ = 0 appreciably less than 
0-6x10-° cal/g. atom.deg?. The claimed agree- 
ment of the electronic heat capacities is therefore 
illusory. In his interpretation of the heat-capacity 
results, Komatsu has been obliged to use a value 
of y of 0-22 10-° cal/g.atom.deg?, which is close 
to the value 0:3x10-° cal/g.atom.deg? derived 
from a comprehensive theoretical calculation by 
McC.iure®). Hence, the weight of evidence is for 
y to be appreciably smaller than 0-6 10-° cal 
g.atom.deg?. 

The most striking feature of the experimental 
results is the ‘‘excess’’ heat capacity of the smaller- 
particle graphites. ‘The explanation proposed by 
30WMAN and KRUMHANSL®) and by Komartsu®) 
supposes that stacking faults increase the propor- 
tion of vibrational modes excited at low tem- 
peratures. The result is an excess heat capacity 
which varies as 7 and which gives rise to a 
different value of © (Debye characteristic tem- 
perature at 0°K) for each of the specimens. While 
this explanation appears to be capable of account- 
ing for the observed heat capacities, its conse- 
quences in the limit as 7’ approaches zero have not 
been examined. The important point here is that 
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a T? contribution due to stacking faults must dis- 
appear and the total lattice heat capacity go to a 
T? dependence in the limit; this cannot be seen 
unambiguously in the graphs of C/T against T?. 
It will be shown below by analyzing the results in 
a different way that the 7? term remains and there- 
fore that the previous interpretations cannot be 
correct. 
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Fig. 1 is a graph of C/T? against T for the 
experimental results tabulated by De Sorso and 
NicHoLLs® and by Kegsom and PEARLMAN‘), 
The curves representing the different specimens 
are remarkably similar and asymptotically approach 
a consistent limiting heat capacity of the form 


Cy = aT?+bT?, 





7, °K 
Fic. 1. A graph of C/T? against T for different specimens of graphite. 


/\—lampblack graphite (SA-25) 
@—pile graphite (H—CS-II) 
(C—natural graphite (CNG) 
KEESOM and PEARLMAN(?) 


[_ |—pile graphite. 


A new interpretation 

It is instructive to analyse the data in terms of a 
graph of C/T? against 7. If the electronic contri- 
bution to the heat capacity is appreciable, it will 
be emphasized in a dramatic way by a sudden 
upward rise of the graph as T approaches zero. If, 
however, the electronic contribution is not ap- 
preciable, the limiting behaviour of the 7? term 
will be clearly brought out. If the explanation of 
BowMaN and KruMHANSL®) and Komatsu®) for 
the excess heat capacity of the smaller-particle 
graphites is correct, C/T? should go to zero at 
T =0°K. Of course, a combination of contri- 
butions due to an electronic term and to stacking 
faults could complicate the limiting behaviour, 
but this should be immediately apparent from a 
lack of regularity in the results for different 
graphite specimens. 


L 


NICHOLLS‘) 


ie SorBo and 


in which the coefficient a is essentially the same for 
all of the specimens. The contribution in T? 
clearly remains in the limit and must therefore 
have a different origin from that suggested by 
BowMAN and KRUMHANSL®) and by Komartsu®). 
An obvious alternative is that the contribution 
arises from a boundary effect such as has been 
discussed by Montroi_”). For the graphitized 
lampblack specimen for which BowMaNn and 
KRUMHANSL®) estimate the mean particle size 
to be about 100A, we obtain )~1-0x10-5 
cal/g. atom. deg®; this is to be compared with 
b~2-5x 10-5 cal/g.atom.deg?® taken from Fig. 1. 
The agreement is satisfactory, since the value of 5 
calculated on the basis of MONTROLL’s theory may 
be in error by as much as a factor of two, 
Essentially the same calculation was done by 
BOWMAN and KRUMHANSL (Ref. 2, p. 378), but 
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they discounted the particle-size effect because 
“the ‘surface’ modes would not predominate over 
the volume modes unless 7’ were below about 
yg igh 

While the comparison of absolute values is satis- 
factory for the graphitized lampblack, there are, at 
first sight, difficulties with the other specimens. 
The average dimension of the pile-graphite crystal- 
lites was estimated to be 200-300 A, and so we 
should expect 6 for these specimens to be at most 
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apparent discrepancies in the particle-size effect 
can be removed by introducing a small electronic 


term.* 

Fig. 2 is a graph of (C—y7)/T? against T for all 
of the results, where we have assumed the value 
y =0:3x10-5  cal/g.atom.deg? obtained from 
theory.8) This small modification is enough to 
remove the inconsistencies in interpreting the T? 
contribution to the heat capacity as a boundary 
effect. In particular, no boundary effect is now 





“x 


Fic. 2. A graph of (C—yT)/T? against T for different specimens of graphite with 


Y 0-3 


about one-quarter of that for graphitized lamp- 
black. Fig. 1 indicates that it is more nearly one- 
half. Also, the heat capacity of natural graphite 
(CNG) appears to show an appreciable particle- 
size effect, and this cannot be reconciled with an 
estimated average crystal size of 60—100u. Now, in 
the immediately foregoing discussion the electronic 
contribution to the heat capacity has been totally 
neglected. It is true that no upward curvature of 
the graph of C/T? as T approaches zero can be 
seen in Fig. 1, but this does not rule out the 
possibility that there is a small electronic contri- 
bution. In fact, calculation shows that results well 
below 1°K would need to be obtained before a con- 
tribution corresponding to y = 0-3x10- cal 
g.atom.deg? could be seen unambiguously. We 
have therefore investigated whether or not the 


10-° cal/g. atom deg”. Symbols as in Fig. 1. 


observed in the heat capacity of the natural graphite, 
and the coefficients of the 7? terms for the small- 
particle graphites are approximately proportional 
to the estimated specific surfaces of the specimens. 
Also, the identity of the coefficients of the T? terms 
for the different graphites is unaltered. The lighter 
lines in Fig. 2, which represent the limiting slopes 
of the curves drawn through the experimental 
6:27+0-06 x 10-6 cal/g.atom.deg4, 
420-+410°K, 


points, give a 
which corresponds to @po 


Summary 
Previous interpretations of the low-temperature 
heat capacity of graphite have been critically 
examined and shown to contain inconsistencies. 


* This was suggested to us by Professor KRUMHANSL. 
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By a different analysis of the available experi- 
mental results, it has been demonstrated that the 
limiting low-temperature heat capacity of graphite 
can be represented by 


C = 0:3 x 10-5T+6-27(+0-06) x 10-672+467? 
cal/g.atom.deg, 


where 57? represents the effect of particle size on 
the heat capacity. It is therefore evident that, 
contrary to previous work, no special effects need 
to be invoked to describe the low-frequency part 
of the lattice-frequency spectrum of graphite. The 
“bulk” properties of different graphite specimens 
are identical within experimental uncertainty. 

The existence of the effect of particle size on the 
heat capacity complicates the usual type of analysis 
in terms of C/T against T? for the electronic con- 
tribution to the heat capacity. While it turns out 
that an accurate value of y cannot be obtained 
directly from the existing experimental results for 
graphite, the results are consistent with y = 0-3 x 
10-5 cal/g.atom.deg? which has been obtained 
from theory. 
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Absorption edge in f-silicon carbide 


(Received 18 September 1959; 
revised 30 October 1959) 


THE optical absorption of a B-SiC crystal has been 
measured at 20°C in the range 2-3-2-9 eV. The 
single crystal used was from a lot grown by the 
KENDALL“) method. X-ray powder pattern analysis 
of this lot showed that it consisted entirely of the 
cubic modification. The sample was sectioned and 
polished to give a plate approximately 0-3 mm 
thick and 2mm in dia. Transmission spectra of 
this specimen were taken at three successive thick- 
nesses (0-257, 0-174 and 0-113 mm) produced by 
polishing. The sample was polished by standard 
methods, but the faces were parallel only to within 
+3 per cent. Thicknesses were measured with a 
calibrated microscope. 





500 
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Fic. 1. Absorption spectrum of B-SiC. 


Spectra were obtained by means of a Leiss 
single-prism monochromator, an RCA 7265 high- 
gain photomultiplier tube and a General Radio 
electrometer. The resolution was about 0-01 eV 
in the region studied. The region from 2-3 to 2-5 eV 
was not studied for the largest sample thickness. 

From the relation 7 = F(R)exp(— Kt), where 
T is the transmissivity, /(R) a function of the re- 
flectivity R, K the absorption coefficient and ¢ the 
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sample thickness, it is seen that a plot of In T vs. t 
for a given incident photon energy gives a straight 
line of slope K, the absorption coefficient at that 
photon energy. Values of T were read from the 
transmission curves at intervals of 5mp. The 
slopes of the straight lines obtained in this manner 
determined the absorption curve in Fig. 1. 

In order to estimate the value of the energy gap 
Eg, an extrapolation of the absorption curve to 
K = 0 was made. Kosayasi’s®) recent calculation 











24 25 


Photon energy, ev 


Fic. 2. Cube root of the absorption coefficient vs. photon 
energy. 


of the energy-band structure of §-SiC suggests 
the presence of indirect transitions.) If such 
transitions do occur, then extrapolation of a plot 
of either K1/2 or K!/8 vs. hy offers a method of 
estimating Eg. Since the plot of K1/2 vs. hy was non- 
linear, an extrapolation of the linear plot of K1/% 
vs. hv was used. This is shown in Fig. 2, and it is 
seen that the intercept on the /Ay-axis is 2:24 eV. 
A value of 2-2 eV is therefore suggested for the 
optical band gap. The estimated experimental 
error is + 0-1 eV. 

This value may be compared with the result 
given by PoHL"), based on electrical measure- 


ments, that Eg = 1-°904+0-10 eV. Ley and 
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KROGER®) report Eg~2-8 eV, based on a room- 
temperature transmission curve which shows a 
440 my cut-off. Although PHiLipp® gives no value 
for Eg, he reports K 100 cm-! for Av = 2-62 
eV, which agrees well with the value of 2-68 eV 
from Fig. 1. The calculated value) of the long- 
wave limit of indirect transitions is 2-2 eV. 

The resolution was insufficient for the detection 
of possible fine structure) in the absorption edge 
due to indirect transitions. There is no break in 
the curve suggestive of the onset of direct transi- 
tions, which Kopayasr®) calculates will take place 
at a photon energy of 6-3 eV. Further work at 
higher resolution and larger values of K will be 
valuable in connection with these questions. 
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The temperature-dependence of electron 
spin-lattice relaxation times in ruby 


(Received 12 November 1959; revised 9 December 1959) 


THE spin-lattice relaxation time, 7), for the Cré+ 
ion has been measured as a function of temperature 
in single crystals of ruby at 9-3 kMc/s. The energy 





* The author would like to thank the referee for bring- 
ing this paper to his attention. 
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states for the Cr°+ ion in this case can be described 
by the spin Hamiltonian” 


H = D S?+Blg,Hi+g (H2+Hy)—1/3 S(S+1)] 


with g, = 1-982, g, = 1-979 and D=0-1912 
cm~!, ; 

Values of 7; were obtained by observing the 
signal saturation as the microwave power incident 
on the cavity was increased.) Measurements were 
made on the 2-+3 transition with the magnetic 
field at an angle of 50° to the trigonal axis. The 
energy levels are numbered from lowest to highest 
energy values and are shown in Fig. 1 for this 
orientation. Measurements the 


were made in 
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indicate that at very low temperatures the energy 
exchange involves a single lattice phonon with a 
frequency equal to the electronic frequency. 
The predicted temperature-dependence of the 
relaxation time for this process is 1/7. As the 
temperature is raised, more high-frequency lattice 
oscillators are excited, and a double phonon, or 
Raman-like interaction, dominates as the relaxa- 
tion mechanism. This is expected to give rise to a 
stronger temperature-dependence for 7). The 
present work was undertaken to determine at what 
temperature the Raman process begins to domin- 
ate the single-phonon one. 

Previous measurements“) on the more heavily 
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H (GAUSS) 
Fic. 1. Energy levels of the Cr*+ ion in AloO3 for @ = 50°. 
The arrow indicates the transition observed. 


temperature region 77~300°K with crystals con- 
taining 0-65 and 0-055 per cent CreO3. ‘The widths 
between inflection points of the unsaturated 
absorption curves, for the two concentrations, 
were 5() and 20 G respectively. The detector crystal 
was maintained at a fixed operating point by means 
of a pair of calibrated attenuators. Samples were 
cooled by conduction through a sapphire rod in 
contact with a constant-temperature bath, the 
temperature of the sample being measured by a 
thermocouple. 

Van VLECK®) has considered the spin-lattice 
relaxation of electronic states by means of spin- 
orbit coupling and lattice vibrations. His results 


doped sample at 4:2 and 77°K indicated a 1/T- 
dependence in this region. Other measurements) 
on ruby in the liquid-nitrogen region also showed 
a 1/T-dependence for 7). The measurements re- 
ported in the present work are shown as the points 
plotted in Fig. 2, along with the theoretical tem- 
perature variation. The previously determined 
1/T dependence was fitted to the value of 7; at 
77°K. The slope of the steeper curve, correspond- 
ing to a dominant Raman process, was obtained 
by numerical integration of VAN VLEcCK’s®) tem- 
perature-dependent factor for a Debye temperature 
of 980°K. The ordinate of the curve was fitted to 
the measured value of 7; at 240°K. Both crystals 





166 LETTERS TO THE 


show reasonable agreement with the expected 
Raman temperature-dependence. The results indi- 
cate that for ruby the Raman process is dominant 
at temperatures greater than approximately 150°K, 





© 65% Cr, 0, 
A 055 % Cr, 0, 


Fic. 2. Experimental and theoretical temperature-de- 
pendence of electron spin-lattice relaxation times in 
ruby. 


the single-phonon process being dominant below 
this temperature. The fact that the Raman process 
is the dominant one over only a portion of the 
region between 77 and 300°K explains the relatively 
slow dependence for 7; based on measurements 


made at these points, namely 
Tx 1/T?45, 


If the Raman process were dominant over the 
entire region, one would expect 


Ty 01/T®°, 


The results of this work are in disagreement 
with measurements made by PASHININ and PRoK- 
HOROV®), They published values of 7; for ruby at 
77 and 300°K which indicate 7)0c1/763, Their 
measurements were made on the 2—>4 transition 
for g = 0°. Although it is known that 7} is orienta- 
tion-dependent, there is evidence that the tempera- 
ture-dependence is only slightly if at all dependent 
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upon orientation.) Measurements) made on our 
more heavily doped crystal for the same orienta- 
tion, transition and temperature as those PASHININ 
and PRoKHOROV used are in agreement with the 
results reported here and in disagreement with 
their results. 

It should be noted that the concentration-de- 
pendence of 7) is not explained by VAN VLECK’s 
theory. Since there is a concentration-dependence 
even at temperatures approximately one-third of 
the Debye temperature, it is not reasonable to 
associate the dependence with a phonon “‘bottle- 
neck”’.(?) It seems that the energy exchange be- 
tween the electron and the lattice must itself de- 
pend upon the concentration of the paramagnetic 
impurity. 

R.C.A. Laboratories R. E. MICHEL 
Princeton, N. ]. 
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Neutron-diffraction Study of TizO3* 
(Received 1 October 1959; revised 9 November 1959) 


IN recent years an extensive study has been carried 
out on the magnetic properties of rhombohedral 
sesquioxides such as «—FesO3 and CroOg3 and the 
antiferromagnetic ordering of these compounds 
was determined by neutron-diffraction analysis. 
Among several other isomorphous compounds of 


* This work was carried out in part at Brookhaven 
National Laboratory under the auspices of the U.S. 
Atomic Energy Commission and the National Security 


Agency. 
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the corundum-type structure, TigO3 and V2O3 were 
reported to be antiferromagnetic. The magnetic 
properties of TigOg were investigated thoroughly 
by Pgarson”), and the general increase of the 
susceptibility with the temperature was interpreted 
as an indication of antiferromagnetic ordering at 
room temperature. The existence of a phase 
transition near 200°C was indicated by a sudden 
increase in the susceptibility and by a rapid change 
of lattice constants in the same temperature range. 
PEARSON pointed out that the change of suscepti- 
bility near 200°C is similar to that found in 
a—Fe2O3 at —20°C, where a change in the direc- 
tion of the magnetic axis takes place. Morin®), 
on the other hand, considered this phase transition 
as the Néel point because of the large change of the 
electrical conductivity observed. 

A neutron-diffraction study of ‘TigOs 
initiated in order to give positive evidence of the 
antiferromagnetic ordering. Approximately 30 g 
of ‘TizO03 powder were prepared by Dr. W. D. 
JouHNsTON, of the Westinghouse Research Labora- 
tories, by reduction of TiOQ2 with titanium metal. 
The reducing power of Ti?+ in the compound is 
99-1 per cent of the theoretical value, and the 
lattice constants are in good agreement with those 


was 


given by Pearson. The general tendency of the 


temperature-dependence of the susceptibility 
agrees with the previous report.) 

Neutron-diffraction data were obtained at 295 
and 4-2°K. No noticeable difference was observed 
between the two sets of data. No peaks were 
observed at (111) and (100), which should be 
entirely magnetic in origin. The observed inten- 
sities can be explained quite satisfactorily by 
assuming positional parameters of u = 0-345 for 
titanium and x = 0-565 for oxygen. ‘These values 
were obtained by the single-crystal X-ray measure- 
ments.) It can be concluded that the magnetic 
intensities, if they exist, must be quite weak. 

The maximum magnetic moment for an anti- 
ferromagnetic ordering can be estimated from the 
observable limits of our powder intensities on (111) 
(110) and (110). We consider three probable 
models for the antiferromagnetic ordering, pro- 
posed by SHULL et al.(4) for «—Fe2O3, which can 
be obtained by changing the sequence of the sign 
of the Ti?+ moment along the rhombohedral axis 
as (++——), (+—+-—) and (+——+). From 


our experimental accuracy it can be concluded 
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that the moment of Ti?+ must be smaller than 
0-5ug for any spin direction, if we consider the 
three models with a single spin axis. 

Preliminary measurements were also carried out 
with single crystals. The crystals were rotated 
around the [110] axis, and the intensities at (111), 
(100) and (110) were compared with the intensities 
at (222), (200) and (220) respectively. Because of 
a probable extinction effect and the contamination 
of half wavelength, the existence of weak magnetic 
intensities could not be ruled out at present. How- 
ever, the maximum value for the possible moment 
can be set at 0-3 ya. 

Since the expected value of the magnetic 
moment of ‘Ti+ is 1 ~g, our experimental results 
indicate either that TigOg3 is not antiferromagnetic- 
ally ordered or that, if it is ordered, the moment 
must be reduced considerably. Very recently, 
GooDENOUGH™) has proposed a theory based upon 
direct cation—cation interactions which explains 
the transition near 200°C as a result of an ordering 
of electrons into a covalent-type bond. This theory 
predicts that the localized atomic moment of 
TigOg3 is extremely small and that long-range anti- 
ferromagnetic order may exist only at very low 
temperatures. Our results are compatible with this 
bonding theory of GOoDENOUGH, which is also 
supported by the recent susceptibility measure- 
ments on TigO3 single crystals by Carr and 
Foner). It may be interesting to note that a 
neutron-diffraction study of V2Os, recently carried 
out by PaoLetti and Pickart), did not give any 
positive evidence of antiferromagnetism. 
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properties and for providing the magnetic data. We are 
also indebted to Dr. J. B. GooDENOUGH for the com- 
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results. 
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Jonctions de germanium p-” plastiquement 
deformees 


(Received 4 September 1959) 


Les jonctions de germanium p-n en polarisation 
inverse présentent souvent le phénomeéne dit 
“claquage doux”’ (soft breakdown); ce phénoméne 
peut, dans certains cas particuliers, étre attribué a 
des effets de surface; dans les autres cas il ne 
semble pas qu’une explication satisfaisante ait été 
proposée. Les expériences deécrites ci-dessous 
montrent que les dislocations peuvent, au moins 
dans certains cas, étre responsables de ce phéno- 
mene. 

Dans un cristal de germanium p-n obtenu par 
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tirage on a découpé deux bAtonnets identiques 
dans une région du cristal pratiquement exempte 
de dislocation; la caractéristique inverse de la 
premiére jonction a été mesurée a trois tempéra- 
tures fixes 78, 195 et 273°K (voir Fig. 1); le cou- 
rant inverse bien saturé est en bon accord avec les 
théories de la jonction p-n;"-%) le claquage est 
brusque (abrupt breakdown) et en bon accord avec 
les résultats connus de |’avalanche par multiplica- 
tion; > 5) ona vérifié que le photo-courant est a peu 
prés multiplié dans le méme rapport. Le deuxieme 
batonnet contenant la jonction a été déformé 
plastiquement a 600°C par flexion entre deux 
formes de quartz d’un rayon de courbure de 5 cm; 
le nombre de dislocations introduites au niveau de 
la jonction est de l’ordre de 10.000; les caractéris- 
tiques inverses de cette deuxieme jonction, 
mesurées aux mémes températures (78, 195 et 
273°K) sont portées sur la Fig. 1; on peut faire les 
constatations suivantes : 


I] ressort de ces expériences que des dislocations 
au niveau d’une jonction p—m introduisent un 
courant excédentaire, croissant trés rapidement 
avec le champ électrique de la zone chargée et a 
peu pres indépendant de la température; il est 
naturel de penser que ce courant est di a une 


émission de champ interne; deux mécanismes 
les charges électriques dues a 


semblent possibles : 
des électrons ou des trous piégés au voisinage des 

















Ampére 


Fic. 1. Caracteristiques inverses de deux jonctions de germanium a différentes températures : 
273°K; les courbes en trait plein correspondent a une jonction exempte de dislocations, 


195°K, 


_178°K, 


les courbes en traits interrompus a une junction plastiquement déformée et contenant environ 10.000 
dislocations. 





LETTERS TO 


dislocations peuvent créer des zones oti le champ 
électrique local excede nettement le champ élec- 
trique moyen de sorte que se trouvent localement 
remplies des conditions favorables 4 un effet 
tunnel a travers la bande interdite (effet Zener). 
Il existe une autre possibilité : le champ de con- 
traintes de la dislocation peut entrainer locale- 
ment une diminution de la bande interdite® qui 
rend possible un effet Zener avec la valeur moyenne 
du champ électrique qui regne (environ 10° V/cm). 
Des expériences plus completes sont en cours 
pour préciser ce phénoméne et décider quel est le 
mécanisme effectivement responsable; ces ex- 
périences feront l’objet d’un prochain article. 
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p-i-n JUNCTION IN THE ANODIC OXIDE FILM OF 
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(Received 25 February 1959; revised 28 Fuly 1959) 


Abstract—For the purpose of clarifying the structure of anodic oxide film of tantalum, photo- 
effects and variation of capacity with applied bias potential were studied for relatively thin anodic 
oxide films. From the results it is concluded that a p-7—n junction is formed in the oxide film. The 
construction of junction is as follows. In contact with the base metal there are very thin n-layers, 
and on the layers there lie nearly stoichiometric 7-layers. The surface p-layers lying above 7-layers 
are also very thin. The thickness of the i-layers is proportional to the anodization voltage, and the 
thickness of the extrinsic layers is nearly independent of the anodization voltage and may be in the 
range of 20-50 A. The donor levels consist of excess tantalum atoms and the acceptor levels consist 
of excess oxygen atoms (or defects of tantalum atoms) as well as adsorbed oxygen on the oxide 
surface. Due to nearly amorphous structure of the oxide, the recombination rate of injected carriers 
is high in the junction. Coincidence between the theory of p-i—m junction and the experimental 


results is quite good. 


INTRODUCTION 
THE capacitor action®) and the rectifying 
action—5) of anodic oxide film of tantalum are well 
known. Lately we found that the solid Ta capaci- 
tor,) obtained by evaporation of some semi- 
conductors such as germanium upon anodized 
tantalum foil, has nearly the same capacity as that 
of the electrolytic Ta capacitor generally used. Due 
to the fact that the capacitor contains no electro- 
lyte, it can be used in the wide temperature range, 
viz. —200°C to +200°C. The other properties of 
the capacitor, such as the rectifying action, the 
break down voltage and the variation of capacity 
with applied bias potential, are also nearly the same 
as those of the electrolytic Ta capacitor. This 
suggests that these properties come from the 
anodic oxide film, but not from the contact zone 
between the oxide surface and the electrolyte. In 
the literature we find tentative explanations of the 
mechanism of rectification of the anodic oxide film 
of Ta, viz. the existence of p—n junction,®@) the 
Mott-Schottky theory,®) the existence of trapped 
ionic space charge") and local rectification at iso- 
lated area due to the imperfections of the oxide 
film.) 
With the purpose of presenting a view that the 


M 


rectifying action takes place as the natural con- 
sequence of the inner structure of the film, studies 
were carried out on the photo-effects and on the 
variation of capacity with applied bias potential. 
These phenomena cannot be explained with the 
simple model) that the electrolytic Ta capacitor 
consists of T'a base metal, dielectrics of Ta20O5 and 
the electrolyte. The obtained results suggest 
strongly the existence of the space charge in the 
oxide due to excess T'a atoms (donor levels) at the 
innermost region and also to the excess oxygen 
atoms or defects of Ta atoms (acceptor levels) at 
the surface region. Between the extrinsic regions 
there is a nearly stoichiometric region, whose thick- 
ness is proportional to the anodization voltage. 
In our experiments, relatively thin films of 


anodic oxide were used (usually less than 500 A). 
The photo-voltaic effects and the variation of 
capacity were observed more clearly for thinner 
films than for thicker films. This effect of film 


thickness is reasonable, because the extrinsic 
regions are very thin, the intrinsic region is 
relatively thick and the recombination rate of 
injected carriers in these regions may be high 
due to nearly amorphous structure of the oxide 


film. 
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EXPERIMENTS in the direction of hard flow (the Ta electrode 
positive and the Pt electrode negative). The 
positive 5¢ in the figure represents photo-voltage. 
The observed value of Jz at a given 4¢ is pro- 
portional to the intensity of irradiation. Thus J, 
under the irradiation of ultra-violet light having 
intensity Z (arbitrary unit), can approximately be 


expressed by 


ion of samples 
foil of 0-5 mil thickness (product of 
Metallurgical Co., purity>99-9 per 
nsed in acetone and anodized at 10 V. 


ation, the foil is dipped into 20 per cent 


ric acid in order to remove the anodic 
Che foil is again washed and anodized 
m borate solution for 24 hr. The re- Tr, = L(bo+64)/K, (1) 


film has small leakage current at the 


il 


where the constants, K and do, are independent of 
pH of the solution, and the value of K (resistance 
of the oxide at unit intensity of irradiation) in- 
creases with the increase of thickness of the oxide 


nodization voltage (<0-O0luA/cm?); its 
mined with an electron microscope, is 
as that of chemically polished Ta foil. 
ly observed by VERMILYEA®) and 


Ta foils having rough surface was film. 


By irradiating the foil with monochromatic 
ultra-violet light from Beckman Model D-U 
Photometer, the threshold wave length of the 
photo-current is found to be (3400+100)A, 
corresponding to ca. 3-6 eV. The threshold wave 


rved. For the purpose of comparison, 
p lished foils were also used 1n some 
following experiments. The results obtained 


st the same in both cases. 


length of the photo-voltage is nearly the same 
(about 3000 A, i.e. 4-1 eV). From the directions 
of the photo-voltage and photo-current, photo- 
emission of electrons from the Ta metal should 
be excluded. Further, the facts (i) that the slope 
of plots of J; versus Av of the impinging photons 
is very steep (see Fig. 11) and (ii) that the absorp- 
tion coefficients of the oxide for ultra-violet light 
having wave length less than 2800 A are more than 
105 cm~!, suggest that the energy of 3-6—4-1 eV is 


tape 
ils, anodized at +40 V, are immersed in 
s contained in a quartz vessel with a 

n reference electrode, and irradiated with 
let light of Hg vapor lamp. The pH 
the electrolytes are varied in the range 
ising HeSO4, NaOH and ammonium 
absorption coefficients of the solutions 
ra-violet light are very small and can be 
[he foil shows photo-current (/;,)@9-14) 
to-voltage (Vpnoto)@!—!*. A typical 
‘f the relation between /;, and the applied 
ntial (6d) is shown in Fig. 1 for a Ta foil 
1 at 10 V. According to the notations 
ised in the p-m junction theory, o¢ is 


attributed to the energy gap of the oxide. (19) 
The measurements of the voltage, which was 
observed between the Ta and the Pt electrodes 
with and without irradiation of ultra-violet light, 
were made with a vacuum tube voltmeter, whose 
be negative when the potential is applied input impedance is é*iegl than Lona. When the 
'a foil—from which the oxide film formed by the 


action of air is removed by hydrofluoric acid just 


SP (volts . ‘ia | 
om before the measurement 1S immersed in an 


-— \ p electrolyte (1N H2SO,), the Pt electrode shows 
positive potential (Vreact) of about 0-8 V relative 
to the Ta electrode due to electrochemical reaction 





- |! between the Ta metal and the electrolyte.(® 

Pa os Vpnoto is not observed on irradiation. When the 
| circuit between the two electrodes is closed, 

electric current flows between the electrodes and 

- 10 reaction proceeds forming oxide layers on the Ta 
metal. Then Vyeact becomes smaller, and small 
V photo appears. In a few days Vyeact reduces nearly 


of anodized Ta foil caused by : ( 
to zero and Vpnoto of about 1 V is observed. 


irradiation of ultra-violet light. 
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With Ta foils, anodized at a voltage larger than 
1 V, Vreact is always zero. The open circuit Vpnoto 
of the anodized Ta foils immersed in ammonium 
borate solution (pH = 6-0), was measured. Vpnoto 


of a foil, anodized at 10 V, at time ¢ (V+) are given 
in Fig, 2 as a function of the duration of irradiation 











25 50 
t in minutes 


Fic. 2. Variation of photo-voltage (in V) with time <¢ 
various intensity of light (arbitrary unit) at 24°C. 


for various L. The magnitude of Z, expressed in 
terms of the photo-current of the Ta foil at 54 

—2 V, was 0-005 vA ~ 3 wA/cm?. V; at constant L 
increases with time and finally reaches a maximum 
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Fic. 3. Relation between Vm (in V) and L (in log scale) 
at 20°C. 


saturation value Vm. The relation between V’», and 
logiol. is given in Fig. 3. The observed maximum 
values of Vy, were 1-2-1:3 V for Ta foils ano- 
dized at 5-20 V. The slope of the line in 
Fig. 3 is about 2:3x2kT/q (= 0:12 V at 
room temperature), where k is Boltzmann’s con- 
stant, 7’ is absolute temperature and g is the 
electronic charge. The temperature dependence of 
Vm at constant LZ. is given in Fig. 4. 
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Fic. 4. Temperature dependence of Vm at L 


0-08. 
When the irradiation is carried out without 
external application of negative 5¢, Vm at a given 
I. and T does not change with the duration of 
irradiation of large intensity for 100 hr. After the 
irradiation, the thickness of the film is 
determined by means of interference colour and 
capacity of the foil, and is found to remain almost 
unchanged compared with the original value. It is 
known that the abnormal growth of the oxide film 
thickness takes place when anodized Ta foil is 
irradiated with ultra-violet light at the bias of 
large negative 562-14), especially when 46¢4%is 
nearly equal to the anodization voltage. In the 
experiments of photo-current at 6¢ = 0 and of open 
circuit photo-voltage, however, the irradiation has 
always been carried out without externally applied 
field, and the film growth, 1.e. the reaction between 
the Ta metal and the electrolyte through the oxide 
film, does not take place or, at least, can be neg- 


oxide 


lected. 

The measurement of photo-voltage was carried 
out in the pH range 1-13. It was found that for all 
solutions the relations between V; and ¢ show 
little difference and the slope of Vi, versus In is 
always 2kT/g. The values of Vi, at constant L and 
T remain unchanged in the pH range 1-10 (Fig. 
5). When pH exceeds 10, Vin decreases with the 
increase of pH. 
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t is clear that the anodic oxide film is responsi- 
to the photo-voltaic effects. The facts that, (i) 
5¢é is positive, no noticeable reaction takes 
between the metal and the electrolyte, (ii) the 
ifying action of anodized Ta foil immersed in 


Lili? 


ectrolyte is nearly the same as that of the Ta 


() }+-e 6 +— 5 ——0 —+-—6-6, 


L=05 ™ 








i Vm with pH ol the electrolyte at 20°C. 


foil, on which thin germanium film is evaporated 
as an electrode and (iii) there is little correlation 
between the photo-effects and pH of the solution, 


suggest that J; at positive 64 and Vppoto are due 
I phot 


to the inner structure of the oxide film, viz. space 
charge existing in the oxide film,* and that the 
electrolyte does not play an important role. 

In the anodic oxide film of Ta, the mobility of 
electron will be low and the recombination rate of 
injected carriers will be high, because the oxide 
structure. The 


71 


has ionic and nearly amorphous®!)) 
observed slope of 2kT/g (Fig. 3) suggests that the 
oxide film has a p-i—n, n*-n (where n* is heavily 
doped n-type Ta2O5)t or similar structure, where 
relatively fast recombination of injected carriers 
takes place in the transition region of the junction. 
It is known that the observed maximum V ppoto of 
p-n junction of Ge or Si at room temperature is 
about one half of Ey of the semiconductor used. @2) 
The maximum values of Vpnoto of Ta foils ano- 
dized at 0-20 V (that is, the thickness of the oxide 

+ It was shown by Mott") that the photo-voltage is 


when there is space charge in the semi- 


by 


observed only 
r and when the semiconductor is irradiated 
which energy is greater than the band gap. 
space charge in anodic oxide film of Ta has 
Harinc"), APKER and 


and by Younc'° 


conduct 
the light of 
Existence of 
been suggested by 
DEWALD 

< The n*—n structure has been suggested by several 


authors 


Tarr?) | 


film is in the range 100-500 A) are 1-1-3 V. Thus 
the difference between the electrostatic potential 
of the innermost oxide layers and that of the sur- 
face oxide layers in thermal equilibrium may be 
greater than 3 eV, and it seems more reasonable to 
assume p-i—n junction than to assume 2*—n junc- 
tion. If such a junction really exists, variation of 
capacity with applied bias potential and rectifying 
action are expected for the anodic oxide film. 


(c) Variation of capacity with applied potential 
The variation of capacity C of electrolytic Ta 
capacitors, anodized at 6-40 V, as well as that of 
the solid Ta capacitors with applied bias potential 
were measured with a.c. bridge. The fluctuation 
of the observed value of capacitance at 64, C34, 
lies within 0-02 per cent. An example of the re- 
lations between 66 and C3, and between 5¢ and 


o— C5 


—x— Ig, 
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Fic. 6. Variation of capacity Cs3g/cm? and of electric 
current Is d cm? of an electrolytic Ta capacitor anodized 


at 10 V with applied bias potential (6¢) at 20°C. 


electric current J;, is shown in Fig. 6 for an 
electrolytic Ta capacitor anodized at 10 V. When 
5¢ is negative, the decrease in capacity with 8¢ is 
relatively small. If 5¢ is positive, especially when 
6420-9 V, large increases in Cy, and Is, are 
observed. 

Ta foil generally used is known) to contain 
non-metallic inclusions of appreciable size. VER- 
MILYEA®) has reported that when Ta foils having 
thick oxide films (1750 A thick) are used, rectifica- 
tion occurs principally at singularities in the 
surface, presumably at such inclusions. The same 
experiment was carried out for thinner oxide films 
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by using mercury wetted copper contact of small 
area. It is found that the rectifying action is clear 
for the thin oxide films, especially when the 
anodization voltage is less than 10 V. Forward 
current in the range of 1-3 x 10-9 A at 56 =+2-6V 
and backward current of less than 10-1°A at 
d5¢ = —2:-6 V are observed for Ta foils anodized 
at 6 V at any point on the oxide surface. The re- 
sistance in the easy flow direction increases with 
the increase of film thickness, and the rectification 
becomes indistinct for 'T'a foils anodized at a volt- 
age greater than 20 V. The same result was 
obtained for chemically polished Ta foils. If we 
assume the existence of p-7—n junction in the oxide 
film, the large increase in Jj, and in Cy, at positive 
5 can easily be explained by the conductivity 
modulation and by the addition of diffusion capaci- 
tance caused by carrier injection. The observed 
large resistance in the easy flow direction, which 
increases with the increase in film thickness, is also 
explainable, because low mobility of current 
carriers and high recombination rate of injected 
carriers are expected in the 7-region, whose thick- 
ness increases with the increase of anodization 
voltage. 

The variations in Cy, and [5,4 of the solid Ta 
capacitor are also found to be nearly the same as 
those of electrolytic Ta capacitor. When 64 <0, 
the change of capacity of the two capacitors is the 
same. When 5¢>0 and its absolute value is small 
and the duration of observation is short, the 
capacity of the solid ‘Ta capacitor increases in the 
same way as shown in Fig. 6. The capacity, how- 
ever, decreases unsteadily with the lapse of time 
due to destruction of very small patches of the 
oxide film. When 6¢>5 V, the solid ‘Ta capacitor 
undergoes often complete shortening. So the value 
of capacity of the solid Ta capacitor for 64>0 
cannot be determined exactly. 


DISCUSSION 

(a) p-i—n junction model 

There are different views on the structure of 
anodic oxide film of 'Ta, especially on the existence 
of space charge(4,5-11,18-20,24~26) jn the oxide 
due to concentration gradient of excess tantalum 
ions or of excess oxygen ions. From the experi- 
mental results of the photo-effects and of the 
variation of capacity with 44, p-7—n junction is 
expected to be formed in the anodic oxide film. 


CABRERA and Mott” have suggested that local 
thermodynamic equilibrium exists at the metal- 
oxide interface and at the oxide—oxygen interface. 
If the oxide can dissolve excess metal atoms, the 
oxide layers adjacent to the metal would become 
n-type semiconductor, and if the oxide can dissolve 
oxygen, the surface oxide layers would become 
defect type, i.e. p-type. As TagO5 is known to be 
the semiconductor of n-type having very large 
specific resistivity, °8) it may be expected that the 
n-region exists adjacent to the metal. During the 
course of anodization, however, the concentration 
of adsorbed oxygen ions at the oxide surface is 
very high, and it might be assumed that the surface 
region is p-type. The structure of the oxide film 
would be determined by the behavior of carriers 
of anodizing current in the course of anodization. 
Three theories have been proposed to explain the 
experimental results(?> 12, 24-26, 29-30) of anodiza- 
tion, viz. (i) theory by CaBRERA and Morr”), (11) 
by DewaLp"®) and (iii) by BEAN et al.°)), Assum- 
ing that the current carriers in the anodization 
process are interstitial Ta ions, the last two theories 
predict the presence of n-layers adjacent to the base 
metal due to excess Ta atoms and that next to the 
n-layers there lie nearly stoichiometric oxide layers. 
The surface p-layers might be formed if the 
anodizing current is also carried by oxygen ions or 
if a large number of oxygen atoms or ions are 
adsorbed on the oxide surface. 

In the intermediate region of the oxide film 
between base metal and oxide surface, the con- 
centration of the impurity levels may be scarcely 
influenced by the presence of base metal and of 
electrolyte.27) The concentration would be very 
low because T'agQO5 is generally a good insulator. 
Thus, we will assume that a p—7—” junction exists 
in the anodic oxide film, and will discuss the 
experimental results in the light of p-7—n junction. 


(b) Capacity of p-i—n junction* 

For brevity of calculation of junction capacity, 
the distribution of effective impurity concentration 
(Na—Nzq) in the oxide film is assumed as follows 
(Fig. 7): 

(i) d(Na—Na)/dx=a in the n- and p-regions 

(D/2>x>d and —d>x>-—D/2), 

* The calculation is analogous to that of p—n junction 

capacity reported by SHOCKLEY”). 
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0 in the 7-region (d=>x=>—d), 
the thickness of oxide 


11) Na — Na 
where a is a constant, D 
film, 2d = the thickness of 7-region, and Ng and 
N, are the concentrations of donors and of 
acceptors, respectively. For one dimensional case, 


Poisson’s equation 1S 














Schematic diagram of Na—Ng and ¥ in the 
anodic oxide film of Ta. 


where p is the charge density and «x is the dielectric 
constant of TagO5. The electrostatic potential ¥ is 
determined with respect to the Fermi potential ¢ 
in thermal equilibrium. We assume that all the 
impurity levels are singly ionized in the space 
charge region, and to the first approximation, 
when 4¢ < 0, we neglect the electron and hole space 
charge in the transition region. Using the boundary 
that d¥/dx =0 at x=+%Xm (viz. 
neutral extrinsic oxides begin at x + Xm), we 


conditions 


obtain the following equations. 


43(X»—d)2x—(x—d)3*/3 


(3) 


27ga( i m—d)*n K, 


W3 2aq 143 (2 m —d)2x—(x + d)3'/3K, 


Q,a 

condition required by the symmetry between +x 

and —x of the assumptions (1) and (11). Y, Ws and 
1 


where the zero of potential is the value at x 


Ws are the electrostatic potentials in the n-,7- and 
p- regions, respectively. Y is also shown schematic- 


ally in Fig. 7. The capacity of the junction per 


unit area, C, is given by 


& K/42(2Xm). (6) 


Xm for which 


Let Pm, be the value of ¥ at x 
Xm When d¢ 


d¢ = 0, then the value of Yj at x 
is applied is equal to ( /m,,— 6/2). Thus we get 


f 3 2? 2 27,9 - 
4rrga{2( Xm) 56— I( Xm Yegd+ 13} /3K, (7) 


ae, _ dd 


where (*m)34 is the value of x, when 6¢ is applied. 
(c) Thickness of the intrinsic and extrinsic regions 

It is well known that the thickness of the anodic 
oxide film of Ta increases with the anodization 
voltage at a constant rate of 10-20A/V. The values 
of x» when anodization voltage Vg is applied, 
(%m)yo» are calculated from the values of Cy, by 
means of equation (6) under the assumptions that 
Kk = 2312.33) and that the roughness factor of the 
oxide film is unity. The calculated values of 








Fic. 8. Variation of (xm)vy. and of d with anodization 
voltage (Vo) in V. The roughness factor of the oxide film 


is assumed to be unity. 


(%m) yo are plotted in Fig. 8 against Vo. It is seen 
that (Xm), is approximately expressed by 


2(Xm)vo = (19V9+110)A (8a) 


The thickness of the 7-region can also be calcu- 
lated by means of equation (7) from the experi- 
mental results of the variation of capacity of the 
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oxide film at relatively low applied potential. From 
the large value of capacity of anodized Ta, the 
impurity concentration at xm should be very large. 
Thus we assume Yj, is nearly equal to F,/2, i.e. 
2 V. The calculated values of d of the oxide films 
are also plotted in Fig. 8. The relation between d 
and Vo is 


2d = (18-5Vo + 75)A. (8b) 


From equations (8a) and (8b) it is concluded that 
the thickness of the 7-region increases in propor- 
tion to the anodization voltage and the values of 
{(%m)p,—@} are independent of the 
anodization voltage. 

From equation (7) we see that the relation 


almost 


between 
[Wr 7.9 27 3) 
(o( Ym)s ge—3(2 m Jeg Ata 


and 54 should be represented by a straight line 
with the slope —3x/47qga, and the extrapolation of 








Fic. 9. Variation of {2(xm sg? —3(Xm)s ¢-d+d*} of the 
electrolytic Ta capacitors, anodized at 6-30 V, with 6¢. 


the line should intersect the abscissa at 2%): In 
Fig. 9 the values of 


2(Xm \sge— 3(Xm \sgrd+ d°} 


are plotted against 64 for the foils anodized at 
various V9. When 6¢ <0, i.e. when no carriers are 
injected into 7-region, we find that the experimental 
results are in good agreement with equation (7). 
In Table 1 we summarize the values of (Xm) 


Table 1. The anodization voltage (Vo), the effective 
impurity concentration gradient (a), (%m)y,—4d, and 
the impurity concentration at x = (*m)y,, Nm, are 
shown for electrolytic Ta capacitor anodized at 


6—40 V. 


a 


<x 10-27/cmé4 


impurity concentration gradient (a), which is 
calculated from the slope of the lines in Fig. 9, and 
impurity concentration at x = (Xm)y,, Nm, for the 
oxide films anodized at 6-40 V. 

It is interesting to examine the values listed in 
the Table 1 in the light of anodization mechanism. 
Under the influence of externally applied electric 
field, E, the number of ions removing from inter- 
stitial positions to the neighbouring interstitial 
positions, m/cm?/sec, is given by) 


n = const. N exp [{AgE—U}/RT], (9) 


where N is the impurity concentration and A is the 
half distance between interstitial positions. U is the 
activation energy for motions of interstitial ions 
between interstitial positions in the absence of 
electric field, and is estimated to be about 1:5 
eV (19, 29, 31), Therefore, the diffusion of interstitial 
ions in the extrinsic regions is negligible, though 
the gradient is very steep. By applying equation 
(9) for the 7-region of the p-7-n junction, it is readily 
seen that the value of electric field in the z7-region 
at the bias of anodization voltage, Ey, should be 
independent of the anodization voltage, because 
the values of N, A and U in the 7-region can 
reasonably be assumed to be independent of the 
thickness of the oxide film. The value of E;,, is 


Evo —d( Ws) 175 dx — 27ga{(X%m) vo—a}°" K, 
(10) 


The 


where (2)p, is the value of Yo at d¢ 
values of Ey, obtained by using the values of 


(Xm) y—4} and a are 4-7x106 V/cm for the 
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0 film of various thickness. The value agrees 


fairly well with equation (8a). 


d) The surface p-layers 

xperiments were carried out to study the 
surface of the oxide film. Ta foils, anodized at 20 V, 
2 hr in high vacuum or in oxygen 
The temperature 
range of the heat-treatment is 100°C-—500°C. 
Immersed in ammonium solution, the 
capacity of the heat-treated foil (C,) is measured 
at dd 0. The results obtained are shown in Fig. 
10. When the foils are heated in vacuum, C, de- 
creases with the increase of temperature above 


Some 


| ‘ . 
are heated Tor 


atmosphere of 760 mm Hg. 


borate 





10. Variation of capacitance with heat-treatment. 
e A (Ta foils etched by the usual method) and curve 
polished Ta foils) are for the heat-treat- 
is for he 


} 1 
nemically 


in vacuum, while curve C at-treatment in 


oxygen atmosphere 


300°C, and 
The 
ance at the minimum point is 5-8 per cent below 
hat of the not-heat-treated foil (Cp). When heated 
almost unchanged in the 


200°C, reaches a minimum at about 


increases appreciably above 350°C. capaci- 


oxygen, Cp, remains 
i C-500°C. 
On applying —20 V to the heated foil, charging 
current of the capacitance plus anodizing current 
flows for a short time, then the capacitance be- 
comes nearly equal to the original value in 1—2 min. 
Anodizing current is small for the foils heated in 
The 


and 


vacuum when the temperature is below 200°C. 
current increases appreciably above 220°C, 
No bubble is observed on the 


greatly above 350°C. 
The in- 


oxide surface in the anodization process. 
crease of anodizing current is small for the foils 
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heated in oxygen, especially when the temperature 
is below 300°C. 

As was reported by VERMILYEA“4), the large 
increase of capacity, w hich takes place above 350°C 
can be explained by the diffusion of oxygen atoms 
from the oxide into the base metal or of Ta atoms 
from the base metal into the oxide. The small de- 
crease of capacity and small increase of current in 
the temperature range 200°--300°C, however, can- 
not be explained by the diffusion, since the 
diffusion would give rise to the increase in capacity. 
The variation of Cy, at 250°-280°C, caused by 
heating cycles of the foil in vacuum and in oxygen 
atmosphere alternatively, is reproducible. Effect 
of oxygen pressure during the heat-treatment at 
280°C was measured in the pressure range 10-6 
—800 mm Hg. Cy, increases with the increase of 
oxygen pressure. 

IsHIKAWA®) reported that in the case of BaO, 
p-n transition was caused by sorption and libera- 
tion of oxygen atoms and the sorption took place 
at relatively low temperature (about 300°C). If we 
assume the existence of very thin surface p-layers 
due to adsorbed oxygen atoms or ions in and on 
these atoms would be liberated 
vacuum or in 


the oxide surface, 
or adsorbed by heating the foil in 
oxygen atmosphere at relatively low temperature. 
The reduction of make 
the p-layers less p-type or nearly intrinsic and 
The reduc- 


excess oxygen would 
would cause the ee of capacity. 
tion of capacity of 5-8 per cent corresponds to the 
increase of the Rar of i-layers by 20-30 A. 
This value coincides with the thickness of surface 
p-layers calculated from the variation of capacity of 
anodized Ta foil with 5d. 

It was observed that electric current of electro- 
lytic Ta capacitor in the direction of hard flow in- 
creases greatly for a short time by the preceding 


applications of positive 54, and that solid electro- 
lytic Ta capacitor is easily destroyed by the appli- 
The phenomena are also 


cation of positive od. 
explainable by the presence of a large number of 
on oxide surface, because the 
liberated from the 


application of positive 5¢. 


negative ions 
adsorbed ions may be oxide 


surface by the 


(e) Photo-effects 
Photo-voltaic effect 

observed when the following conditions are 

(i) space charge exists in the semiconductors 


semiconductors is 
satis- 


with 


fied: 
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in thermal equilibrium and (ii) bulk life time of 
the minority carriers generated by the irradiation 
is not too small compared with the transit time for 
crossing the transition region. The mobility of 
electron yu in ionic crystals, such as BaO and 'TiOg, 
is known to be in the order of 1 cm2/V sec. @6) The 
life time of the excess minority carriers in the 
neutral p-region, 7, is supposed to be very small, 
because the oxide is nearly amorphous and the 
concentration of acceptors in the region is very 
high. Thus the diffusion length (=./(D7r), where 
D = wkT/q) may be smaller than the thickness of 
the neutral p-region, and few excess carriers 
generated in the p-region would get to the tran- 
sition region. The carriers generated in the 
transition region, however, move fast under the 
influence of the large electric field. Thus we 
assume that only the electrons and the holes 
generated in the transition region can reach the 
n- and the p-region of the oxide, respectively, and 
give rise to the photo-effects. 

As is seen in Fig. 1, the photo-current of anodized 
Ta foil increases with the increase of —5¢é. The 
result may be explained qualitatively in the follow- 
ing processes: (a) the widening of the space charge 
region by the applied potential, that is, the reduc- 
tion of thickness of the neutral p-region and (b) 
recombination of injected carriers in the space 
charge region. Thus the photo-current is given by 

| on A (11) 


where « is an apparent quantum efficiency of an 


impinging photon and is a function of 54. Varia- 
tion of « at 4 = 0 with the wave length of incident 
light is measured for a Ta foil anodized at 10 V 
(Fig. 11). The value of 1/50 may be reasonable for 
such a high recombinating junction as anodic 


oxide film. 

The open circuit photo-voltage of anodic oxide 
film can be deduced from the p-i-n junction 
model. In the steady state, the generation current 
due to photon absorption and the forward current 
I should cancel each other.2?) The electric field in 
the oxide under the steady state is 


(2 Y mo— Vm) 2(%m)V m. 


The change of V with Z is not large (Fig. 


and 


( 2 Yn _ ea J ‘- ) 


is approximated to be constant. Thus we get 


IpocL. (12) 





0 
3400 3000 2600 2200 


WAVE LENGTH(inA) 


Fic. 11. Variation of apparent quantum efficiency « with 
wave length of the incident light. 





I7 (at the bias of Vm) of p-t-n junctions of 
Ge, (37, 88) Si@2) and SiC), with which the re- 
combination of the injected carriers takes place 
mainly in the 7-region, is expressed by the follow- 
ing equation, 


I¢=T1s exp qV m/ART, (13) 


where J; is the saturation current of the junction 
and A is approximately two. The forward current 
of anodized Ta foil, however, does not agree with 
equation (13). The reason of the disagreement may 
be as follows. When external forward bias is 
applied to the oxide film, electric current flows 
through the external circuit. The current causes 
(i) ohmic drops in the n- and the p-region and at 
the oxide-electrolyte interface and (ii) the increase 
of leakage current by the liberation of adsorbed 
ions on the oxide surface. In the case of photo- 
voltage, however, /¢ does not flow through the 
external circuit. ‘Thus equation (13) may hold good 
for J+ in the case of photo-voltaic effect. Combin- 
ing equations (12) and (13), we get 
2kT 
V In. + constant. 
Y 

Thus the relation between V, and In(.) should be 
represented by a straight line having the slope of 
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1 the photo- 


1 junction model we can 


such phenomena as photo- 


of capacity with 54, which are 


f simple theory that the electro- 
consists of the base Ta metal, 
nd electrolyte. It follows that the 
not the necessity to Ta capacitors. 

f solid electrolytic ‘Ta capacitor 
trolyte can satisfactorily be explained 


p-i-—n junction 


M 

f Nippon 
couragement. He is 
4 for his helpful 


vork and Mr. I 
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REACTIONS OF GROUP III ACCEPTORS WITH 
OXYGEN IN SILICON CRYSTALS 


C. S. FULLER, F. H. DOLEIDEN and KATHERINE WOLFSTIRN 
Bell Telephone Laboratories, Murray Hill, N.J. 


(Received 13 August 1959) 


Abstract—Hall effect and conductivity results are presented on Si crystals containing from 5 x 101? 
to 1°6x101!8 cm~% of oxygen and various dopings of B, Al and Ga before and after reaction at 
various temperatures (410-—1350°C). Evidence in support of the tetrahedral SiO4 model for the donor 
formed from oxygen suggested by Kaiser is presented. A large hole—electron effect is noted in the 
presence of excess acceptor concentration. In addition, specific interactions with the acceptor atoms 
occur. Although the reactions are complex and are not understood, three kinds are postulated in 
order to account for the results: (1) The formation of isolated SiO4 donors such as occurs in undoped 
Si crystals containing oxygen. (2) The reaction of oxygen at an acceptor atom to form a neutral com- 
pound or a “molecular pair’’. (3) The formation of a donor involving eight oxygen atoms and an 
acceptor atom. The latter reaction is believed to occur most readily in the case of Al-doped crystals 
and, in an excess of oxygen, leads to the formation of one donor per Al atom. 


1, INTRODUCTION (SiOz)z phase is produced. The kinetics of this 
process have been discussed in Ref. (6). 

When in addition to oxygen, acceptor elements, 
in particular B, Al or Ga, are present, the reactions 
are considerably modified.) ‘The phenomena 
occurring, although still not completely under- 
stood, are of considerable interest, not only because 
they bear a close relationship to the reactions 
” 3 which occur when oxygen is present alone, but also 
O+SiO0 = SiO» esate 

because they offer the opportunity to investigate 

O0+SiO2 = SiO3 (1) specific effects of the acceptor elements them- 
O+SiO = Si0s= SiOgt+e — . re 

[his paper presents the results of conductivity 

and Hall measurements on acceptor-doped silicon 

crystals homogeneously reacted with oxygen. The 

results show that a variety of structures form when 

silicon crystals containing both oxygen and 

acceptor elements are heated. They also show that 


SoLuTions of oxygen in silicon containing ~1018 
cm-* oxygen, and no other doping agents, when 
subjected to temperatures between 400—1000°C 
undergo changes both in electrical properties and 
in infrared absorption.“-5) These changes can be 
explained“) qualitatively at least, by assuming 
a series of consecutive reactions of the type: 


where O stands for dissolved oxygen and the 
silicon—oxygen compounds represent radicals 
which form by the successive addition of oxygen 
to a specific Si atom of the lattice. The unit con- 
taining four oxygen atoms, first postulated by W. 
Kaiser“), is believed to be a particularly stable electrical methods can be of considerable value in 
helping to determine the nature of the structures 
and the reactions which take place. No unique 
model or process is able to explain quantitatively 
all of the results. However, it is clear that the 
reactions which occur in silicon containing oxygen 
also take place in acceptor-doped silicon contain- 
ing oxygen, but that, in addition, specific reactions 


one at lower temperatures (below 500°C) because 
of the special electronic arrangement which 
permits its ionization as a donor—equation (1). 
Further reactions of the SiO4* unit are believed to 
occur with time. These take place rapidly as the 
temperature is increased above about 500°C, 
leading to a loss of the donor. Ultimately a new 
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the acceptors occur. A consideration of 
le structures of the products formed and 
le mechanisms of the reactions, it is 

se in forecasting the behavior 

in other crystals and in help- 


elementary steps in solid state 


2. PROCEDURE AND MATERIALS 


es in conductivity were measured both at 
reaction (430-650°C) and at 


perature (25°C). The former procedure 


le only with specimens which remained 


were sufficiently highly doped at 
eaction. Such “‘zm situ’? runs 


neans of a re- 


lly for kinetics investigations. 


juctivity was measured both by means of Al 
velded to the specimens and by means of a 
t probe device. Since the measurements 
methods agreed within about 1 per 

ion will be made in reporting the 

yns were carried out in air since 


yases showed no eft cts of ambient. 


nployed were taken from the central 
I 

ire m pulle d (rotated) silicon crystals. 
doped with B, Al and Ga to give 


ing from about 10! to 


ralipinyp 


ygen concentration were made 
rption for specimens of low 

in the more heavily doped 
the undoped portions of the 
eters. In a number of runs the 
used over again after heating to 


ing. Except for a small 


eaction good duplication of 
It it was 

remove “growth ory’ in 

a run by heating as above 

eat in 3 sec. This procedure 

s in silicon have 

during reaction, 

tormed, it is necessary to pay 


iterpretation of changes in 


perature based on 


carrier concentration in acceptor- and 
it is necessary to have drift 

for holes and electrons as a function of 
yle mobilities employed here are 
measurements on crystals whose 


obtained by means of gamma-ray 
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counting. Similarly, the electron mobilities were 
determined from conductivity measurements (25°C) on 
As-doped crystals in which the As was determined by 
gamma-ray counting. The data relating carrier con- 
centrations to resistivities obtained in this manner have 
been combined with already published‘®) results to give 


the curves in Fig. 1. 





Carrier concentration, 


Fic. 1. Relations between carrier concentration and 
resistivity for silicon containing singly-charged donors 
or acceptors. The results are based on radiochemical 


ot 


determinations and previously published values‘® 
electron and hole mobilities. (25°C.) 


The determination of the carrier concentrations in 
the reacted acceptor-doped specimens presents a some- 
what more complicated problem since the $104 units 
formed may pair or react with the acceptor or remain 
separate. If the reacted specimens convert to n-type 
then there is good evidence (presented later) that the 
acceptor scattering is absent and only singly-charged 
donors are present when the acceptor is fully reacted. 
Consequently, in this case the electron content is given 
by the curve in Fig. 1. However, if the reacted specimen 
is p-type, or if there are unreacted acceptors in n-type, 
the resistivity does not give the correct carrier concen- 
tration (unless all the donors and acceptors are paired). 
Hall mobility measurements show that during reaction 
the hole mobility usually decreases showing that 
additional scattering centers are introduced. This is 
always true of specimens that remain strongly p-type. 
In order to make allowances for this, the procedure was 
adopted of employing for the reacted specimens the 
mobility corresponding to N4-+Np. Although this pro- 
cedure, which assumes the formation of unpaired 
scatterers is incorrect near intrinsic and in the n-type 
range, the error in these cases is small inasmuch as the 
concentrations in these ranges are themselves relatively 
small because of the high resistivities of the reacted 
specimens. 

It remains to determine from the change in carrier 
concentration what corresponding change occurs in 
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Na—Np, where Na and Np are the total acceptor and 
donor concentrations. First it is necessary, however, 
to determine Nu, the acceptor concentration in the 
original unreacted specimen, from its hole concentration. 
This is done using the method of SHOCKLEY‘). The 
equation, p+pa = Na, in which pa = fa Na, where 
fa is the Fermi function and pa is the concentration of 
unionized acceptor, is employed together with equations 
(2) and (4) below. For electrons equations (3) and (5) 
below are employed with the equation n+np No, 
where 7p is the concentration of unionized donors 


3/2 Ey—Ep 


* 
My 
) exp | 


kT 


\ 


In equations (2)-(5) the following values"®) for the 
quantities shown were employed: gp~ = 1/4, gn~! = 1/2, 
Ni Ne 2°53 X 1029 (T 300°K), —E Ee 
0-545 (energy measured from middle of band gap), 


2/9 


My* \ 3/2 
0-458, 1-13 
\ My 


E«4 is 0:045, 0-065, 0-072 eV for B, Al and Ga, re- 
spectively.“) Ep for As is 0-049 eV, fa is the fraction 
of holes bound to acceptors and fp is the fraction of 
electrons on donors. 

Suitable allowance must be made for change in F4 
and Ep with concentration. In most cases, such correc- 
tions are small. Values based on Hall 
were used in the present work. When both donors and 
acceptors are present the problem must be solved 
graphically to obtain Er and thus f. However, it has 
been found that in this case about 10 per cent maximum 


measurements 


error is introduced by employing the same procedure as 
described above for N4 but using N4—WNp instead. In 
this values of Np may be obtained under the 
assumption that N.4 remains constant. 

A similar procedure to the above was followed for 
n-type specimens using equations (3) and (5) to deter- 
mine the excess Np. When for either holes or electrons 
the Fermi level approaches within about 2 kT of the band 
edge suitable correction should be made following 
Ref. (9), p. 242. However, this has not been necessary 
in the present experiments. 


way 
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Fig. 2 shows a plot of N4 and Np against carrier 
concentration calculated as described above. From 
it the values of N.4 or Np for acceptors or donors 
of known ionization energy can be obtained from 
determinations of the carrier concentrations. 





10? 














Carrier concentration, 


Fic. 2. Plots of Np or Na vs concentration 
calculated for different donor and acceptor ionization 


energies. (25°C.) 


Carrier 


Measurements of Hall effect were made on 
bridge-type specimens. These have already been 
described.“9) Calculations of N4 and Np were 
made in the usual manner using the high tem- 
perature and low temperature approximations and 
taking into consideration the effect of the excited 
states of the acceptors.“2) In calculating carrier 
concentration from the Hall coefficient, a ratio of 
Hall to drift mobility of 0-9 was used for holes 
and 1-2 for electrons. These values gave results in 
1 


good agreement with the values from conduc- 


tivity as described above. 


3. RESULTS OF CONDUCTIVITY AND HALL 
EFFECT MEASUREMENTS 

(a) Boron-doped crystals 

Fig. 3 shows the decrease in N4—Np as deter- 
mined from conductivity (25°C) as a function of 
time of reaction for two B-doped specimens, one 
containing 8-3 x 1016 cm-* B and one containing 
1:1x1018cm-? B. In both crystals the oxygen 
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Reactions at different 


silicon 


Fic. 3. 


B-doped 


temperatures tor two 
crystals 1-2-1-5 x 1018 
oxygen and 1:1 x 10/8 cm~* B (upper curve) and 8:3 > 
1016 cm-* B (lower curve). The decrease in (N4—WNp), 


containing 


calculated from resistivity measurements (25°C) with 

he aid of Figs. 1 and 2, is plotted as ordinate. Time in 

the temperatures indicated on the figure is the 
horizontal axis. 
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concentration was between 1-2 and 1-5 x 1018 cm-, 
The left-hand parts of the curves are for reactions 
at 430°C and 450°C respectively,* and the right- 
hand parts are for reactions at 550°C as indicated. 
A final heat at 1350°C for 5 min returned the 
specimens to their original states. The following 
points are to be noted: (i) The initial decrease in 
(N4—Np) is much larger than that (1-3 x 1016 
cm~%) observed for undoped silicon containing 
similar concentrations of oxygen. (ii) The decrease 
in (N4—Np) in the specimen containing 8-3 x 1016 
cm-* B approaches that of the B-doping itself, 
whereas that for more concentrated specimens 
approaches a value of about 3-5 x 10!” cm~3. Other 
runs, not reported here, show that the latter value 
is essentially the same for higher B concentrations 
suggesting that this limit is set by the oxygen con- 
centration in the crystals. Further discussion of 
this effect is given below. (iii) An abrupt increase 
in holes occurs upon raising the temperature to 
550°C in both specimens, followed by less rapid 
decreases in hole concentration than originally 
observed at the lower temperatures. The final 
limits approached by the curves at 550°C fall close 
to, but somewhat below, those at the lower tem- 
peratures suggesting that essentially the same 
factors (boron and oxygen concentration) are also 
imposing these limits, but that a different, more 
stable structure is formed. 


*'The left-hand curves of Fig. 3 represent average 
runs on the respective crystals. 








|-2x10'® cm™> Boron 
5-710" cm Oxygen 
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Time, 


Fic. 4. Reaction of B-doped silicon crystal containing 1:2 
oxygen at 450°C and 550°C as determined from 


and 5 1027 cm 


= 
200 1600 2000 


hr 


1018 cm-3 B 


resistivity change (25°C). Decrease in N4—WNp is plotted versus time 
in hr. 
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Fig. 4 shows results similar to those of Fig. 3 
except that the oxygen content is reduced to be- 
tween 5-7 x10!’ cm-8. The boron concentration 
is 1:2 1018 cm-%. The effect of the lower oxygen 
concentration, in reducing both the rate and 
extent of reaction is evident (compare Fig. 3). The 
same behavior is observed as before, however, 
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with the above, assuming isolated singly-charged 
donors. This result shows that most of the donors 
formed are unpaired under these conditions. 


(b) Aluminum-doped crystals 
ments 


conductivity measure- 


Fig. 5 shows the changes in (NV 4— Np) caused by 
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101? cm-3 Al and 1:2-1°5 «1018 cm 
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5. Reactions at various temperatures of an Al-doped silicon crystal containing 
3 oxygen based on resistivity measurements 
C). The effect of heating to 530°C and 570°C is to be contrasted with the behavior 


of B-doped crystals Figs. 3 and 4. Decrease in (N4—WNp) is plotted against time of 
reaction in hr. 


namely a rapid increase in holes at 550°C, followed 
by a slow decrease. The right-hand curve, except 
for a lower rate, follows the course of the initial 
curve. Further discussion of these results is given 
later. 

Hall effect measurements were made on a boron- 
doped (7:8 x 10!6 cm-%) crystal after reaction for 
90 hr at 430°C. Analysis of the results showed that 
5-0x 10!5cm-% acceptors (N4) were lost and 
2-1x10!6cm-* donors (Np) were gained. The 
observed mobility is in satisfactory agreement 


reacting specimens of Al-doped silicon of 0-074 
ohm cm resistivity (25°C) corresponding to 6-3 x 
1017 cm-3 Al and 1-5 x 1018 cm-3 
oxygen. Runs were made at a series of tempera- 
tures as shown in Fig. 5. The curves all approach 
a common limit of hole concentration correspond- 
ing to a change in (N4—WNp) between 4-0 and 
4:-5x10!7cm-%, This behavior is in contrast to 
that of B-doped crystals, in results not included 
here, which show maxima at the higher temper- 
atures (470 and 490°C) similar to those shown by 


containing 
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undoped crystals.) Fig. 5 also shows the effect of 
an increase in temperature from 430°C to 530°C 
and later to 570°C. A small, but abrupt increase 
in hole concentration followed by a slow decrease 
is noted, This is suggestive of the behavior of 
B-doped specimens already described in Figs. 3 
and 4. However, the small magnitude of the effect 
in Al as compared to B is significant and will be 


reterred t 


to later. 





4-4x10'’om > Aluminum 
3-1-4x10 cm * Oxygen 





4 


3336hr || 





38hr 
at 600°C 





2400 2800 


il reaction products 
reaction and final 
(b) Initial and 
650°C. (c) Initial 
at 650°C, low 


(a) Initial 
uin heat at 650°C 


, 90 min heat at 


Decrease in 
in hr. 


effect of increased temperature upon AI- 


The 
doped specimens, which have already been reacted 
ration or near saturation at lower temper- 
has been examined in some detail. Fig. 6 
One run 


ures, 


| . - + = 
shows pilots of runs. 


three different 
(curve A), made at 430°C, was interupted by a 
* Because of the closeness of the experimental points 


to the curve int designations are shown on Fig. 6. 
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5 min heat at 650°C and continued at 430°C. It is 
seen that good reversibility is achieved under these 
conditions. The run at 546°C (curve B) was made 
in the same way, except for the higher temperature 
and the longer time at 650°C (90 min). Here only 
a fraction (30 per cent) of the holes are “‘re- 
captured”, For the third run (curve C), which was 
on a crystal containing 5-7 x 10!” cm~? oxygen, a 
behavior similar to the first was found. In this case 
the high temperature heating was at 600°C and for 
a much longer time (138 hr). As in B the extent of 
the subsequent reaction at 450°C is somewhat less 
than that of the initial reaction suggesting a loss 
of some of the reacting components during the 
long heat at 600°C. 

Some added features of these reactions are given 
in Table 1. In this table are shown the effects of 
10 min heats at 550°C, 600°C, and 650°C on 
specimens which have been reacted at lower 
temperatures. The changes in (N4—Np) are 
assumed to be due to changes in Np alone. Several 
other crystals have been included for comparison. 
The left-hand columns give the conditions under 
which the donors were initially formed, the three 
right-hand columns the fraction of the 
initial donors lost at higher temperatures. The 
following points are to be noted: (i) Compared to 
B-doped and undoped crystals the Al-doped 
crystals show much smaller donor loss at 550°C 
(rows 1 to 4). (ii) At 600°C the donor loss for Al- 
doped crystals approaches that observed for 
B-doped and for the undoped crystals provided 
the formation has been carried out at relatively 


show 


low temperatures or for relatively short times 
(rows 3 to 6). If this is not the case, and in par- 
ticular if the Al-doping is low, then there is very 
little effect of the 600°C or of the 650°C heat (rows 
7 and 8). (iii) Somewhat the same statements as 
made in (ii) hold for the specimens heated at 
650°C. Thus a specimen reacted a short time at 
546°C (rows 9 and 10) shows a larger change than 
one reacted a long time at 546°C (row 11). Also, 
very long reaction even at a low temperature 
noticeably reduces the donor loss (row 12). (iv) 
Lightly doped Al-doped 
reacted for long times, show a much greater donor 


crystals even when 


loss if the oxygen content in the crystal is reduced 
(row 13). (v) The donors produced in the second 
reaction in B-doped crystals show considerable 
heat stability (row 14). (vi) Ga-doped crystals 





Table 1. Fraction of initial donors recovered at different temperatures (1:2-1-4x 1018 cm-3 oxygen) 


Orig. 


(1) 2-4 
(2) 1°7 

(3) 1-0 

(4) none 
(5) 4:3 

(6) 7-2 > 
(7) 2°8 > 
(8) 1°6 
(9) 4-4 
(10) 7-1 

(11) 4:4 
(12) 4°5 
(13) 2:6 
(14) 11-0 
(15) 3:8 
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PEI 


acceptor conc. Anneal 


(cm~3) 


101” Al 
1017 
101? 


1017 y: 
101? , 
1017 ZL 
102” , 
1017 y. 


<1017 Z 


1017 , 
101? / 
1017 Alta) 
1017 Bt) 
1017 Gale) 


Anneal 
t(hr) 


Resulting 
donor conc. 
(cm~°) 


10 min at 


550°C 





4 > 1017 
-5 «1017 
< 1017 
1017 
1017 
< 1017 
< 1017 
< 1017 
< 1017 
’ 1017 
< 1017 
1017 
1017 
, 1017 
1017 


NIARUE ROS 


Sv vB Dd VD 


600°C 


Fraction donors lost* ir 


ACCEPTORS WITH OXYGEN IN SILICON 


0-01 
0-01 
0-62 
0-62 
0:03 
0-34 


0-06 
0-97 
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N «4 is assumed to remain constant. 


* Actually changes in (N4—N)p are given. 
(b) B-doped crystal after formation of ‘“‘second donors’’. 


(a) Low oxygen content 5—7 x 10!7 cm-? oxygen. 

(c) Ga-doped crystal ~ 1-0 « 10!8 cm~? oxygen. 

Table 2. Comparison of original Al Concentration before anneal with final donor concentration after 
anneal (1:2-1-5 x 1018 cm- oxygen) 


Final 
(Np—Na) 


Original 
Na «10916 


Final 
p(22 cm) 


Reaction Original 
o(£2 cm) 1016 


t(hr) 


Crystal 


IX 358 


VI 1468 


* Corrected for 5 


N 


T(°C) 
p-type 


500 623 


470 
600 


© ui ui ¢ 


500 


” 


” 


W - uw) 


600 10 2:68 
600 96 0-135 
700 25 0-134 
900 19 0-134 


1015 cm-? As compensation. 


n-type (cm~) 


a ‘ 


PO UUM 


- 


Wh | 


SN UUM 


Ou ek RB WR We uw 


m= SW ~~] Un < 


© CO 


> 


W WA] 
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ich like B-doped crystals (rows 3 


of Table 1, as well as other results not 

that the 

critical for Al-doped 
} 


ndicate extent of the initial 


more 


g their subsequent behavior 


for B- and Ga-doped 
least two different 

nal stabilities are formed 
he B- and Ga-doped 
tructures are pro- 
ble structures, however, 


ns in the latter cases. 


le concentration 

lute temperature for an 

taining 5 1 m~? Al anc 
muccessive curves represent 
was obtained when 


the 430°C 


Curve F 


at 650°C after 


2 is a compilation of results for a number 
of Al-doped crystals of different Al contents. In 
all cases reaction was to completion at the temper- 
atures indicated. It is seen that for Al-dopings up 
to about 3 x 1017 cm-3, the final specimens all had 
converted to n-type. Several features of the data 


in Table 2 are noteworthy: (i) Up to a doping of 


1-7 x 1017 cm-3 the number of excess donors per 
cm? is essentially equal to the original Al doping. 
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(ii) Beyond about 1:5x10!?cm=3 the _ final 
Np—WN, is less than the original Ny and an in- 
creasing degree of compensation of the Al 
acceptors occurs. (iii) At about 2-7 x 10!7 cm-%, 
compensation for the crystal IX 325 is complete. 
(iv) In the range of concentration from 1-5 to 3-0 
1017 cm~* the sum of the original acceptor con- 
centration and the final donor concentration is a 
constant about equal to 3 x 1017 cm-3 for most of 
the crystals examined. 

This 
the excess 
(N4—N>), 


formed by reaction of all of the oxygen present, is 


if NY is 
-O 
N ee 


donors 


that 
+E 
Ni 


number of 


fact 
concentration, 


follows from the 
donor 


rO 
since N D> the 


y ~() 
compensated by N4—N, unreacted Al accep- 
being the original Al concen- 


tors per cm’, N 4 
tration. Thus, the donors due to the oxygen are 
This concentration, from 


1-4 1017 cm-3 for 


i 
given by (Nj,j+N4)/2 


Table 2 ranges from about 


crystal IX 325 to 1-6x 10! cm-% for crystals IX 


287 and VI 1468. Since 4 oxygens are contained 
in the donor (SiO,), this would suggest that at 
least two SiO, units are associated with each Al, 
of these cry stals 


inasmuch as the oxygen contents 


are estimated to be between 1-2and 1-5 x 1018cm~3.* 
Actually nine to ten oxygen atoms per donor would 
satisfy the above figures more closely, but the 
accuracy in the oxygen determinations (+1 x 10!” 
cm) does not justly this close an interpretation 
of the results. 

Increasing the Al-doping above 3-0 x 1017 cm~$ 
leaves the specimens p-type as has been shown in 
previous examples (Fig. 5 and 6). 

As in the case of B-doped crystals, Al-doped 
cryst: ls 
¢ 1017 


which have lower oxygen contents 
(5-7 cm-*) exhibit reduced reaction rates 


6). Likewise, the maximum change 
in carrier The latter 


appears to be somewhat less than proportional to 


(curve C, Fig. 
concentration is reduced. 
the oxygen content of the crystal although too 
much confidence cannot be placed in the oxygen 


content of this crystal. 


* Note added in proof: Recent measurements of infra- 
red absorption by H. J. Hrostowsky indicate that Al- 
doped specimens which are reacted to compensation 
still retain one-half of their original oxygen. If this is 
confirmed, it that SiO4 unit is 
associated with two Al atoms at this stage. We are unable 
at this time to fit this result into the model proposed 
here. 


indicates only one 
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(c) Aluminum-doped crystals—Hall measurement 

Measurements of Hall effect have been made on 
Al-doped crystals of different concentrations 
during the course of reaction at 430°C. The most 
precise results were obtained on a crystal contain- 
ing 1:4x10!8cm-* oxygen and 5-0x 101? cm-3 
Al (0-11 Q cm at 25°C). After 500 hr reaction, 
the bridge specimen was heated to 650°C for 
30 min and remeasured to gain additional infor- 
mation on stability. 

The results, plotted as p against 1/7, are shown 
in Fig. 7. Fig. 8 gives a plot of the results of the 
calculation of N4 and Np from Fig. 7, as a function 
of time of reaction. 





After |\/2hr at 
650°C 











I50 200 250 300 350 400 450 500 550 
hr (at 430°C) 


0 50 100 


Time, 


Fic. 8. Plot of Na, No and (Na—WNp) calculated from 
curves of Fig. 7 against reaction time at 430°C. 


Other Hall effect measurements were made on 
specimens of Al-doped (3-4x 101% cm-*) silicon 
containing 1-2 x 1018 cm-3 oxygen reacted at much 
higher temperatures. Fig. 9 shows these results. 
Two nearly identical specimens P; and Pe, are 
shown. These were heat-quenched from 1350°C 
and provided slopes of 0-060 eV corresponding to 
Al. One specimen, heated for 7hr at 800°C, 
turned n-type (Ni) giving Np—Na = 8x10! 
cm~* and an ionization energy of 0-038 eV. The 
other specimen, reacted at 695°C for 88 hr, also 
turned n-type (No). For this Np—N4 was 
3:2 1016cm-3 and the energy was 0-019 eV, 
precisely one-half that shown by the first specimen. 
The final curve P3 was obtained from specimen N2 
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after heating 55min at 1255°C. The specimen 
turned p-type and gave an activation energy of 
0-060 eV corresponding to excess Al. Calculations 
of Np and Ny, gave Np = 3-4x 1016 cm-3, 
N4<10!%cm-3 for Noand Np = 1-88 x 1016 cm-3 
N«4 = 1:08x 1016 cm-3 for Nj. Since for No, N4 
is small compared to both m and Np, one-half the 
ionization energy for the donor (0-038 eV) is 
observed (see Ref. (10), p. 30). The fact that different 
conditions of reaction lead to the same value for 
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Temperature, 
Fic. 9. Hall effect results obtained on two Al-doped 
specimens P; and P2 containing 3:4 x 101? cm~? Al and 
1:2 x 1018 cm-? oxygen reacted at various temperatures. 
Curve Nj was obtained after Pi; was heated 7 hr at 800°C. 
Curve Ne was obtained when Pe was reacted 88 hr at 
695°C. Curve P3 was obtained when specimen of N2 was 
heated 55 min at 1255°C. The P and N designations 
refer to the specimen types. Carrier concentration is 

plotted against reciprocal of absolute temperature. 


the energy of ionization suggests that it corresponds 
to a particularly stable form of a donor involving 
oxygen. Although the value of the energy is close 
to that for Sb, there seems to be little possibility of 
attributing it to this impurity. It is interesting 
that the reaction at 695°C results in almost com- 
plete loss of the Al states as far as the Hall measure- 
ments show. This suggests that almost all of the 
Al is paired with donors or contained in neutral 
complexes. 

Two other reactions, one on a crystal containing 
6-5 x 1016 cm-3 Al and 1-2 x 10!8 cm-? oxygen and 
one on a crystal containing 9-1 x 1017 cm~? Al and 
1-2x 1018 cm-® oxygen, were investigated. The 
results for the former showed the same initial 
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3. Comparison of calculated and observed mobilities (9-1 x 101? cm-3 Al, 1:2 1018 cm-3 oxygen 


(N4—Np) 


Nol cm~?) 


IT N 


»duced here. A comparison of the calcu- 


, and Np as shown in Fig. 8 and are 


lated (see Section 5) with the observed mobilities 
for the higher doped crystal above showed the 
following results (Table 3) for the reaction at 430°C. 
Because of the high doping separate values for N 4 
and Np could not be estimated for this crystal. In 
making the calculations below, N4 is assumed to 
nstant during reaction and all changes 

The the calculated 
observed Table 3 
the heavily-doped crystal largely unpaired 
This the 


results obtained on the lighter-doped crystal 


are attributed to changes in Np. 


agreement between and 


mobilities shown in suggests 
that 1 
formed. is in contrast to 


don rs are 


(5-0x 1017 3) as shown in Fig. 7 where there 


is evidence of pair formation (see later discussion). 


cm 


(d) Gallium-doped crystals 

Fig. 10 shows results for a 0-24 Q cm Ga-doped 
silicon crystal (~1-0x 1018 cm~? oxygen) similar 
to those shown above for B and Al. The general 
behavior is again the same although the details 
differ. The behavior of Ga-doped crystals at 
higher temperatures after reaction at 450°C is 
similar to that of B. However, the “‘second rise”’ 
in the case of Ga is considerably smaller. In view 
of this similarity to B-doped crystals no further 
results will be given. No Hall effect measurements 
were made on Ga-doped specimens. 

Additional conductivity results for Ga-, B- and 
Al-doped cry stals were obtained for reactions in 


the temperature range 700-1000°C. Some of these 
for Al will be referred to later. If heating at these 
temperatures is done after the second generation 


reaction, the effect is to decrease the electron 


tH(obs). pH(calc.) 
cm?/V sec 


(100°K) 


cm2/V sec 
(100°K) 


1130 
795 
679 
510 
482 
454 
425 


concentration of m-type and to increase the hole con- 
centration of p-type specimens. This occurs most 
readily in Ga-doped crystals leading to a large loss 
of donors at about 700—-800°C. The donors in 
boron also persist to about 700-800°C, whereas 
those in Al do not disappear until near 1100°C. 
Heats at 1375°C, as already mentioned, return the 


-Ox10'’cm °Ga 


aad 3 
“em “Oxygen 


~ IC 
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Fic. 10. Decrease in N4—Np against time for a Ga- 

doped silicon crystal containing 3-8 x 10!7 cm~* Ga and 

1:0 x 10'5 cm~3 oxygen. The temperatures are the same 
as shown in Fig. 3 (upper curve) for boron. 
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specimens to their original states. It is a significant 
fact however, that in contrast to Al-doped crystals 
neither B- nor Ga-doped convert to n-type. The 
behavior of both B- and Ga-doped crystals is 
erratic above 700° suggesting that perhaps other 
reactions involving the acceptor take place between 
700 and 1200°C. 


4. KINETICS OF THE REACTIONS 

Attempts have been made to find a kinetic 
mechanism for the reactions leading to the initial 
formation of donors in both the boron and 
aluminum cases. Although simple first and second 
order kinetics are often able to reproduce the 
observed curves, evidence from a number of 
experiments attests to the fact that, similarly to 
the reactions in undoped silicon containing oxygen, 
the reactions are complex.) Nevertheless, some 
facts can be learned from a consideration of the 
approximate kinetics which are helpful in under- 
standing the phenomena taking place. 

In general the initial (donor generation) curves 
conform best to a second order process. This is 
particularly the case after a heat-quench from 
1375°C. A number of kinetics runs in the tem- 
perature range 428-550°C were made on the 
same specimen of Al-doped silicon (6-0 x 101% 
cm~? Al, 1-4x 1018 cm-3 oxygen) by reversing the 
reaction at 1375°C between runs. It was found 
that the rate of quench from 1375°C affected the 
rate of the first part of the reaction, the rate being 
accelerated by a faster quench. The effect of tem- 
perature on the over-all donor generation reaction, 
however, was found to be surprisingly small, the 
apparent activation energy being about 30 kcal 
calculated either on the basis of initial reaction 
rate or for second order kinetics. Runs made at the 
temperature of reaction agreed well with those 
measured by quenching to room temperature 
indicating that multiple ionization of the donor, 
at least in the range up to 500°C, is absent. ‘Thus 
the donors formed appear to have but a single 
level. 

An investigation has also been made of the 
kinetics of the reactions causing the abrupt in- 
creases in holes (decreases in donors) shown in 
Fig. 3 for the B-doped crystals. These reactions 
are first order in the donor concentration. The 
results, which have been reported elsewhere, “*) 
are shown compared to the behavior of undoped 
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crystals in Fig. 11. They show that the reduced 
first order rate constants (plotted as k/T in Fig. 11) 
are linear against 1/7’ and give a common activa- 
tion energy of 65 kcal. This strongly indicates 
that the donors formed in the low temperature 
range are very similar for the doped and undoped 





100, 


Undoped crystals 
J 67 kcal 
I4 E.U 





8-Doped crystals 
4H, =65kcal 
AS, =9E.U. 


re 


NI 


O-00II2 O-O0II6 0-00I20 0-00124 
|/ temperature , °K 
Fic. 11. Plots of reduced first order rate constants for 
the donor disappearance reactions in undoped and in 
B-doped (1:1 x 1018 cm~%) silicon crystals as a function 
of 1/7. The oxygen content was 1-0—1-:2 x 1018 cm 


crystals as has been suggested above. The slower 
rates for the B-doped crystals as compared to the 
undoped crystals was originally believed to indi- 
cate the formation of deep-lying acceptors.) 
However, it now seems more likely that the slower 
rate may be characteristic of the reaction itself. 
It also appears likely that the activation energy 
(65 kcal) is that of the dissociation reaction rather 
than of the oxygen diffusion, @*) 
The results of conductivity 
shown in Fig. 6 are interesting in this connection, 
particularly the comparison of the two runs, curve 
B at 546°C and curve A at 430°C, on the same 
crystal. The former at 650°C shows an order of 
magnitude greater initial rate of loss of donors 
than the latter, run at 430°C, which agrees fairly 
well with Fig. 11 for B-doped crystals. (This 
difference in the vertical portions of the curves is 
not visible on the scale used in Fig. 6.) Also, 
the 546°C run shows relatively small ‘‘recovery” 
compared to the 430°C one, which is essentially 
These again indicate that 


measurements, 


reversible. results 
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structures of different stabilities are formed in the 
initial runs at 430 and 546°C. The effect of reduced 
oxygen content as shown in the run at 450°C of 
Fig. 6 (curve C) is likewise interesting. In spite of 
a long reaction at 600°C, a large part of the loss is 
recovered suggesting that the side reactions are 
less effective in the more dilute solution (compare 
curve B). 


5. DISCUSSION OF HALL MOBILITY RESULTS 
Plots of the Hall (Ro) 


temperature in “K (Fig. 12) show a large influence 


mobility against 
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Fic. 12. Plot of change of Hall mobility versus absolute 


temperature for successive stages of reaction (A-F) at 
430 be 


Fig. 7. 


of impurity conductivity at low temperatures. The 
presence of this effect is in agreement with the 
formation of compensating or “‘internally-ionized”’ 
solutes of the sort postulated above and might be 
expected to be accentuated by the large size of the 
impurity structures. 

In estimating the number of scattering centers 
in p-type specimens at low temperatures (100°K), 
it is assumed that each donor formed ionizes one 
acceptor and, if the centers are paired, no increase 
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The curves shown here correspond to those of 
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and 


in scattering occurs. However, two new scattering 
centers are produced if the donors formed are un- 
paired. Since only the unpaired donors are 
counted in the Hall effect measurements, only 
these need to be considered in the calculations of 
mobility. 

Calculations of Hall mobilities have been made 
using the procedure of SHOCKLEY) and CoNn- 
WELL"15), 


par = 4:7 10!"(mp/mp*)'? x 
x T3/2/Ny 1n(1+4-5 x 1087?/N)?/3) (6) 


the ionized impurity scattering 
mobility 

Ny concentration of ionized impurities 

(single-ionized and unpaired) 


0-56 m., 


where HI 


mM, the effective mass of holes 


Values for yr, the lattice scattering mobility 
have been obtained from Ref. (16) 


UT 5-67 x 101° 7-2 (/) 


Results for a crystal containing (9-1 x 1017 cm-$ 
Al) are shown in the last column of 'Table 3. Except 
for the unreacted crystal, the calculated mobilities 
are in good agreement with those observed. The 
higher value of calculated mobility for the original 
crystal may be attributable to neutral impurity 
scattering (oxygen) which will make a small con- 
tribution to the total scattering.4® The changes 
in mobility in this specimen are therefore in agree- 
ment with singly-charged SiO; donors being 
formed which for the most part are unpaired. 

Similar calculations have been made for the 
other Hall runs. The results for the run on the 
Al-doped crystal (5-0x 1017 Al) shown in Figs. 
7, 8 and 12 are particularly interesting. In this case, 
as shown in Fig. 8, calculations of Np and Ny 
show that heating 1/2 hr at 650°C after the run at 
430°C produces a decrease in Np of 1-0 x 1017 cm-3 
and increase in Ny of 7:°5x 1015 cm-%. This—as 
Fig. 7F shows—in effect returns the specimen to 
its previous state corresponding to curve C, Fig. 7. 
However, the mobility—as Fig. 12, curve F, 
shows—does not return to that of curve C, and, in 
addition, a loss of the impurity conduction effect 
occurs. The decrease in Np and increase in Ny 
are in agreement with the reduced compensation 
and therefore reduced impurity conduction. How- 
ever, the low value of the mobility observed at 
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100°K is not in agreement with that calculated 
from measured Np and must be therefore attrib- 
uted to scattering by the new products (neutral) 
formed in the reaction at 650°C. 

Although the mobility results suggest that the 
donors are largely unpaired when heavily-doped 
specimens are reacted, this is not true of the 
crystals containing 5 x 10!7 cm-8 Al as shown by 
the decrease in Ny (Fig. 8). Furthermore, the 
mobilities calculated on the assumption that the 
Np donors are unpaired agrees with observations 
showing that in this case, both paired and unpaired 
donors form. Measurements have recently been 
made which show that in n-type crystals an in- 
crease in mobility actually occurs, thus furnishing 
further proof that Al” and SiO{ donor centers 
react to produce a net decease in scattering. 


6. DISCUSSION OF THE NATURE OF THE 
REACTIONS 

It is obvious from the variety of phenomena 
taking place during reaction that no one simple 
process can explain all of the results. It is already 
known that the reactions occurring in silicon 
crystals containing oxygen alone, involve succes- 
sive, and possibly also parallel, partial reactions 
leading eventually to electrically inactive struc- 
tures and precipitate phases.6) There is also con- 
siderable evidence that the SiO4 unit acts as a 
donor,"*) perhaps as a consequence of the inter- 
action of the nonbonding p-orbitals of the oxygens. 


(a) The SiO4 unit in acceptor-doped crystals 

The fact that the decrease in(N4—N 7) is equal, 
within the error of the experiments, to one-fourth 
of the oxygen when _ acceptor-doped 
crystals are reacted is strong evidence for the for- 
mation of the SiO4 donor. Such behavior is shown 
for B-doped crystals in Fig. 3 and for Al-doped 
crystals i Table 2 and has been 
observed in many other examples not reported 
here. The results for Ga-doped crystals (Fig. 10) 
are incomplete. Exhaustion of oxygen can only 
of course occur when sufficient acceptor con- 


content 


n Fig. 5 and 


centration is present and the reaction is run to 
completion. The greatly accelerated rate and ex- 
tent of the formation of the donor in doped as 
compared to undoped silicon suggests an inter- 
action of the donor electrons with the holes present 
or of the donor with the acceptor ion itself. Further 
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evidence for the presence of the SiO, donor is 
provided by the similar behavior of specimens 
containing it, both doped and undoped, when 
they are subjected to temperatures above 500°C. 
The rather surprising result that the donor formed 
with Al contains eight oxygen atoms within the 
error of the experiments (Table 2) also indicates 
persistence of the tetrahedral unit. 

The above facts, the results on stability and the 
Hall results, suggest that the reactions occur in 
stages in which the SiO, unit plays a dominant 
that, through the 
oxygen atoms with which the 
equilibrium, it is able to appear at various sites in 
the crystal. The first site chosen appears to be 
similar to that selected in undoped crystals and is 


and mobile 


role agency of 


unit maintains 


not apparently adjacent to the acceptor. This 
latter site, however, seems to be _ favored 
later in the reaction. On the other hand, it seems 
immediately preferred when the crystal becomes 
intrinsic or n-type. 

In the following discussion we shall assume that 
the SiOq unit is able to act alone as a singly- 
charged donor, that it may also form adjacent to 
an acceptor and so produce a pair which may not 
be a donor but may be neutral, and that it may 
form in duplicate adjacent to an acceptor, in which 
case it acts as a singly-charged donor (triplet). 
The formation of a pair is indistinguishable from 
a separate SiO, donor except for the effect on the 
Hall results. Likewise, the triplet donor may be 
regarded as two SiO, donors associated with the 
acceptor even though only one ionizable electron 
is observed. Thus although the combined SiO, 
unit may not have the properties of a donor once 
it has reacted with an acceptor, it will be convenient 
when discussing the results to assume that it 
retains its donor properties even in the above 


combinations. 


(b) Effect of the hole—electron equilibrium 

Let us examine how far the above assumption 
is able to go in explaining the experimental results 
presented above. First, the cause of the large in- 
crease in donors shown by acceptor-doped silicon 
containing oxygen as compared to undoped 
silicon containing comparable concentrations of 


oxygen is of interest. Inasmuch as no parallel in- 
crease occurs when Group V donor elements are 
added as doping agents to silicon, one is tempted 





FULLER, F. H 


to explain the result as caused by the operation of 


the hole—-electron equilibrium on the donor solu- 


O2Si02+ O2Si03+ O2Si0,2Si03 +< 


(9) 


an electron. It was shown 


is the hole, « 


. (17) that for the acceptor to influence the 
, 
| 


donor ibility its concentration should exceed 
\/K, where K is the hole-electron equilibrium 
constant. This condition is met in many of the 
experiments here as for example in the upper left- 
hand curve in Fig. 3 where the B-doping exceeds 
the 4/K (4x 1016 cm=8) at 430°C. However, it is 
in the right-hand part of the curve at 
(4/K = 2x10!" cm-%) where the abrupt 
decrease in occurs. The latter decrease 


result of 


donors 


therefore be the reaction at the 


must 


rather than an effect of the 


ier temperature 
hole-electron equilibrium. Furthermore, as the 
lower curve in Fig. 3 shows, B is able to increase 
the number of donors even when its concentration 
falls below the concentration corresponding to 
\/K. Thus, in addition to the hole-electron effect, 
B and the other acceptors appear to also have 
specific effects, perhaps related to the formation 


of stable pairs. 
$i+40+A4 = Si07A (9) 


Such pairs, which can only form through the 
migration of oxygen available from the set of 
equilibria shown in (8), are also able to increase 
the donor solubility) and could explain the rise 
in the donor concentration beyond that required 
by the hole-electron equilibrium alone. 

Even in the “low-oxygen” crystals shown in 
Figs. 4 and 6, the concentration of donors formed 
order of magnitude greater than that pro- 
duced in the absence of B or Al, although on 


account of the operation of the equilibria, equation 


IS an 


(8), the reduced oxygen concentration is unable 
to force the reaction as far to the right as in the 
case of the “high-oxygen’”’ crystals, for example, 
as shown in Fig. 3, curve B. Again, the decrease in 
donors at 550°C (Fig. 4) cannot be explained as 
simply as a solubility effect since 4/K = 2x 1017 
cm~* at this temperature and over 1-0 x 1018 cm~? 
of B is present. 
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(c) The second ‘‘donor rise’ in B- and Ga-doped 
silicon 

A most interesting effect shown strikingly by the 
B-doped crystals (Figs. 3 and 4) and, to a lesser 
extent by the Ga-doped and by the Al-doped 
crystals, is the abrupt decrease in donors at 550°C 
followed by a second generation of donors (loss of 
holes) at the same temperature. This effect is also 
found in undoped crystals, but without a second 
rise in donors, although small such increases have 
been observed.) 

This behavior indicates that the equilibria 
(equation 8) are strongly shifted to the left at about 
500°C resulting in a freeing of oxygen from the 
donor and a loss of its donor properties. The 
ensuing rise in donors (decrease in holes) is more 
difficult to explain. It is significant that in each 
case (Figs. 3 and 4) the curves rise to almost their 
original values. This strongly suggests that the 
second structure is merely a rearrangement of the 
first. Such a rearrangement could occur through 
migration of oxygen from a less stable to a more 
stable configuration. There are a number of 
possibilities. For example stable triplets (donors), 
SiO; A~ SiO;, could form as has been suggested 
or neutral compositions containing the acceptor, 
perhaps AOy, or more complex compositions in- 
volving a lower oxygen to acceptor ratio, may be 
produced. However, no direct evidence for these 
specific structures has been obtained. 

The behavior of Ga, which has been the least 
investigated is similar to B in almost all respects 
so far observed. In the crystal shown in Fig. 10, 
neither the final donor concentrations nor the 
oxygen concentration were known, although the 
latter is estimated to be ~1018cm-*. Con- 
sequently, it is not known whether the reaction 
will proceed to complete exhaustion of the oxygen 
present although this appears unlikely. Evidence 
from infrared that Si-O-—Ga units form has been 


given in Ref. (11). 


(d) Nature of the reactions in Al-doped silicon 

It has mentioned that 
exhibited by Al do not appear to differ fundament- 
ally from those of B and Ga. For example, a 
in donors is also observed for Al- 


been the reactions 


“second rise”’ 
doped crystals (Fig. 5) although the magnitude is 
considerably less than that usually observed for B. 
This suggests that there are fewer isolated SiO, 
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donors formed in Al-doped than in B-doped 
crystals under similar conditions of reaction. Why 
the Al atom should serve as a more favorable site 
than the B atom is not known. Possibly there is less 
lattice strain about the Al. 

Of special interest is the fact that Al-doped 
specimens are able to turn n-type upon reaction. 
As indicated previously in this section, this 
behavior cannot be caused by the hole-electron 
effect or by pair formation. The assumption of a 
triplet, SiO, Al- SiO, agrees with the donor re- 
quirement as well as the requirement that 
approximately eight oxygens are present for each 
Al atom. However, a structure of the kind 
AlO4. SiO; would also meet these requirements. 

The results of Fig. 6, curves A and B, and 
Table 1 show that at least two structures of differ- 
ent thermal stability are formed. The more stable 
of these may correspond to the donor (triplet) 
above. The less stable is similar to the structures 
formed in B-doped and undoped silicon and is 
therefore presumably a single SiO4 unit or a pair. 

Evidence for the formation of pairs is given by 
the Hall measurements which likewise indicate 
the production of individual S104 donors. ‘Thus 
Fig. 8 shows that N4 decreases by 2 x 10! cm-% 
for the first 300 hr of reaction for the specimen 
described there. Such a decrease in N4 can only 
be explained by the formation of acceptor—donor 
pairs which would not be counted in the Hall 
measurement. Also the immediate rise of Np at 
the beginning of the reaction suggests the pro- 
duction of separate donors as does the decrease at 
500 hr as a result of heating at 650°C. The increase 
in 4, occurring at the same time, suggests a dis- 
sociation of some of the donors of the pairs. Finally, 
the slow rise in Np beyond 150 hr may indicate 
that the later donors formed are the more stable 
triplets. Thus, the Hall results can be qualitatively 
accounted for by the assumption of three structures 
based on the SiO, unit. Just why the different 
structures should have different stabilities is not 
known. The increased stability cannot be attributed 
to coulombic forces since these are small.(®) It is 
possible that the stability is due to resonating 
structures. 

The Hall results obtained on crystals of Al- 
doped silicon reacted at still higher temperatures 
(Fig. 9) show that long reaction of Al-doped 
crystals at 700°C or above, results in small levels 
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for the N4 and Np concentrations and suggests 
that much of the Al is then contained in outwardly 
neutral oxygenated compounds when, as in this 
case, sufficient oxygen to react with the Al is 
present. 

Al-doped specimens which have been reacted to 
n-type not only lose the donor on prolonged 
heating at 700°C, but slowly turn p-type showing 
the presence of excess Al acceptors (Fig. 9). This 
result is achieved much more rapidly at higher 
temperatures (1100°C) and above. Fast reactions 
occur at these high temperatures which have not 
been investigated. However, as mentioned all the 
reaction products appear to decompose rapidly at 
temperatures near the m.p. of silicon. Thus, the 
solutes are again dispersed and are apparently in- 
capable of recombining again except through the 
agency of the SiO, unit which is unstable except 
below about 500°C. 


7. OXYGEN DIFFUSION 

In the above discussion the diffusivities of the 
acceptor atoms have been disregarded in com- 
parison with the diffusivity of oxygen. A simple 
calculation shows that oxygen must have a diffusion 
constant of 10-) to 10-18 cm?/sec in order to have 
the required mobility at 400-500°C for the 
reactions described. This is considerably greater 
than the calculated diffusion constants for the 
acceptors which for Al, for example, is 10-28 
cm?/sec at 450°C, and suggests that one is justified 
in regarding the acceptors as fixed at these lower 
temperatures. The curve for Al-doped silicon at 
430°C in Fig. 6 shows that it is possible to isolate 
partial processes which are reversible and which 
follow precise first order kinetics. This, as has been 
mentioned, suggests that oxygen can be dissociated 
from a donor or a donor-acceptor pair and be re- 
combined. The process is analogous to diffusion 
of a mobile particle to a sink and, provided the 
particle is not removed too far, may be expected 
to be first order.8) The value of the diffusion con- 
stant, D, for oxygen derived from the above first 
order reaction using 


D = k/4nRN (10) 


comes out to be 1:7 x 10-1? cm?2/sec in good agree- 
ment with other estimates.(®) In equation (10) D 
is the diffusion constant, R is the diameter of 
the reacting center (here taken as 5A), N the 
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of the center and k, the specific 


In this case N was 101? cm-3 and 


been possible to carry out the 


shown in ‘ig. 6 at different 


obtain the activation 


so to 
the diffusion of oxygen 1n order to com- 
1 


kinetics of the initial donor for- 


ed earlier as well as with the 
ilts at high temperatures. 9 

nism by which oxygen migrates in 
appears to involve an interstitial move- 


strong bonds are broken and re- 


be possible to obtain further 
| 


this mechanism by 


UUuld 


rements on reactions such as shown 


8. SUMMARY AND CONCLUSIONS 
gation ol the solid state reactions which 
silicon crystals between oxygen, silicon, 
ptors has shown that specific structures, 
vhich behave as donors, are formed. The 

e precise structures have not 

mined. However, most of the observa- 
<plained by the assumptions that the 
single-le\ eled donor 
ble combinations of it with the 
nts, in particular, SiO. A~ and SiO> 


alw iyS aS a 


I'wo of the above com- 


ible to forn 
covalent molecular donors; the other 
ir. None of these, however, 1s supposed 
true equilibrium state with the others 


} renre 
L iCpic 


sents a metastable product subject 
nsformation into successively more stable 
hrough the agency of atomic oxygen 
maintains a true equilibrium. 
olecular ions, particularly the pro- 
are supposed to gain particular 
y by virture of resonating structures. The 
formation of the Sit , donor is favored in heavily- 
doped p-type solutions at low temperatures. Higher 
temperatures, long reaction times, and low acceptor 
concentrations appear to favor a pair and triplet. 
In near intrinsic or n-type solution, however, only 
the more stable structure forms. Although many 
other (especially intermediate) structures no doubt 
exist in the course of the reactions which take place 
such as, for example, SiO A- Sil Ys $102 A 510), 


etc., these are not detectable by means of electrical 


means of 
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measurements and their presence is only inferred 
from subsidiary observations. It is conceivable 
also that structures of the type AO4°, AOg SiO}, 
may be formed in addition to, or instead of, those 
mentioned above. These do not, however, explain 
the observations as well and until more specific 
structural information is available the true nature 
of the compounds must remain in doubt. 

The three acceptors B, Al, and Ga although 
reacting according to the same general pattern, 
exhibit definite differences. Only Al is capable of 
reacting completely to form the stable donor. B 
and Ga can be made to form an unstable structure 
at lower temperatures which slowly transforms to 
more stable structures at higher temperatures. 

A way has been indicated whereby more precise 
kinetic data may be obtained. Such kinetic studies 
should prove of great value in helping to determine 
more definitely the mechanisms of the elementary 


reactions here discussed. 
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Abstract— An attempt to correlate the isotopic effects in the ferroelectric properties of hydrogen- 
bonded crystals with the observed anomalies in their i.r. and n.m.r. spectra has led to the conclusion 
that the protons in the hydrogen bonds are tunnelling in double-minimum potential fields. The 
erroelectric transition is assumed to be the result of a deformation of the protonic distribution due 


to electrostatic interactions. It has been found that a quantum-mechanical extension of MASON’s and 


4 


DEVvo 


ana 


+ 
Che propose a 
actions, expressed ¢ 


eve 


1. INTRODUCTION 
Tue ferroelectric properties of KH2PO4, KH2AsO4 
and isomorphous ferro- and antiferroelectric com- 
pounds with short hydrogen bonds exhibit a much 
discussed, but as yet unexplained, isotopic effect. 
In the case of KH»POx,, for instance, on deuter- 
ation the Curie point is raised by as much as 89°, 
the increase of the spontaneous polarization with 
falling temperature becomes much sharper and the 
value of spontaneous polarization at absolute zero 
is nearly Both SLaTEr’s™) and the 
DEVONSHIRE—MASON treatments’: 3) of the nature 
of ferroelectricity in KH2PQOx,, which are based on 
double-minimum protonic potential functions, are 


doubled. 


essentially classical. Their theories are therefore 
unable to explain the observed isotopic effects. 
The same argument holds also for the work of 
GRINDLEY and Ter Haar), which is an extension 
of SLATER’S theory. 
PIRENNE®) treated the 
mechanically, but used a single-minimum potential 
field. He tried to explain the isotopic effect by 
assuming that the protons are free to move in a 


problem quantum- 
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NSHIRE’s long-range-forces model is able to explain, by the same mechanism, the results of i.r. 
i n.m.r. spectroscopy as well as the dependence of the Curie point on the mass of the hydrogen 
», the sharper increase of the spontaneous polarization with falling temperature and the larger 

the spontaneous polarization at absolute zero for deuterated than for hydrogen compounds. 
i model predicts that a ferroelectric transition occurs only if the dipole-dipole inter- 
i as frequencies, are greater than the tunnelling frequency on the lowest vibrational 


one-dimensional square well. As the vibrational 
levels are lower for deuterium than for hydrogen, 
the Curie temperatures are higher for the deuter- 
ated compounds. But the resulting protonic 
vibrational levels do not agree with those derived 
from i.r. measurements, ) these being approxi- 
mately ten times higher. Moreover, a square- 
well model does not explain the appearance of two 
OH stretching bands instead of one. Therefore 
this approach can not be considered satisfac- 
tory. 

Recently Rem in his semi-empirical treatment 
of the hydrogen bond put forward another atomic 
model for the ferroelectric effect in hydrogen- 
bonded crystals, but his model too is at variance 
with the observed i.r. and n.m.r. data. 

It is known that the hydrogen motions are 
fundamental to the ferroelectric or antiferroelectric 
phenomena in these crystals, and that the spectral 
consequences of potential fields with a single 
minimum or two minima are different. Thus the 
spectra should help to determine the form of the 
potential function governing the motion of the 
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protons and so elucidate the nature of the isotopic 
effects. However, no attempt has as yet been made 
to relate the isotopic effects in KH2PO, to the re- 
sults of i.r. and n.m.r. spectroscopy. 

Both i.r. and n.m.r. spectra of KH2PO,4 show 
striking anomalies. Instead of one there are two 
von bands in the i.r. as well as in the Raman 
spectrum. Moreover, these bands do not change 
appreciably on going from the non-ferroelectric 
to the ferroelectric phase. This occurs in spite of 
the apparent change of 0:20 A in the OH bond 
lengths,‘8) which should cause, according to 
BADGER’s rule, a shift of ~ 400 cm! in the 
position of the vog band. The p.m.r. spectra of 
KHoPO, exhibit a line-width transition™® which 
clearly shows the existence of protonic motions. 
The transition point of the line width does not 
coincide with the Curie temperature, as would be 
required by SLATER’s or REID’s theories. ‘The 
correlation time is short and nearly temperature- 
independent at low temperatures. 

In order to determine whether these effects are 
limited to KH2POq only, or whether they are 
characteristic of all ferroelectrics or antiferro- 
electrics with short hydrogen bonds, the i.r. and 
n.m.r. spectra of KH2PO4, KHeAsO4, NH4H2PO, 
NH 4HeAsO4, AgeH3l0¢, (NHa)2H3lO¢ and their 
deuterated analogues have been investigated, as 
well as those of NaHaPOq, CaHPOq and BaHPO,. 
In the i.r. spectra of all these compounds two vox 
bands in the 1800-2800 cm! region, 200-400 cm-! 
apart, have been found. These bands suffer only 
small shifts on going through the ferroelectric 
transition points. In addition the p.m.r. spectra 
of these compounds show the same characteristic 
behaviour as KH2POx,, and they prove unambigu- 
ously the existence of rapid protonic motions. The 
details of this work have been‘) or will be pub- 
lished elsewhere. 

From the foregoing it may be concluded that 
the above-mentioned spectral ‘‘anomalies’”’ are in- 
herent properties of ferroelectrics with short 
hydrogen bonds. The purpose of the present 
paper is to relate them to the nature of the ferro- 
electric transition in these compounds. 

However, it must be pointed out that, according 
to the proposed model, these anomalies are a 
not sufficient condition for the 
antiferroelectric 


necessary but 


occurrence of ferroelectric or 


transitions. 
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2. ATOMIC MODEL 

Though it has been pointed out that only a 
BETHE type theory, including both short-range 
and long-range forces, could explain in a satis- 
factory manner the whole complex of ferroelectric 
phenomena, it seemed worthwhile to investigate 
the extent to which the simple local field theory, 
as developed by DEVONSHIRE), could account for 
the isotopic effects and the observed spectral 
anomalies, if treated quantum mechanically. 

The proposed model is based on the assumption 
that the protons in the hydrogen bonds O-H---O 
are tunnelling in a double-minimum potential field. 
The minima are of equal depths in the non-ferro- 
electric phase and unsymmetrical, owing to dipole— 
dipole interactions, in the ferroelectric form. The 
total polarization of the crystal is the sum of the 
protonic polarization (Pa)* which triggers the 
transition, and the ground polarization (y.F), 
as revealed by the displacements of P and K ions 
in the case of KH2POq. Since we are primarily 
interested in the isotopic effects, little attention is 
paid to the ground polarization. Therefore it is 
simply included in the factor y, which means that 
it is treated in the same way as the electronic 
polarizability. Further we following 
DEVONSHIRE, that there is no short-range corre- 
lation between the positions of neighbouring 
dipoles. 

The potential field of a hydrogen-bonded pro- 
ton is not precisely known, but may perhaps be 


assume, 


adequately described by: 


V = V, = 4a(x+l) 


for — ox 
and 


V V2 kk(x—l)?+B, for 6b: 


with b = B/2al, 


since the splitting of the energy levels is not 
critically dependent on the shape of the potential 
function; 2/ is the distance between the two 
minima, k = (279)? + m is a force constant. The 
unsymmetry parameter B, which is a measure of 
the dipole-dipole interaction, equals 2u.A. Here, 
yu. is the component of the dipole moment in the 
direction of the local field: 


F =EtAtfF. 


* In the local field approximation, the direction of 
Pais not important. 
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The other svmbols used have their usual signifi- 


cance. 

As it has been shown elsewhere, in the case of 
potential barriers that are not too low, approxi- 
mative 
may be found by using the variational method. 
Acceptable wave functions are obtained by linear 

mbination of harmonic oscillator eigenfunctions. 

resulting are 


energy-level expressions‘®) 


r tedious to handle, but since we are primarily 


Cl 1 


rath 
interested in the energy levels near the bottom of 
the barrier, further simplifications may be intro- 
duced. By putting the overlap integrals equal to 


zero and taking 


E,°, Hoo" fboHbeo d x 


where Ey, = }(£\°+£>°) is the mean of the un- 


perturbed levels and Ay equals: 


The coefficients of the harmonic oscillator wave 


Tunctions ¢ 


q 


(462+ B2)l/24+ B12 
| 2(462+ B2)1/2 


"(462+ B?)l °— B12 


First the spectral consequence of this model will 
be discussed. Equation (1) shows that, owing to the 
tunnel effect, the protonic vibrational levels are 
split into doublets. As the result of the transitions 
Nos >n,_ and mp_<>n., two OH stretching bands 
appear the 1800-2800 cm-! 

selection the 


region. 


instead of one in 


According to the rules, 


R. BLINC 


splitting of the vo bands should amount to 
AE j+AE; in the ir. and to AE,—A£p in the 
Raman spectrum. In agreement with this pre- 
diction, a larger band splitting was always found 
in the i.r. than in the Raman spectra. 

As to the p.m.r. spectra, the proposed model 
predicts a protonic motion with a correlation fre- 


quency. 


LiAv;, ef exp(—EF;/kT) 


Li exp(—F; k T) 


This motion becomes temperature-independent 
at low temperatures as the result of tunnelling of 
the proton on the lowest vibrational level. The 
experiments have confirmed this fact. 

Since it has been shown that the proposed model 
is consistent with the spectral data, we proceed to 
calculate the polarization properties. The partition 
function in the presence of the local field F is: 


Z = 2 cosh(AoBo/RT)+ 


+ Sexp(—EF,/kT) . 2 cosh(AnBy/kT). (2) 


n=1 
From this we get the free energy of the system as: 
Ag = —NhkT 1n‘Z. 


On the other hand we may, following DEVONSHIRE, 


expand Ag = A—Ap in powers of P: 


Ap =40P24 YP... 


the coefficients a, 5, being functions of the 
temperature. 

The coefficient a, which determines the ferro- 
electric transition point, can be obtained from our 
Observing the condition, that in the 
0 the local field YF will be vanish- 


model. 
vicinity of P 
ingly small, and using the expressions 
€ =F—-f—(AatyvF), Pa= —(CAr/eF )r 


(E P \g = 
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l < ! 
sinh kT). ae = exp(—E£n/RT) . sinh(Bn/kT)— 
PO n— Pn 


| eosh(s kT) + dexp(-£r kT) . cosh(By, AT)| 


nN 


i 





I = : 1] 
sin RT). +>, exp(—En/RT) . sinh(Bp/kT) . | 
PO n=] Pn- 


) 


cosh kT) + > exp(—E), kT) . cosh(B,/k7 | 
n=] E 


It may be pointed out that the change of the 
with the field not 
enter into the expression for a, as du/d.Y occurs 


bond moment local does 
only multiplied with 4%? and remains finite as 
F -—>0. In deriving equation (4) we have neglected 
terms containing 08/0.F, as B is a slowly changing 
function of .F. 

In most cases we may disregard in equation (3) 
terms with n 


1. Putting y = 0, the expression 


for a simplifies into: 


| 30 {u2N ; coth(fo kT ) ee | ] 


(B -0) a reduces to a 


linear function of the temperature: 


In the classical limit 


(—fu2N+kT)/Np2 


which was obtained already by DEVONSHIRE and 
MASON. 

In this case the expression (€a/07T')~! equals the 
Ny2/k. In 


the quantum case, however, (¢a/0T)~ becomes 


constant in the Curie-Weiss law: C 


temperature- and mass-dependent and equals to: 
(02/0T)1=C. sinh?(T9/T) . (7/ To)" 


with 7 B/R. 





Fic. 1. 
(A) To 


C(ca/eT) as a function of 


O°K, (B) To 


temperature for 


100°K and (C) To 200° K 

The temperature 79 divides the quantum from 
the classical region. If a crystal undergoes a tran- 
sition to the ferroelectric state at a temperature 
above 7», the quantum effects are small. 

3. RESULTS 

From the condition a = 0 we get for the Curie 

temperature 7'¢ the following equation: 


sinh(Bo/RT'c) + >: exp(—En/kTc) . sinh(Bn/kTc) « (Bo/Bn) 
os 


n=] 


cosh(o/kTc¢) + 2 exp(—F,, kT¢) . cosh(Bn/kTc) 


n=1 
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solved graphically. Choosing 
nable values for (l—yf)/fu2N, we find that 
case of KHoPO, the value of AcB must be 


in 200 cm~! in order to get real roots for 


me condition remains valid also in the 


rmonic single-minimum potential 
we obtain similar Curie-point 
these cases we have no vibra- 
) ought to be equal to Jvyoq. An- 
gle-minimum models therefore pre- 
he voy band in the region 

. However, this is at variance with 
wr. data: vog™~1800—2800 cm-!, On 


AEo 2 VOH 


and is 


1 


the condition fp 


double-minimum model 
th the measured doubling of the OH 


data. So the 


and the n.m.r. 
single-minimum potential field 
nitely rejected. 
kT c) we get, 


T ¢ by series expansion explicitly as: 


K)*] (6) 


| | 
juasi-Classical region (ff 


Tc = (K/k)1—-(4\(8 
f{Nu2. The first term Kk, which does 
not de pend on the mass of the vibrator, is identical 
and 


with the classical expression of Mason 


DEVONSHIRE. Since the splitting of the zeroth 
el diminishes on deuteration, owing 
lifficulty of barrier penetration by 
we get the correct dependence of 


he Curie point on the mass of the hydrogen 


T 1 Ge 


Of course the result 71 ¢,)>7cy remains valid 


in the quantum region too. In the limit B>kT¢, 


we obtain 7, 


T; —28/k In }1—f/f/u?N) (7) 


approximately as: 


1 rearrangement, this becomes z = —x/In}(1—z) 
with 2 kT ¢/2fNu? and « 3 fpPN. 2 


2(x) in the range 0-9<a—<—1. 


Fig. 


shows the curve 2 


The limiting value of z is obtained from equation 


)as: Lim z 0-5. 
7) 
The proposed model predicts a Curie-point ratio 
Tc between 1-66 and 1 for the region 
0-9, which is most likely to occur. For the 


0-90<a%<0-99 our model predicts a ratio 





| 
be 


9 





as a function of 


“quantum’’ region. 


Tcp/T cy between 1-66 and 2. Only for the ex- 
1 would this ratio exceed 
Table 1, the 


experimental data seem to confirm this prediction. 
} 


ceptional case 0-:99<x 
the value 2. As can be seen from 


Table | 


KHePOs, 
KHeAsO, 
RbHePOsz 
RbHeAsOg 
CsHePOxz 
CsH2AsOx 
NH4HePOxz 
NHaHeAsO, 
AgeHslO¢ 
(NHa4)2H3IO-¢ 


In agreement with equation (5) we see, too, that 
higher Curie temperatures, i.e. greater dipole- 


dipole interactions, result in smaller isotopic 
effects. 

In agreement with equation (5), equation (7) 
shows that the Curie temperature approaches zero 
for a1. This that the ferroelectric 
transition occurs only if the dipole-dipole inter- 


means, 


actions, expressed as frequencies, are greater than 
the tunnelling frequency on the zeroth vibrational 
level. As the tunnelling frequency diminishes on 
deuteration, cases may exist where the ferro- 
electric transition takes place only for the deuter- 
ated, but not for the undeuterated, compound. 
Physically, we may interpret the higher Curie 


point 7'cp as the result of the greater dipole-dipole 
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interactions due to the greater effective dipole In the intermediate case M becomes mass- 
moment in the deuterated compounds. The dependent: M,>Mp>Mxq. 
existence of a greater effective dipole moment for Something must be said about the role of the 
deuterated than for hydrogen compounds is Ubbelohde effect with short hydrogen bonds. The 
implicitly contained in our energy-level expression. experimental Curie-point data for KH2PO, and 
KDe2PO, might be fitted by equation (7) by taking 
aE /0 F.. bE/OF,, CEICF aH = 0-9 and By = 107 cm~!. But in this case 
—M = (CE/¢ Fz, 0b /0Fy, CE /ckz) the splitting 284 would become incompatible 
with the assignment of the i.r. spectra of these 
compounds. 
|M/M, B/2B)/{1+(B/2p)?}!/2 ne ; 
| o| = (B/2P)/[1 + (B/28)") ( he correct explanation would take into account 
eo <r ; the fact that each well of a short double-minimum 
[he same result may be more intuitively derived ; a i mor : 
: 2 gphpe maee - hydrogen bond is separately strongly anharmonic, 
from M = M)[C\?—C2?], if we remember that i ‘ bah 
tis aillactiias aia , “ae and that the hydrogen bonds expand on deuter- 
> effective dipole moment is proportional to the a ar . ; 
ls ie rt I b et € find ation?) thus raising the classical dipole moment, 
srence between the probabilities oF finding <r +4: an ie : _- ry: . 

Gare ; P 8 if the condition Ou/er>0 is satisfied. This effect, 
the proton in the well 1 or well 2. Pee ter pee bees Lipa 

gaa or which is itself a consequence of the quantization 

It may be seen from Fig. 3 that the effective , ion, (13) j 
Met ape nega ate ft] kal of the protonic motion, *) increases the quantum 

ole moment V is a function of the ratio between , . or : . 
rie _ rs Sas iltiioliadl Mia th effects, thus further raising the Curie point of the 

> interaction of the Classical dipole moment wit . . : 
a P deuterated compound. By including this we 
obtained good agreement between the theoretically 
calculated and the experimental Curie points for 
KHoePO, and KDePQOx,. 

In the case of long hydrogen bonds the barriers 
are large and the splitting of the zeroth level be- 
comes very small. In addition, both wells become 
increasingly harmonic, so there is no expansion of 
the hydrogen bonds on deuteration. As a result of 
these two facts, the isotopic effects are small, as 

8/28 found by experiment. 
Fic. 3. The effective dipole moment as a function of lhe temperature-dependence of the spon- 
B/28. taneous polarization is given by: 


From 


we get: 


ry 





Pa —(0Ap/OF )r (Nu/A)(A2—1)!/2f1 +(F (Cy CF )| tanh(Apfo/RT ). (9) 


the local field and the splitting of the zeroth Neglecting the term 0y/0.4%, introducing 
vibrational level. In the case of long hydrogen y = Pg/Nu, x = T/T¢, and using for T'¢ equation 
bonds, we have a large potential barrier and there- (6), we can rewrite this equation in a more con- 
fore B->0, B<B. Here M approaches its classical venient form: 

value. The transition to the ferroelectric state is (x2-+y2)1/2 = tanh [(o2+-y2)'/2/x(1—422] (10) 


expected to occur at relatively high temperatures. : 

On the other hand we have in the case of very For the classical case, where « = 0), equation 
short hydrogen bonds a vanishingly small barrier (10) goes over into that of DEVONSHIRE and Mason: 
BS>B, so that M approaches zero. Then, of y = tanh y/x. 

Since we have used the quasi-classical equation 
(6), equation (10) also holds strictly only for the 
region «<1. Nevertheless, some conclusions can 
be drawn from this equation which are valid quite 


course, no ferroelectric transition occurs. 


* Mo is the classical dipole moment. For a more 
detailed discussion see: S. Bratoz, J. Chim. Phys., 56, 
260 (1959). generally. 


oO 
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ind that in the region x>1, 1.e. above the 
temperature, the only value of y to 


equation (10) is zero. Only below that 





1 spontaneous polarization as a func- 
ced temperature according to equation 


(10) 


re does there exist a non-zero solution. 


we see that, in agreement with equation 
solution for y exists only for 0<«<1. 
that a ferroelectric transition occurs 
electrostatic interactions are not too 
yarison with the zero-level splitting. 

sult of the quantization of the protonic 
polarization curves for different « 
distinctly separated. Since x diminishes 
tion, the KDoPOy, curve now lies above 
K HoPOu4, as revealed by ZWICHER and 
For the same reason the value of the 
larization at absolute zero is greater 
than for hydrogen crystals. It is 
note that as long as » differs from 

er reach its saturation value. 


our model, we have, following 


l 
nd \IASON, considered only long- 
Che true model, which should take 
also short-range interactions, would 
reement with experiment, rather 
the proposed model we may further derive 
vy S of the transition, corresponding to 


f the hydrogen positions. Neglecting 


terms with 2 >1, we obtain: 


Nk{In{2 cosh (Ax)]—(Ax)tanh(Ax)} 

with x = B/RT. 
In the same approximation the extra specific 
heat of the transition is obtained from C = 
TOS CT. Here too, the isotopic effects have the 


(11) 


correct sign: 
ACp>ACxq. 
4. CONCLUSIONS 

An attempt to correlate the isotopic effects in 
the ferroelectric properties of hydrogen-bonded 
crystals with their i.r. and n.m.r, spectra has led 
to the conclusion that the protons in the hydrogen 
bonds are tunneling in double-minimum potential 
fields. The ferroelectric transition is assumed to be 
the result of a deformation of the protonic distri- 
bution due to the electrostatic interactions. As a 
first approximation, DEVONSHIRE’s and MAason’s 
theory of ferroelectricity in KH2POy, was extended 
by treating the problem quantum-mechanically 
instead of classically. It was found that the ferro- 
electric transition occurs only if the dipole-dipole 
interactions expressed as frequencies are greater 
than the tunnelling frequency on the lowest 
vibrational level. The proposed model is able to 
explain on the same basis: 

(1) The existence of two voy bands instead of 
one in the i.r. and Raman spectra, the splitting 
being smaller in the Raman than in the Lr. 

(2) The fact that both voy bands change only a 
little on going through the transition point, in spite 
of great apparent changes in OH bond lengths. 

(3) The existence of rapid protonic motions in 
the p.m.r. spectra, which become temperature- 
independent at low temperatures. 

(4) The dependence of the ferroelectric Curie 
point on the mass of the hydrogen isotope. 

(5) The sharper increase of the spontaneous 
polarization with falling temperature for the 
deuterated compound. 

(6) The greater value of the spontaneous polar- 
ization at absolute zero for deuterated than for 
hydrogen compounds. 

The taking 


hydrogen-bond expansion on deuteration in the 


necessity of into account the 


case of the short hydrogen bond has been empha- 


sized. Further work, including the study of 
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short-range and electromechanical forces, seems to 
be desirable to explain the ferroelectric phenomena 
in their whole complexity. 
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Abstract 


the by Voss 


investig 


report 


results of the 


ition reveal no evidence of ferromagnetism in this Laves phase. 


\ study of the heat capacity and magnetic susceptibility of MgNiz was undertaken to 
that this compound is ferromagnetic at temperatures below 235°C. 


MegNie 


i to be a moderately strongly paramagnetic material with a susceptibility which is practically 


tant between 25 and 450°C 


at 194°C, 


rature. TI 


he susceptibility 


me tempe he effect 


e, such as the de 


MgNie 


lattice 


1. INTRODUCTION 
[HE phase of the nickel 
system is based to a considerable extent on results 
published by Voss“ in 1908. At that time there 


of a discrete phase 


diagram magnesium 


was reported the existence 
which contained 82-84 per cent nickel, correspond- 
formula MgNipg, together with the further 

the phase was ferromagnetic, with its 
y i 


ing to the 
claim 

at The existence of the com- 
pound was subsequently confirmed by Laves and 
WITTE”), 


LO 


who used X-ray diffraction techniques 
out its structure. 

reputed ferromagnetism of MgNip, 
would be of 
implications with regard to the electronic 
It is a well- 


work 
if con- 
f considerable interest because 


o! 


its 
status of nickel in this compound. 
known fact that as nickel is alloyed with any of a 


variety of other metals, its saturation magnetization 


is progressively reduced as the concentration of the 


j 1 
i ry tal 


second metai 


to the 
the 
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ment ot 
1958 


thesis submitted by J. 
yf Pittsburgh in partial fulfill 
for the Ph.D. degree 


assisted by the 


January, 


U.S 


was 


it the Knolls Atomic Power L: 
Schenectady, New 


York. 


ral Electric Company, 


increases. One example of this is the 


Atomic Energy 


iboratory of the 


. Thermomagnetic analysis shows a very slight but abrupt drop in 
and h .eat-capacity measurements reveal a very smal] thermal anomaly at 
s are thought to be associated with some type of irregularity in the 
fect structure which occurs when a nickel atom replaces a magnesium atom in 
Third-Law entropies of MgNiz at temperatures up to 555°K are also presented. 


nickel-copper system, in which ferromagnetism 


is not found in the solid solutions which contain 
copper in excess of 60 atomic per cent. With zinc 
as the solute the rate of decrease of magnetization 
with concentration indicates that quenching of the 
ferromagnetism would occur at a zinc content of 
about 30 atomic per cent if the range of primary 
solubility extended that far. effects pre- 
sumably result from the absorption of the extra 


These 


electrons, supplied by the solute atoms, into the 
partially vacant nickel d-orbitals. Consequently, 
the 
solute concentration until at some point the d- 
filled, or 
rendered non-ferromagnetic. 

it seems strange that MgNio was 


magnetic moment decreases with increasing 


orbitals are nearly so, and the solid 

On this basis, 
found to be ferromagnetic, since nickel in this com- 
pound is in chemical union with 334 per cent 
divalent metal. Structurally, the com- 
pound is very different from metallic nickel, so 
that the crystal field in the compound undoubtedly 
differs markedly from that occurring in the nickel- 
based primary solid solutions which contain copper 


however, 


or zinc as solute. It would therefore seem possible 
that the of nickel in the compound is 
sufficiently altered to permit some of the d-orbitals 


behavior 


to remain empty despite the high concentration of 





MAGNETIC SUSCEPTIBILITY, HEAT CAPACITY OF MgNie 


quasi-free electrons. If the possibility of such an 
occurrence be admitted, the ferromagnetism re- 
ported by Voss does not seem so implausible. 
Aside from its reputed ferromagnetism, there is 
another respect in which MgNig seems to be 
aberrant. A large number of intermetallic com- 
pounds whose overall composition can be repre- 
sented by the formula ABg crystallize in one or 
another of three  closely-related structures. 
These are the MgCus, MgNig and MgZnp-type 
structures, which as a group are known as the 
Laves phases. Such compounds are thought to 
occur primarily because space may be conveniently 
and densely filled by a lattice of one of these types 
when the ratio of the atomic diameters of A and B 
is about 4/3/2, or 1-225. However, Laves and 
Witte) have shown that electronic factors are 
that the electron:atom ratio 
appears to determine which of the three structures 


also involved, in 


a given compound will adopt. Valence-electron 
concentrations of 1:3-1°8, 1-8-1-9 and 1-9-2:1 
seem to favor the MgCus, MgNie and the MgZnoe 
structures, respectively. In the compound 
MegNip itself, the electron:atom ratio would be 
0-67 if the nickel atoms were zero valent and would 
be even less if the nickel-ion cores absorbed valence 
electrons, as they have been shown to do in some 
instances. On the other hand, ferromagnetism in 
the compound would imply incomplete filling of 
the d-orbitals in the nickel. If the intensity of 
magnetization were great enough, it would perhaps 
indicate an unpairing and transfer into the valence 
band of a sufficient quantity of d-electrons to bring 
the valence-electron concentration into the ex- 
pected range. 

It was for the purpose of establishing whether 
MgNig is actually ferromagnetic and, further, to 
provide information about the electronic character 
of nickel and the electron concentration in this 
compound, that the magnetic studies were carried 
out. The thermal measurements were made partly 
with the expectation of establishing the magnetic 
energy of the system and partly to enable the 
evaluation of the Third-Law entropy of the com- 
pound to be made. As will be seen later, the claim 
by Voss that MgNig is ferromagnetic was not 
substantiated, but the study did reveal the 
existence of a small magnetic effect in MgNizg at 
194°C which has not heretofore been reported in 


the literature. 


2. EXPERIMENTAL DETAILS 

(a) Sample preparation 

The samples used in the work were prepared by 
fusing the elements together in a high-purity MgO 
crucible under an atmosphere of purified argon. 
The magnesium had been supplied without charge 
by the Dow Chemical Company and was received 
in the form of a polycrystalline slab. It had been 
refined by sublimation until its purity exceeded 
99-95 per cent, with any contaminants present as 
spectroscopic traces only. The nickel was donated 
by the International Nickel Company,* 
stated that its purity exceeded 99-9 per cent. The 


who 


principal impurities were oxygen, carbon and 
cobalt, which were present to the extent of 0-065, 
0-014 and 0-0018 per cent, respectively. 

To form MgNiz it is necessary to heat the mixed 
metals to about 1200°C. Because of the volatility 
of magnesium at this temperature, which exceeds 


its normal boiling point, attempts to prepare 
samples in which the elements were present in pre- 
cisely the correct stoichiometric ratio were never 
successful. The samples used for the magnetic- 
susceptibility measurements were slightly rich in 
magnesium (81-87 per cent nickel instead of the 
theoretical 82-84 per cent), whereas the sample 
used for determining heat capacities contained an 
excess of 0-58 weight per cent nickel.+ Excess 
magnesium was avoided in the heat-capacity 
sample, since this would have resulted in the for- 
mation of some Mge2Ni, whose heat capacity is 
unknown. In this part of the work an excess of 
nickel was preferable, since its heat capacity is 
well known and an appropriate correction could be 
made. On the other hand, the presence of excess 
nickel, or any other ferromagnetic contaminant, 
was highly undesirable in the samples used in the 
susceptibility determinations. 

Spectroscopic examination of the MgNiz showed 
iron, silicon and calcium as the principal metallic 
impurities, probably introduced by the crucible. 
They were each present to the extent of ~0-01 per 
cent. Smaller amounts of aluminum, chromium 
and molybdenum were also present, but the total 
amount of metallic impurities was less than 0-05 

* The assistance of Dr. W. A. WESLEY in arranging 
this donation is gratefully acknowledged. 

+ The nickel content of the samples was determined 
by the usual electrolytic method. 
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per cent. The position and intensities of the lines 
in X-ray diffraction patterns for the substance 
were in excellent agreement with those reported 
by Laves and Witre®) for MgNip. 
In the early stages of the work attempts were 
made to improve the homogeneity of the sample 
y heat treating at 800-1000°C. This was entirely 
nsuccessful because of the volatility of magnesium. 
this reason all measurements were made on 
which had been allowed to solidify in the 
I - after fusion by induction heating. When 
full advantage was taken of the magnetic stirring 
inherent in this mode of heating, it was found that 
the resulting ingot was uniform in composition to 
within 0-2 per cent, so that no further treatment 


Was needed. 


Thermal measurements 
The equipment used and the procedure em- 
ployed to determine the heat capacities have been 
described in earlier publications from this Labora- 
tory. 
for temperatures below, the other for temperatures 
above, 300°K. The sample weights for the upper 


1,5) Two calorimeters were employed—one 


and lower temperature ranges were 338-676 and 


338-004 g, respectively. 


(c) Magnetic measurements 

Susceptibility measurements were made by the 
method of Faraday, the force being measured by 
means of an Ainsworth analytical balance. Two 
types of determination were made. One consisted 
in scanning the temperature range (thermomag- 
netic analysis) to ascertain whether the relative 
susceptibility of the sample might show a drop 
which could be ascribed to the Curie point for 
MgNie. The other type was of such a nature as to 
permit evaluation of the true susceptibility of the 
material. 

\ six-inch Varian electromagnet was used to 
establish the magnetic field, with the magnetizing 
current supplied by a motor-generator set. A con- 
trol circuit similar to that described by HEDGE- 
cock and Hunt) had been applied to the gener- 
ator field windings to obtain a current constant to 
within about 0-1 per cent. Constant-gradient pole 
caps were used to provide a Sucksmith gap. In the 
thermomagnetic analysis, which required the use of 
a furnace, the gap width was 1 in. and the maxi- 
mum field strength was about 14 kOe. In the other 
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type of measurement the gap was closed down to 
1 in. and a maximum field of 21 kOe was attained. 

In most instances the Pyrex tubes, containing 
the sample in the form of a fine powder, were 
sealed off under helium. In a few cases the samples 
were sealed off under hydrogen and then heat 
treated. This was done because Voss had used 
hydrogen as an inert atmosphere in preparing his 
alloys, so that there was a possibility that ferro- 
magnetism had been induced by hydrogen uptake 
by the samples. 

The true susceptibility of MgNis was deter- 
mined by measuring the apparent susceptibilities 
as a function of field strength and extrapolating 
to infinite field by the method of Honpa™ to 
eliminate the effect of ferromagnetic impurities. 
The field-strength measurements needed to make 
such a plot were obtained with the aid of a model 
D79 Dyna-Empire gaussmeter. The field gradient 
was determined using both NiCle solution and 
Mohr’s salt, following procedures suggested by 
SELWoopD'), 


3. RESULTS 

(a) Magnetic measurements 

The experimental data provide no support for 
the claim by Voss that MgNig is ferromagnetic. 
Results of the thermomagnetic analysis, shown in 
Fig. 1, give no indication of a Curie point at 235°C, 
The fall in susceptibility at about 350°C is almost 
certainly due to the presence of a small amount of 
elemental nickel, presumably there because of 
slightly nickel-rich regions in the sample.* The 
decrease is much too small to be ascribed to MgNie 
as a whole. The amount of elemental nickel indi- 
cated from the results in Fig. 1 is 0-07 per cent. 
The quantity of ferromagnetic impurity can also 
be estimated from the slope of the Honda plot. 
From this, one also obtains 0-07 per cent as the 
amount of uncombined nickel, supporting the 
contention that the Curie point observed at 350°C 
is to be ascribed to nickel, rather than to MgNip. 

The mass susceptibility of MgNig at 25°C is 
found from the Honda plot to be 2:80x 10-6 
e.m.u./g. Attempts to employ a similar procedure 


~ 


* Diffraction patterns of the nickel-rich sample used 
for the heat-capacity determinations showed faint lines. 
characteristic of elemental nickel, indicating that MgNiez 
will not hold excess nickel in solid solution. 
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magnetic 


Relative 


Temperature, 


Fic. 1. Thermomagnetic analysis of MgNie 


( 
uU 


untreated @-@ hydro- 


genated. 


to obtain values between 25 and 360°C were un- 
successful, since the furnace used to reach elevated 
temperatures necessitated widening the magnet 
air gap to 1 in. Under these circumstances the 
maximum attainable field was insufficient to per- 
mit a reliable extrapolation to infinite field. How- 
ever, above the nickel Curie point the suscepti- 


bility could again be determined. It was found to 
be 2-69x 10-® e.m.u./g at 450°C after correction 
for the known amounts of elemental nickel and 


magnesium in the sample. 
A small break in the thermomagnetic-analysis 


curves at about 194°C is apparent in Fig. 1. This 
represents an abrupt drop in the mass suscepti- 
bility of about 0-15 x 10-6 e.m.u./g, the origin of 
which is not clear. The effect is much too small to 
attribute to the destruction of ferromagnetism in 
MeNibp. It is nevertheless a real effect, since, as will 
be pointed out presently, a slight anomaly in the 
heat capacity occurs at this same temperature.* 


* Note added in proof: It has now been brought to the 
author’s attention that WITTE and co-workers at the 
University of Darmstadt have also observed an anomaly 
in the thermal expansivity at about 194°C. 





Temperature, °K 


Fic. 2. Molar heat capacity of MgNie. 
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Heat capacities 
esults of the heat-capacity determinations are 
Table 1. Judging from the scatter of the 

smooth curve, they are precise to 
+0-1 per cent except for temperatures 


50 and above 500°K. At the highest tem- 
ires the scatter averages about 0-25 per cent 


vhereas at the lowest temperatures it rises to about 


i per cent. 


Che variation of Cp with temperature shown in 
2 is as expected, except in the range between 


nd 470°K. An expanded plot of the data for 
region is given in Fig. 3. There is no indication 


point at 508°K, the Curie temperature 


I 
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indicated by Voss for MgNig. There is, however, a 
small but clearly recognizable thermal anomaly at 
about 465°K. This is the temperature at which 
there was a break in the thermomagnetic curve, 
indicating that the excess heat capacity and the 
magnetic effect have a common origin. 

The only previous study of the heat capacity of 
MgNiz was that made by ScHtBeL™) many years 
ago. He claimed a precision of about 2 per cent for 
his results. Comparison of the two sets of data 
indicates agreement to within about 2 per cent over 
the temperature range common to both the earlier 
drop calorimetry and the present adiabatic work. 

The change in the heat capacity associated with 


Table 1. Heat capacities of MgNizg 


Il'emperature Cp 
(°K) (cal. deg.~! mole?) 
Series I* 
0403 
0487 
‘0585 
1061 
‘1544 
2918 
3794 
4857 
6324 


6536 


SI We 


+ 


i 
1 
i 
1 
] 
1 
21 
23 
: 
. 
; 


Mm & WN DR Re 
sa . e , “5 


wn 


Temperature Coy 
(°K) (cal. deg.~! mole?) 
Series I (continued) 
136 
142°: 
147°8: 
153 
158- 
164: 
169 
175-3 
181- 
187-2 
193-2 


199-2 


Nm WwW waI nd & 
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Table 1. Heat capacities of MgNiz (Contd.) 


Temperature 'p 


(°K) 


306-92 
308-74 


w 


ny 


tn bt 
WW UI bdo 


8-64 
568 
5-69 
8-71 
‘76 
8-81 
3-85 
3°88 
3-89 
18-93 
94 
18-96 


467-43 19-36 


formation of the compound from the elements 
(AC,,), or the deviation from the Kopp—Neumann 
additivity rule for heat capacities, is given in Table 
2. It is seen that at all temperatures above 50°K, 
AC, is negative. The deviations from additivity 
show in general a uniform increase with tempera- 
ture, ranging from 3-3 per cent at 50°K to 14-5 per 
cent at 550°K. This behavior implies a considerable 
change in the type or strength of bonding when 
the elements unite to form the compound. There 
is, on the average, less freedom of atomic motion 
in the compound than in the elements, a conclusion 


* The Series I measurements were made in the low-temperature calorimeter. The 
others were made in the high temperature calorimeter. The measurements in Series III 
repeat a portion of those in Series II, partly for the improvement of precision but 
mainly for confirmation of the existence of the thermal anomaly at 194°C. 


Mg Nie 


‘Temperature Cp 
(°K) (cal. deg.~! mole?) 


Series II (continued) 
473-07 
478:°76 
484-44 
490-11 
495-78 
501-44 

7°12 

-79 
3°45 
‘11 
EE 
5°44 
31 
af 
36 
03 


Series III 


539-59 
545°17 


which is also indicated by the exothermal forma- 
tion of the material, and by its brittle hardness. 


(c) Entropies 

The heat-capacity data were numerically inte- 
grated in the usual way to obtain Third-Law entro- 
pies of MgNig. Extrapolation below 10°K was made 
by assuming a simple 7? law. The corresponding 
entropy for the region of extrapolation was 0-012 
e.u. per mole of MgNig. The Third-Law entropies 
and entropies of formation for several temperatures 
are given in Table 3. For calculation of the latter 
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all 


emperature K 


Molar heat capacity ot MegNie peries II, x-Series II] 
\rrow shows Curie temperature Teported by Voss"! 


of formation of MgNio Table 3. Entropy data for MgNiez 


Temperature | Third-Law entropy Entropy of 
(°K) (e.u./mole) formation 


(e.u./mole) 


and a slight absorption of, hydrogen was not dis- 
regarded. In this connection a sample of MgNie 
was, as indicated above, sealed off under hydrogen, 
heat treated, and subjected to thermomagnetic 
analysis. The results, shown in Fig. 1, indicate 
that the susceptibility of the material is slightly 
reduced, rather than enhanced, by the hydrogen 
treatment.” 


, the entropies of the elements were taken 
lation by STULL and S1nke®), 


A more likely explanation is that the ferromag- 
4. DISCUSSION OF RESULTS 


netic behavior observed by Voss resulted from the 
Its of both the heat-capacity and sus- 
determinations conclusively demon- *'The Curie point for the elemental nickel which is 
. “ys — oresent as an impurity is slightly lowered. This and the 
MegNis does not exhibit a Curie point P**** *P . 
lowered susceptibility suggest that the dissolved and 
+ 
i 


t 
Che possibility that the ferromagnetism 


adsorbed hydrogen is supplying a small number o 


Voss was induced by contact with electrons to the nickel d-orbitals 
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substantial contamination of his materials by ferro- 
magnetic impurities. 

The susceptibility determinations indicate that 
MgNiz is a moderately strongly paramagnetic 
material. Its susceptibility is virtually the same at 
the two temperatures for which data are available, 
suggesting a temperature-independent suscepti- 
bility. This is the kind of behaviour expected from 
the collective-electron point of view if the material 
is exhibiting Pauli paramagnetism with a large 
density of states at the Fermi limit, as is the case 
with incomplete d-bands. 

The results in Table 3 show that the compound 
is formed from its components with a reduction in 
entropy. This is in accordance with expectation in 
view of the high coérdination number in the com- 
pound (average value is 134) and the consequent 
reduction of vibrational freedom (free volume) 
when it is formed. 

The origin of the small thermal and magnetic 
effects observed at 194°C is a matter of consider- 
able interest. One of the possibilities considered 
was that they were the result of a phase transfor- 
mation at this temperature. In a recent publication, 
ELLrioTT has shown“) that in certain intermetallic 
compounds of stoichiometry ABs, transformations 
from one Laves-phase-type structure to another 
can occur with increasing temperature. The 
similarity of the structures implies a small heat of 
transformation in such cases, and indeed the heat 
effect discovered in MgNig is only about 3 cal 
mole. These considerations suggested that the 
effects at 194°C might be due to the transformation 
of MgNig into either the MgZng or MgCue-type 
structure. To establish whether this was indeed 
occurring, X-ray diffraction patterns were taken at 
208 and 225°C. The patterns clearly indicated that 
the room-temperature structure of MgNig was 
retained at these temperatures and excluded the 
possibility that a phase change was responsible for 
the phenomena observed. 

Another possibility is that MgNig is weakly 
antiferromagnetic, with its Néel point at 194°C. 
This seemed rather improbable in view of the 
smallness of the thermal effect, but an attempt was 
made to ascertain whether the susceptibility of 
MgNige rises to a maximum in the vicinity of 194°C. 
It was, of course, necessary to eliminate by a Honda 
plot the effect of the elemental nickel present as 
impurity. As indicated earlier, in these experiments 
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the maximum field attainable was insufficiently 
strong to permit a reliable extrapolation to infinite 
field, and so while the measurements failed to re- 
veal a maximum in the susceptibility/temperature 
curve, the results were actually inconclusive. 
Judging from the magnitude of the thermal and 
magnetic effects, it seems most likely that the 
anomalies originate with some type of irregularity 
to be found only at infrequent points in the MgNie 
lattice. One likely possibility is the lattice defect 
which would occur when an occasional nickel atom 
replaces magnesium at a normal magnesium site 
in the lattice. This could occur either because of 
local fluctuations in concentration or as a result of 
the normal tendency of the system to increase its 
entropy by disordering so as to reduce its free 
energy. When magnesium is replaced by nickel, 
a 13-atom cluster of nickel atoms results. Exchange 
effects could be such as to cause these clusters to 
exhibit ferromagnetism at low temperatures. 
Qualitative considerations suggest that ferromag- 
netism in a system of this sort might be destroyed 
more abruptly with increasing temperature than in 
bulk elemental nickel. In so small an assembly the 
first disaligned spin could destabilize the entire 
system of aligned spins in the cluster, so that com- 
plete spin disorder would immediately ensue. As 
a result there would be an abrupt decrease in sus- 
ceptibility over a very narrow temperature range. 
Furthermore, the energy of demagnetization would 
appear either as a latent heat or as an abnormally 
narrow A point. These features are in keeping with 
the experimental observations at 194°C. 
Although this seems at present to be the most 
likely of several possible explanations for the 
observed anomalies, it would be inappropriate to 
claim that the qualitative discussion above proves 
the correctness of the defect hypothesis. Confirma- 
tion of the thermal and magnetic effects of the 
nickel clusters, and indeed their existence, must 
await further, more critical, experimentation. 
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INFLUENCE DES CONDITIONS AUX LIMITES 
SUR LA DENSITE ELECTRONIQUE 
DANS UN RESEAU PERIODIQUE 


G. LEMAN 
Physique des Solides, Faculté des Sciences, Orsay (Seine-et-Oise) France 


(Received 11 July 1959) 


Résumé—Dans une structure de bandes, la densité électronique varie avec les conditions aux 
limites, au voisinage de ces limites. Cet effet est étudié en détail sur un modéle de Kronig et Penney. 
On montre que la contribution des bandes pleines décroit de fagon exponentielle avec la distance r, 
en exp(—qr); une bande presque vide ou presque pleine donne un terme en (sinAkzgr)/r, ot Akg est 
la différence en nombre d’onde entre le niveau de Fermi et la limite de bande la plus proche : ses 
électrons ou ses trous positifs se comportent comme s’ils étaient libres. Les valeurs exactes du para- 
métre g dépendent des bandes considérées et des conditions aux limites. 


Abstract—In a band structure, the electronic density varies with the boundary conditions, near 
the boundaries. This effect has been studied in detail on a Kronig and Penney model. The con- 
tribution from full bands is shown to decrease exponentially with distance r, as exp(—qr); a nearly 
fullor nearly empty band contributes aterm (sinAkgr)/r, where Akz is the difference in wave number 
between the Fermi level and the nearest band limit : its electrons or positive holes behave as though 
they were free. ‘The exact values of the parameter g depend on the bands considered and on the 


boundary conditions. 


1. INTRODUCTION revient a dire que la densité électronique p(F£, r) 
Sr on détruit d’une facgon quelconque dans un _ au point r, pour des électrons d’énergie moindre 
cristal parfait la périodicité du cristal, il s’ensuit que £, est indépendante des conditions aux limites 
une modification de la densité électronique qui sur S pour tout point r de la boite qui n’est pas 
peut s’étendre au-dela de la région perturbée 
dans la région ot le potentiel est périodique. Cette 
perturbation a grande distance joue un role 
important dans certains problemes physiques 
(alliages, magnétisme ...). Nous nous proposons 
d’étudier cette perturbation dans la répartition 
électronique, autrement dit, linfluence de con- 
ditions aux limites quelconques sur la repartition 








électronique dans un cristal parfait. 
Von Laue avait démontré, en étudiant les 
1. Densité d’un gaz d’électrons libres avec les con- 


proprietés du rayonnement dans une cavité, que Fic. 
ditions aux limites de Born—von Karman. 


le nombre de degrés de liberté des photons était 
indépendant de la forme de la cavité aussi long- 
temps que l’on est a une distance des parois trop prés de S. A une dimension, par exemple, 


supérieure 4 plusieurs longueurs d’onde. Si l’on _ la densité électronique po est constante dans le cas 
considére un gaz d’électrons libres enfermés dans des conditions aux limites de Born—von Karman 
une boite de surface S, le théoreme de Von Laue (Fig. 1); dans le cas des parois impénetrables 
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telle que 
sin 2kx 


2a 


avec k2 = 2F. 


A des distances de la paroi supérieure a 7/2k, la 
lensité électronique est pratiquement indépend- 
nte des conditions aux limites. 

Nous allons étudier en détail, dans cet article, 
la modification de la densité électronique dans un 
réseau unidimensionnel du type Kronig et Penney, 


Par 





2. Densité d’un gaz d’électrons libres dans le cas de 


deux parois impénétrables. 


quand on introduit des conditions aux limites 
d’abord particuliéres (section 3) puis beaucoup 
plus (section 4). Auparavant, 
étudierons le probleme de la détermination des 


générales nous 


fonctions d’onde électroniques (section 2). 


2. DETERMINATION DES FONCTIONS D’ONDE 

Considérons un réseau linéaire du type Kronig 
t Penney (Fig. 3). L’énergie des électrons est E, 
les dimensions des 


e 
la longueur d’une maille a, 


| r 


j i | 
ee ee ee 
(pn 7 nn (n+ a 


Modéle de Kronig et Penney non perturbé. 


Fic. 3 
barrieres de potentiel 6, V. Le probleme n’est 
pratiquement pas modifié si l’on suppose les 
barrieres de potentiel infiniment étroites; nous 
poserons P lim 2ab(V—E). 


(a) Fonctions d’onde dans le réseau non perturbé 
Nous partons des fonctions de Bloch d’énergie 
E = h?k?/2m, soit 


d(k, 7) =v(kp, 7”) exp(ikpr) avec t(kp, 7) 


v(kp,7+a), 


ou kg est un nombre réel a determiner. Les con- 
ditions de continuité et de périodicité pour les 
fonctions ¢ et leurs dérivées, conduisent a la 
relation classique entre k et kz 


sin ka 
P + cos ka 


27 
Vu 


cos Rpa. (1) 


Choisissons pour origine le milieu d’une maille 
(Fig. 4) et considérons une chaine de longueur Na 





n=(\/2 


m=O | 
Fic. 4. Numérotation des mailles du réseau. 
(N > 1), a laquelle on applique les conditions aux 


limites de Born—von Karman. La fonction d’onde 


normalisée sera : 


d(kp, 7) = v(kp, 7) exp(tkpr) (2) 


vu(kp, %) = ao exp(—ikga/2) x 
x [exp{—i(kg—k)rn} + 
+ F exp(—ika) exp{—i(Rpe+hk)rn}]. 
Cette expression est valable pour ry, 
compris entre —a et 0. De plus: 
Sli (k—kp)a + 
sin(k+kp)a 2 
enfin 4 est normalisée dans l’intervalle 0, Na si 
sin ka 1/2 
Na\{1+F?+25 - 
ka 


Rappelons la structure de bandes du modele 
étudié afin de rendre plus clairs les développements 
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qui vont suivre. Avec les variables sans dimensions 
u = kaet x = kaa, la relation (1) s’écrit : 


P sinu 
f(u) + cos u = cos x. 
u 
Si l’on représente f(u) en fonction de u (Fig. 
seules les parties de la courbe telles que | f(w) 


doivent étre retenues, puisque x est réel. L’axe 


Fic. 5. Courbe f(u). Les portions de |’axe des u en traits 
gras correspondent aux bandes d’énergies permises. 


des u est ainsi divisé en portions comportant les 
valeurs permises de u(uy, < |u| < nz) et d’autres 
interdites (nz < |u Un+1)- extremas de 
f(u), obtenus pour des valeurs u = 0,...+u'y 
telles que m7 < u'n < Un+, ont des ordonnées qui 
décroissent rapidement en module tout en restant 
supérieures a 1. Le cas limite des électrons libres 
(toutes les énergies sont permises) correspondrait 
ar 


tendant vers l’infini (bandes permises infiniment 


Les 


0; celui des électrons liés correspond a P 


étroites). 

Puisque pour u donné, x+2n7 et x sont solu- 
tions, on peut, sans rien perdre de la géneéraliteé, 
faire correspondre conventionnellement a une 
valeur de u: na <u < (n+1)z, les valeurs de x : 

|x| <(n+1)z (Fig. 6). En fait, avec les 
conditions aux limites de Born—von Karman, les 
branches de courbe u(x) sont pseudo-continues, 
la densité d’états en x étant p(x) N/2z, si Von 
ne tient pas compte de la dégénérescence due au 


spin de l’électron. 


(b) Fonctions d’onde dans le réseau perturbé 
L’introduction dans un cristal parfait d’un 
défaut quelconque (impureté, surface libre) per- 
turbe la répartition électronique. Autrement dit, 
la fonction d’onde électronique ne sera plus 


¢(Rkp, r) mais une combinaison linéaire de fonc- 
tions de Bloch+ 


W(Rkp, ¥) = Av(kp, 7) exp(ikgr)+ 
+ Bu*(kp, 7) exp(—ikpy). (7) 


Les coefficients A et B sont déterminés par la 
normalisation des conditions aux limites de la 
fonction ys. Nous ferons par la suite tendre la 


Us 








Ue 


4 


' 


Fic. 6. Courbe u(x). 


taille Na du cristal vers l’infini, et nous nous 
intéresserons au voisinage d’une des _ limites 
seulement. Nous 
conditions aux limites arbitraires pour une des 
= 0 et identiques pour l’autre r = Na. 

| Cus 
: res. 


yw cor r=0 yw CY /r=Na 


pouvons donc prendre des 


limites r 


1 /édb(Rp, 7) 
=a, 


ou A(k) est une fonction quelconque de |’énergie 
des électrons. 

Nous allons montrer que (8) est équivalent aux 
trois conditions suivantes : 


oR, ’) 


(i) l 


¥ rs (9) 





(11) |P(Rp, 7)|* =|\v(Rkp, v)|2 poury grand, (10) 
la moyenne étant faite sur une longueur grande 
par rapport a a; 
(111) Les % et les d ont la méme densité d’états 
par unité d’énergie. 
Nous supposerons que $(kg,r) et $*(kz,r) sont 
linéairement indépendantes. En fait, il n’en est pas 
toujours nécessairement ainsi, en particulier au bord 


d’une bande. 
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(1) Il faut d’abord démontrer que la densité 
d’états p(kg) n’est pas modifiée par l’introduction 
des conditions (8). Celles-ci imposent exp(27kg.Na) 

1, donc kg = p(z/Na), p entier. Avec les con- 
ditions aux limites de Born—von Karman, on avait 
kp 2p(z Na), mais valeur de 


=) 


chaque 


pour 
kp}, il y avait dans ce cas deux états +p de 
méme énergie. L’introduction des conditions (8) 
leve en quelque sorte cette dégénérescence, et 
déplace l’ensemble des états vers les _ basses 
energies. Le nombre total d’états tels que EF < Ey 
mais non la densité 


est légérement modifié, 


d’états, qui reste égale a Na 7 par unité de vecteur 


d’onde ky; 
2) D’autre part, la condition (10) peut s’écrire : 


Al2+|Bl? = 1. (11) 


Or la condition de normalisation de (kp, r) 
conduit a la méme relation. En effet 


A|2+-|B\2+ 


| I(Rp, y)\2 1} 


0 


AB*v*(kp,rv)exp(2ikgr)dr+c.c. (12) 


A cause de sa périodicité, la fonction v(kg, r) 
étre mise sous la forme exp(—ikga/2)f(rn) 
r—na; lintégrale figurant dans (12) 


peut 
OU Ty 


s’é€crit alors : 


[ 0 
— 
A B* 


NV | f(%n) exp(2thkprn) dry | X 


7 


x > exp[7(27—1)kga]. 
—— 7 

/t 
Avec les notations choisies, varie de 4 a 
(2N—1)/2. 
lors le numéro de la maille compté a partir de 
maille contenant l’origine étant notée 


Posons 2m = 2n — 1; m représente 
7° 7 
1 origine, la 
0 (Fig. 4). 


Puisque 


N-1 


— et S exp[27mp(7/N)] = 9, 
ag Figs 


m 0 


les deux intégrales de (11) sont nulles et les deux 
ensembles de conditions aux limites, (8) d’une 
part, (9) et (10) ou (11) d’autre part, sont équiva- 
lents et conduisent aux mémes fonctions d’onde. + 

Notre probléme est finalement de déterminer, 
en fonction des conditions (9) et (11), comment 
la répartition électronique est modifiée par rapport 
a la densité périodique de Born—von Karman. II 
faut évaluer l’intégrale : 


x(Rp, ”)p(Rp) dkhp, (13) 


x(kp, 7) v(kp, v)|\2 — |dbi(kp, 7)? 


2Re'[—AB*v*(Rp, 7) exp(2ikgr)], (14) 


l’intégration étant faite pour tous les électrons 
jusqu’au niveau de Fermi. II serait compliqué 
d’évaluer exactement /(r). Nous verrons que c’est 
une fonction décroissante en module et nous nous 
bornerons a évaluer la forme asymptotique de I(r) 
pour 7 grand, d’abord dans un cas particulier de 
conditions aux limites, puis dans le cas général. 


3. MODIFICATION DE LA DENSITE ELECTRON- 
IQUE DUE A UNE BARRIERE INFINIE DE 
POTENTIEL 


Nous supposerons qu’il existe a l’origine une 
barriére infinie de potentiel; au lieu de (9), nous 


aurons donc: 


Par suite 4/B = —exp(tka) et, compte tenu de 
(11), |A B 


y(Rkp, r) est alors : 


V2/2. La forme explicite de 


x(Ap,7) 
cos 2[kr—(k—kp)ma|+ 


ag? 
+ F? cos 2[kr—(k+kp)ma|+2F cos 2kgma. (16) 


Cette expression est exacte mais compliquée; 
comme nous voulons chercher la forme asympto- 
tique de J(r), il est légitime de considérer son 


+ La forme explicite de v(kg,r) n’intervient pas dans 
valable pour un 
elle 


la démonstration; celle-ci est donc 
réseau unidimensionnel de potentiel quelconque : 
constitue une généralisation du théoréme de von Laue 


aux réseaux périodiques unidimensionnels. 
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comportement moyen dans une maille. Nous con- 
sidérerons donc 


x(x, m) = X(Rp, 1”) 


(1+ F7?) (sin u/u)+2F 
1+F2+2F (sin u/u) | 


avec les variables sans dimensions u = ka, 
x = kga. Puisque la densité d’états p(x) est con- 
stante, égale a N/2z, la modification de la densité 
électronique sera donnée finalement par l’inté- 
grale : 

2M 


a(x) cos 2mx dx. (17) 
M 


Tenant compte de (4) et (6), on peut mettre 


a(x) sous la forme 
f(u) cosu—(P+1) 


uf’ (u) 


(1) (18) 


f'(u) désigant la dérivée de f(u) par rapport a u. 

Dans (17), Vintégration porte sur tous les 
électrons jusqu’au niveau de Fermi. Etant donné 
que les états d’énergies permises sont surtout 
concentrés aux limites de bandes, les cas les plus 
intéressants correspondent a plusieurs bandes 
pleines avec la dernicre bande peu remplie, ou 
complétement pleine, ou presque pleine. Ayant 
résolu le probleme pour une bande peu remplie 
puis pour une bande pleine, nous verrons que le 
cas d’une bande presque pleine se ramene aisément 


au premier en faisant intervenir les trous positifs. 


(a) Cas d’une bande peu remplie 
Raisonnons d’abord sur la premiere bande 
(Fig. 7). Il faut évaluer : 


<M 


> 


x(u) cos 2mx dx 


I(m) 


a(u) cos 2mx dx. 


295 


Au voisinage de 1, puisque du/dx = 0 et x(u) 
on aura 


Au premier ordre, Vintégrale I(m) vaut 


iM - 
y , sin 2mx yy 
cos 2mx dx . (19) 


I(m) 


Elle décroit donc comme (sin 2kgr)/r avec la dis- 
tance, autrement dit les électrons de la premiére 


4 


od 





Fic. 7. Premiére bande peu remplie. 
bande peu remplie se comportent comme des 
électrons libres. 

Si l’on tient compte du terme de 2éme ordre, la 
situation n’est pas modifi¢e puisque ce terme vaut : 
: tu 
( » 


v2 cos 2mx dx, 


c’est-a-dire, en intégrant par parties, 


cos2mxy = sin 2mxyy 
YM 


4m3 


Cr . sin2mxy 


2m 2m2 


Dap 
477i 


Seul le premier terme est comparable avec le 
terme du ler ordre, mais il reste négligeable si 
xy est une petite fraction de z. II varie d’ailleurs, 
avec la distance m, comme le terme du premier 
ordre dont il change seulement un peu l’amplitude 
des oscillations. Comme nous le verrons par la 
suite, le développement ci-dessus est valable pour 
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des électrons remplissant jusqu’a environ la moitié 


de la bande. 
Bande quelconque. La situation est celle de la 


Fig. 8 et l’intégrale a évaluer est 


a(u) cos 2mx dx. 


En développant au voisinage de uv» et remarquant 
que a(u + 1 suivant que m est pair ou impair, 


J 
on aura encore au premier orare : 


I(m)\ ~ (20) 


Par conséquent, a grande distance, les électrons 


1 


bande se comporteront encore Comme le 


A. 


bande peu remplie 


méme nombre d’électrons libres. La perturba- 
tion décroit avec la distance comme (sin 2Akgr)/r 
ou. Akz est la différence des nombres d’onde du 


niveau de Fermi et de la limite de bande. 


b) Cas des bandes pleines 

Supposons maintenant que le niveau de Fermi 
se trouve dans une bande interdite. Nous allons 
montrer que les perturbations décroissent plus 
rapidement qu’une exponentielle. 

(i) Pour la premiére bande pleine, |’intégrale 
exprimant la modification de la densité électronique 


LEMAN 


sera : 


a(u) cos 2mx « 


(21) 


a(u) exp(2imx) dx. 


Nous allons évaluer /(m) en cherchant dans le 
plan complexe z = x + 7y, un contour d’intégra- 
tion pour la fonction «(z) exp(2imz). Posons 
w = u-+iv avec la relation 


i<¢ 


+ cosw—cosz 


(22) 


Ww 
équivalente a (23) et (24). 

P 
cos x chy (u sinu chv+wv cosu shu 
u2+v-2 


+cosu chv 
P 


(v sinu chu—u cosu shv 


u-+v- 


En posant 


f(w) cosw—(P+1) 
a( w) 
la fonction a(w) exp(2imz) sera égale a «(u) 
exp(2imx) sur l’axe réel (y = 0). 

Le premier point a préciser est la correspondance 
entre les plans complexes w et z. Les résultats de 
cette étude (cf. Appendice) sont résumés sur les 
Fig. 9 a, b, c et 10 a et b. Quand u décrit l’axe réel 
du plan w de —1M a+, 
du plan z décrit l’axe réel et les segments 
AB’, CD, C’D’.... Les points de l’axe 
x’Ox correspondent aux bandes permises, les 
segments AB, CD... 
interdites. En particulier les points A, D, D’... 
correspondent aux zéros de f’(u). Pour que toute 
fonction uniforme de w soit aussi fonction uniforme 
de z, il faut couper le demi-plan supérieur (y > 0) 
par les segments AB, CD, C’D’.. . . Il est a noter 
cependant que le segment AB ne constitue pas 


le point correspondant 
AB, 


réel 


correspondent aux bandes 
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flu) 


























G 
ad ad 


CO” 





Fic. 9a, b, c. Représentation de l’axe réel du plan com- 
plexe w dans le plan complexe z. 


une coupure pour toute fonction paire de w, telle 
que «(w). Enfin, la correspondance des demi plans 
v > Oety > Oest représentée sur les Fig. 10 aetb. 

Nous démontrons en appendice que la fonction 
x(z) n’a pas d’autres pdles que les points D, Er, 
G, G’.... Il reste a choisir un contour d’intégra- 


tion qui évite les segments CD, FG etc.... 


Vv} 


























if 
1g 
127” 


ge 
/ 











(b) 
Fic. 10a et b. Correspondance des demi-plans com- 
plexes w et z. 


D’aprés les équations (23) et (24), toute fonction 
paire de w prend, en deux points symétriques par 
rapport a Oy, des valeurs complexes conjuguées. 

Considérons alors le contour d’intégration 
C’CPP’ (Fig. 11). Le long de ce contour 


| x(w) exp(2imz) dz = 0 
C’CPP’ 
c’est-a-dire : 
+ 
| x(u) exp(2imx) dx+ 


+ [ a(w) exp(2imx) exp(—2m Y )dx+ 


Y 0 


+ [ a(u)dy+ { ae(u) dy U, 


0 } 


I+ 1'+h+I2=0. 
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L’intégrale J, au facteur 1/27a pres est celle que 
nous cherchons. Les intégrales J; et Jo se com- 


pensent d’apres la remarque faite précédemment, 








tour d intégration pour la fonct 


ns le cas de la premiére banc 


Reste Vintégrale i 


paire en u. 


exp(27mx) 


changement x en —x dans la 
intégrale et nous rappelant que, dans 


x*(w), on obtient 


Appelons M la borne supérieure de (2 


sur le segment PP’(y rh: 


7 )| XW) 


On aura donc finale- 


I(m) VM exp(—2mY). (26) 
Nous 
point D, c’est-a-dire au premier minimum de 
-Q aussi petit que 


ons choisit Y < yj, y1 correspondant au 


f(u). Posons Y 
veut mais non nul. On pourra toujours 


Jur’, = 
l’on 
trouver un nombre M indépendant de m, tel que 


y Vn—€, € 


Car 


COS 2 .cos w—(P+ 1) 


x( Ww) 


Le numeérateur est certainement inférieur a 
exp(2Y) et le 


différent de 0 puisqu’il ne s’annule que pour 


dénominateur est certainement 


y yj. Par conséquent, quand m croit, l’intégrale 


I(m) tend vers 0 plus rapidement que |’exponen- 
tielle M/ exp(—2mY). 

(ii) Ce qui précede concernait la leré bande 
pleine. Le raisonnement n’est modifié si 
l’on considére plusieurs bandes pleines. Ainsi pour 
contour 


pas 


la n bande, choisissons comme 


y 





. 12. Contour d’integration pour la fonction «(2 


dans le cas de la n'*™° bande pleine. 


d’intégration le double contour de la Fig. 


est clair que, si l’on pose 


a(u) exp(2imx) da 


[(m) 


x(u) cos 2mx dx, 


aura encore 


I(m) V exp[—2m(vn—e«)], (27) 


ou. 2M x est la borne supérieure de |x(w)} pour 
i () aussi petit que l’on veut mais 
non nul. 

Par conséquent (1) le changement de densité 
électronique da a l’introduction des conditions 
aux limites (10) et (15) dans le réseau de Kronig 
et Penney, deécroit exponentiellement avec la 
distance a partir de l’origine quand on consideére 
les électrons d’une bande pleine. 
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(2) S’il y a plusieurs bandes pleines, la contri- 
bution de la derniere bande s’étend plus loin que 
celle des autres bandes. Ceci ressort du fait que 
les valeurs de yy décroissent rapidement comme 
le montre l’allure de la fonction f(u) (Fig. 9a), 
dont les extremas f(u’») satisfont a : 


f\(u'n)|. 


(3) Il est d’ailleurs facile de relier directement 
le coefficient de décroissance dans l’exponentielle 
exp[—2m(Vvn— )] ala largeur en k(2A,=un+1—n7 
de la bande interdite correspondante pour des 
bandes 


ch vp (28) 


bandes d’ordre élevé, c’est-a-dire des 


interdites étroites (Fig. 8). On a simplement 


(29) 


Yn == Xn- 


(iii) Fonctions de Wannier. KOHN” a récemment 
étudié les propri¢tés des fonctions de Wannier 
relatives a un modele unidimensionnel ot le 
potentiel V(r) est périodique et symétrique. II 
démontre que, pour chaque bande d’énergie, il 
existe une et une seule fonction de Wannier ayant 


les proprictés suivantes : 


—elle est réelle; 
—elle est symétrique ou antisymétrique; 
—elle décroit exponentiellement : 


Wi(r) ~ exp(—/inr). 


n désigne le numéro de la bande considérée et 
hy est la demi-largeur de la frange d’analyticiteé 
des fonctions de Bloch, c’est-a-dire exactement yy 
dans le cas particulier que nous étudions. II est 
intéressant de constater que ces résultats con- 
cordent avec les notres. 

En effet, pour une bande quelconque (l’indice 
n a été supprimé pour ne pas surcharger I’€criture), 
la fonction de Wannier sera : 


ge 2 


) | d(kp, v) dkp, 


© 


(30) 


—7 / a 


ou les d(kg, 7) sont les fonctions de Bloch nor- 
malisées. Inversement, en désignant W(r—/a) par 
W'(r), on aura 


$(kp, %) = V(a 2n) > Wr) exp(tlkga). (31) 
1 
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Or la perturbation de la densité électronique 
pour une bande pleine peut s’écrire, en tenant 
compte de (14) et (31) 


! 
Kr) =— REe> > Wr) WU(r) x 
4ar* a 


x | exp(iu) exp[i(/+1’)x] dx. 


7 


Si nous admettons fonctions de 
Wannier sont réelles et se comportent comme 


exp(—mY)(Y ~ vn ~ fn), nous pouvons écrire : 


1 
7] 7] 
ee a (m) W'(m) x 


ri 


que les 


I(m) 


iT 


x [ cos[u+(/+1’)x] dx, (33) 


ou les fonctions de m sont les moyennes sur la 
maille m des fonctions correspondantes de r. 
Puisque u est fonction paire de x. 


| : 
~- J Wm) W'(m) | cosu.cos(l+l’)x dx. 
al 0 2 
; (34) 
L’intégrale qui figure dans le second membre 
peut s’effectuer dans le plan complexe exactement 
comme l’intégrale (21). Elle donne un terme qui 
se comporte comme exp[—Y(/+/')]. Puisque 
W'(m) = W(m—1), on aura finalement: 


I(m)~ >) exp[— Y(m—1)] exp[— Y(m—l')| x 
- 
x exp[— Y(/+1')] 


c’est-a-dire I(m) se comporte comme exp(—2mY) : 
c’est bien le résultat (26). 


(c) Cas d’une bande presque pleine 

Nous sommes maintenant en mesure de traiter 
le cas d’électrons dont le niveau de Fermi se 
trouve pres du sommet d’une bande (Fig. 13). 
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Soit en effet a évaluer on aura pour I’’(m) : 


S 


| «(w) cos 2mé dé 


I(m) 


Nous raisonnerons sur la lére bande pour simpli- 9 y est relié A é par la relation 
fier l’exposé; il est clair que le résultat vaudra 


pour n’importe quelle bande. Physiquement on , sin u 
; + cos u=— cos é. 
u 


Développons au voisinage de u = 





Au premier ordre, on aura : 


Sie ! I’'(m) 





1 sin 2m&yy 1 sin 2mxy 


m m 
“1G. 13. Premiére bande presque pleine. 
Fr pemmsare Gande presque greme Les termes du 2nd ordre seront en 
peut considérer que la contribution de cette bande sin 2méy 1 

, s 2. es 
est celle d’une bande pleine d’électrons, plus la fu 0 


9 
sgn m? 
contribution de trous correspondant aux valeurs 


2m 
vy < |x| <7, avec la méme densité d’états que donc négligeables si €y est une petite fraction de z. 
les électrons de méme nombre d’onde. Puisque l’intégrale J’(m) dans (36) correspond 











(a) (b) 


Fic. 14a et b. Courbes «(x) et u(x) pour deux valeurs particuliéres de 'P. 


Mathématiquement, il suffit de faire le change- a une bande pleine elle décroit exponentiellement 
ment de variable £ = 7—x. Puisque. avec la distance et sa contribution est négligeable 
aux grandes distances m, par rapport a J’’(m). 
7 Par conséquent la perturbation de la densité 
I(m) = I'(m)+I''(m) | x(u) cos 2mx dx— électronique, dans le cas d’une bande presque 

aed | pleine, décroit avec la distance comme 

. sin 2Akpr 7 

r , - — cul Akp <_ Rpm 

| a(u) cos 2mx dx (36) y a 


les trous se comportent comme des trous libres. 
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Validité de l’ approximation. On peut se demander 
jusqu’a quel point le développement en puissances 
de x ou 7—x qui intervient dans 3(a) et 3(c) est 
valable. Pour s’en faire une idée, on a évalué 
numériquement la fonction «(*) dans deux cas 
tres différents : P = 37 (premiére bande étroite) 
et P = 7/4 (premiere bande assez large) (Fig. 14 
a et b). 


(1) Pour une bande étroite, «(x) differe peu de 
lunité (il est compris entre 0,96 et 1 pour P = 3m). 
La courbure de «(x) sera toujours faible et on aura 
avec une tres bonne approximation 


i —1 sin 2mxy 
m) ~— - 


a m 


avec xy quelconque entre 0 et z. 


(2) Dans le cas général, «(x) présente un mini- 
mum assez marqué pour une valeur x» d’autant 
plus proche de z que P est faible, c’est-a-dire que 
la bande est large (Fig. 15 a et b). La lére partie de 

















x 


Fic. 15. Contour d’intégration de la fonction 1—g(w) 
1+2¢(w) «(z)e*’”2 dans le cas de la premiére bande pleine. 


la courbe (0 < xy < Xm) présente une courbure 
presque constante et par consequent, il suffira dans 
le développement de a(x) en puissances de x(3a) de 
prendre les termes jusqu’au 2e ordre inclus, pour 
avoir une bonne approximation, avec des électrons 
remplissant jusqu’a la moitié de la bande (*)y<7/2). 


(3) Par contre, la 2eme partie de la courbe «(x) 
(Xm <*%y<7) présente une forte courbure au 
voisinage de 7. Le développement en puissances 
de w-x ne sera donc valable que si le niveau de 
Fermi est proche de la limite de la bande et les 
termes du second ordre joueront un réle important. 


4. CONDITIONS AUX LIMITES GENERALES' 

Il nous faut maintenant considérer le cas général 
ou la fonction d’onde #(kg,r) est déterminée par 
les conditions (9) et (11). 

La fonction A(R) est réelle ou complexe. Ainsi, 
par exemple, avec les conditions aux limites de 
Born—von Karman, 


tandis que pour une barriére de potentiel finie a 
lorigine (V(r) =Vo pour r<0) h(k) =+/(2Vo—?). 


Introduisons le déphasage ny défini par 


A 


exp[i(n+ha)] (39) 


et posons 
(40) 
On montre facilement que la modification de la 
densité électronique est alors donnée par : 


tM 


(41) 


c cos na(u) cos 2mx dx. 


D’autre part, en explicitant (9) et tenant compte 
de (12), on obtient 
1—g(u) 


— (42) 
1+g(u) 


€ COS 


a condition de poser 


h(uja) 1+ F ? 
ula 1—F\ 


Dans le cas particulier ot (Rk) est réel, on a 

-1, c’est-a-dire |A| = |B] = +/(2)/2, donc 
n = —2 arc tg »/[g(u)].. Par ailleurs, pour les 
valeurs de l’énergie correspondant aux limites de 
bande (u = up ou nz), on a toujours |c cos y| = 1. 

L’évaluation de I(m) dans le cas d’une bande 
peu remplie se fait alors exactement de la méme 
maniére que dans la section 3. Ici encore, on 
trouve que les électrons se comportent a grande 
distance, comme des électrons libres : la pertur- 
bation de la densité électronique décroit comme 
(sin 2Akgr)/r ot Akp est la différence de nombre 





is. 


ynde entre le niveau de Fermi et la limite de 
nde la plus proche. 
nd le niveau de Fermi se trouve dans une 


Quat 
interdite, l’intégrale J(m) est de la forme : 


1 —o9(u) 
x(u) exp(2imx) da 
1+ 29(u) 


‘intégration dans le plan complexe 


it encore étre utilisée a condition de 


D(u) 


peut évidemment 


tion 1—g(w)/1+¢(w) 


de nouveaux poles mais certainement 
ir l’axe réel du plan w c’est-a-dire sur l’axe 
: et sur les segments CD, C’D’ ... Il suffit alors 
ndre comme contour d’intégration (Fig. 15) 
CPP’ \aissant a l’extérieur tous les 


ectangle ( 


Soit v, la hauteur de ce 


w)/1+p(z). 


n de la densité électronique, due 
1 


de conditons aux limites quel- 
donc exponentiellement avec la 
1 le niveau de Fermi se trouve dans 

Vais nous ne pouvons pas 


1X) d'une Jacon Le nérale la valeur exacte de cette 


raitement d’une bande presque pleine 


a été décrit 


} 


. 5 . 
ible a ceiul qul 


ici encore, la 


] 
i 
pe rturbation de la 
la 


différence entre 


‘onique décroit avec distance 


7, 2 kp étant la 
iveau de Fermi et de la 


les trous positifs se comportent 


it 


1 1 
» des trous libres. 


5. CONCLUSIONS 
d’un défaut localisé quelconque 


un réseau périodique du type Kronig et 


enney perturbe la répartition électronique. Cette 


yerturbation s’étend a plus ou moins grande dis- 


suivant que l’on consideére les électrons 


LE 


MAN 


d’une bande pleine ou d’une bande peu remplie 
ou presque pleine. 

(1) Quand le niveau de Fermi se 
une bande d’énergie permise et pres 


trouve dans 
d’une limite 
de bande, nous avons montré que les électrons de 
bas de bande ou les trous positifs de la bande 
presque pleine se comportent comme un gaz 
d’électrons ou de trous libres de méme densité 
moyenne. La perturbation de la densité élec- 
tronique varie a grande distance r comme 
(sin 2Akpr)/r, Akg étant la différence entre les 
nombres d’onde du niveau de Fermi et de la 
limite de bande la plus proche. Pour les gaz denses 
(Akg grand), cette expression est meilleure pour 
des électrons que pour des trous, surtout dans les 
bandes assez larges. 

(2) Les contributions des bandes pleines de- 
croissent plus vite avec r, et de fagon exponentielle, 
en exp(—gr). Elles sont donc négligeables devant 
les premicres a grandes distances. Quand on rem- 
place les conditions périodiques de Born-von 
Karman par une barriére de potentiel impénétrable 
la charge repoussée localement dans une bande 
pleine a le méme coefficient g que les fonctions de 
Wannier de la bande; q croit avec la largeur des 
bandes interdites voisines; pour des électrons 
presque libres, ag Ak, si a est le parametre du 
réseau, Ak la largeur en & de la bande interdite au 
sommet de la bande et fi2k2/2m, est l’énergie. Le 
coefficient g peut par contre étre plus petit pour 
d’autres conditions aux limites. 

Ces conclusions sont en accord qualitatif avec 
celles de BLOEMBERGEN et ROWLAND) pour un 
réseau a trois dimensions perturbé au premier 
ordre. Le modele de Kronig et Penney est trop 
théorique pour que des comparaisons quantitatives 
soient possibles avec des données expérimentales; 
il faudrait pour cela étudier l’influence des con- 
ditions aux limites sur la densité électronique dans 
un réseau a trois dimensions, en utilisant, par 
exemple, une méthode de perturbations. Néan- 
moins si les résultats obtenus restent essentielle- 
ment les mémes pour un réseau quelconque, ils 
peuvent donner des renseignements sur le prob- 
leme des impuretés dans les semi-métaux (As, 
Bi ...), ol la bande de valence est presque pleine 
et la bande de conductibilité presque vide : quand 
on y introduit une impureté elle perturbera la 
densité électronique a grande distance; en par- 
impuretés pourront interagir a 


ticulier deux 
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grande distance. De méme, le magnétisme des 
métaux de transition pourrait étre relié de cette 
facon a leur structure de bande: Si la bande 3d 
est presque pleine (Fe,Co,Ni), l’aimantation d’un 
atome, considérée comme une perturbation locale, 
agira a grande distance et produira un couplage 
ferromagnétique sur les atomes voisins. Si au con- 
traire le niveau de Fermi se trouve vers le milieu 
de la bande (Cr, Mn), l’aimantation d’un atome 
produit autour de lui une polarisation de spin qui 
oscille plus rapidement dans l’espace et peut 
tendre a aligner ses voisins antiparallelement a 
lui-méme. 

Remerciement—Je tiens a exprimer ici ma _ profonde 


gratitude 4 Monsieur le Professeur J. FRIEDEL qui m’a 
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APPENDICE 
Etude de la correspondance entre les plans complexes 
w = u+iv et z = x+iy 
Les équations de la correspondance sont : 


P 


(wu sinu chuv+vw cosu shv)+ 
9 9 
u--+-v- 


cos x chy 


+cosu chv Al) 
P 
u2+v2 


+sinushv 


sin x shy (v sinu chvu—u cosu shv)+ 


(A2) 


Les équations (A1) et (A2) ne changent pas si l’on 
remplace w par —w et z par —z. Nous n’aurons donc a 
étudier que la correspondance entre les demi-plans 
supérieurs y>0 et v>0 puisque de toute facgon |’on 
prendra le contour d’intégration dans ces demi-plans. 


(1) Axe réel du plan w(v 0) 


Les équations (A1) et (A2) s’écrivent dans ce cas : 


Psinu 
cosx chy + cosu (A3) 
: u 
sinx shy = 0. (A4) 

Représentons la fonction f(u), u variant de — a 
+0, en désignant par A, B, B’, C, C’, D, D’ etc. ... les 
points d’ordonnée extremum ou d’ordonnée égale 4+1 
(Fig. 9a). 

Par continuité, en partant de u 
trois figures 9a, b et c), l’examen des équations (A1) et 


= 0 (point A sur les 


(A2) montre qu’a l’axe réel du plan w, on peut faire 
correspondre |’axe réel du plan z, augmenté des seg- 
ments AB, CD ..., parcourus deux fois. Ces segments 
seront des coupures dans le demi-plan y>0 car sur les 
bords droit et gauche de CD, par exemple, u n’a pas la 
méme valeur. Cependant, le segment AB ne sera pas 
une coupure pour les fonctions paires de w, telles que 


f(w) et «(w). 


(2) Demi-plan v>0 

Faisons maintenant varier v de 0 4 +0, et divisons 
le demi-plan v>0 en zones 1, 1’, 2, 2’ ... (Fig. 10a). Le 
choix de détermination que nous venons de faire pour 
u, impose par continuité, de faire correspondre a ces 
zones du plan w, les zones 1, 1’... du plan z (Fig. 10b). 
Les courbes limites de ces zones sont déterminées par les 
équations (A5) et (A6) (ot l’on a pris u = n) : 


(A5) 


COS x chy 


-U shv-+chv; 


(A6) 


I] faut prendre le signe + dans (A5), le signe — dans 
(A6), si m est pair et inversement. 

Précisions la forme de ces courbes pour 7 positif (pour ” 
négatif, il suffra de prendre les symétriques par rap- 
port a Oy). Suivant que m est pair ou impair, on aura 
cos x=0 et sin x0; en tenant compte du fait que x tend 
vers nz quand v et y tendent vers 0 (puisque u nz), 
on voit que la courbe correspondante a la droite u = m7 
sera nécessairement dans la zone comprise entre x = n7 
etx = (n—4$)z. 

Pour v tendant vers ©, on aura: 

cosx chy ~+ chv; (A7) 
shu 


sinx shy ~ F Pn (A8) 


9 
gy 
On voit que x tend vers nz et y vers ©, l’écart entre la 
courbe et son asymptote tendant vers 0 comme Pnz/y?, 
quand v et y tendent vers ©. 

Pour obtenir enfin le comportement de la courbe au 
voisinage de l’axe réel, il suffit de développer les équa- 
tions (A5) et (A6) en puissances de v. On montre ainsi 
que la courbe correspondant 4 u = nz admet une tan- 
gente a 45° pour y et v tendant vers 0. 

On notera que pour u = 0, ]’équation (A6) se réduit a : 
sinx shy = 0. 


-0, a done pour 
0, y>yo) du demi 


L’axe imaginaire du demi-plan v 
correspondant la demi-droite Ay (x = 
plan y>0. 

Finalement, la correspondance entre les plans w et z 
est celle que nous avons représentée Fig. 10 a et b. 











Péles de la fonction «(w) 
La fonction : 


f(w) cosw—(P+1) 


a(w) 
W] (Ww) 
n’a de péles que sur |’axe réel (v = 0) du plan com- 
plexe 
En effet, les pdles de «(w) correspondant aux valeurs 


de w qui annulent f’(w). Donc : 


Pcosw Psinu 
(w) - - —sinw=0( (A9) 
ce qui peut s’écrire : 
Pu 
tg x (A10) 
P+w? 


soit 


te°u+th?< 


(1—itgu thv)\(tgu—7 the) 


P(u2+v7?) 
(u—iv)(P+u2—v?+2mv) 
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En inversant et identifiant parties réelle et imaginaire, 
on obtiendra : 
teu 1 P+22+v? 
- i — _ 
ch?v_ tg*u-+th?v P(u?+v") 
(All) 


the 1 P—yu?—v? 

cos*u tg2u-+th?v P(u?+v?) 
Si v + 0, on peut faire le rapport de ces expressions et 
écrire 


P+u?+v" 


P—u?—v?. 


sin 2u/2u 
sh2v/2v 


Le module du second membre est supérieur a4 1 et 
celui du premier inférieur 4 1 : il faut donc que v = 0. 
Les 0 de f’(w) sont les 0 de f’(u). 

Par conséquent, les p6éles de «(w) seront dans le plan 
complexe z, les points D, D’, G, G’ etc. ... (Fig. 9c). 
Mais le point A, c’est-a-dire le point correspondant a 
u = 0, n’est pas un péle pour «(u) car 





2P+3 
Pas 


lim «(1) 
u0) 
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ETUDE EXPERIMENTALE DE LA DIFFUSION CRITIQUE 
DES NEUTRONS DANS LE FER 


M. ERICSON* et B. JACROTt 
(Received 20 June 1959) 


Abstract—The cross section for critical scattering of slow neutrons by iron near the Curie tem- 
perature is studied. 

The parameters «1, 1, A introduced in the VAN Hove’s theory are measured for various tem- 
peratures. 

For instance, at a temperature of 826°C (T-T; = 56°) it is found: 
2mA 

h 


The results for «1 and pi disagree with the results of other authors. They are consistent with 
magnetic data. 

The results are compared with different theoretical estimations. The best fit is obtained with a 
model in which the second neighbours of an iron atom are magnetically active and in which the 
magnetic electrons are described by the Heisenberg model. 


Kk? == 1-66 x 10-(A)-2, 


Résumé—On étudie la section efficace de diffusion critique des neutrons par le fer au voisinage 
de la température de Curie. 

On mesure les paramétres introduits dans la théorie de VAN Hove, «1, pi et A, 4 diverses tem- 
pératures. 

On trouve par exemple 4 une température de 826°C (7T-T; = 56°) 

2mA 
1,66 - 10-2(A)-2, —— = 3,5. 
h 

Les résultats pour «1 et 1 sont en désaccord avec ceux d’autres auteurs. Ils sont compatibles 
avec les données magnétiques. 

On compare les résultats a différentes prévisions théoriques. Parmi les modéles essayés, celui qui 
donne le meilleur accord est un modéle dans lequel les seconds voisins d’un atome de fer sont 
magnétiquement actifs et oul les électrons magnétiques sont décrits par le modéle de Heisenberg. 


1. INTRODUCTION grand nombre N d’atomes. On a: 

Les fluctuations d’aimantation qui existent dans (M2) — (M)2 = 3NkgTy 
un corps ferromagnétique au voisinage de la tem- 
pérature critique sont responsables d’une diffusion 
magnétique anormale des neutrons, découverte 
expérimentalement dans le fer par PALEvVsKy“) et 
Squires) et expliquée par VAN Hove: 4). 

Soit M le moment magnétique résultant d’une 
région du cristal ferromagnétique contenant un 


x est la susceptibilité par atome, T la température 
de l’échantillon, kg la constante de Boltzman. 
A la température critique la susceptibilité est 
infinie, les fluctuations sont également infinies. 
Ces fluctuations peuvent se décrire en termes de 
corrélations; on définit une fonction de corréla- 
tion dépendant du temps. 


yR(t) So(0)Sr(t)> , 
valeur moyenne du produit scalaire d’un spin de 
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d’un spin situé a la distance R du 
a l’instant ¢. La fonction de 


reference et 
premier et considére 
correlation est proportionnelle a la probabilité de 
trouver au temps ¢ et a l’endroit défini par le 
vecteur R un spin aligné avec le spin de référence. 


Van Hove a montré que la section efficace de 


diffusion des neutrons, par unité d’angle solide et 


énergie des neutrons diffusés, est 
Fourier a 4 


pro- 
rtionnelle a la transformée de 


nsions de la fonction de corrélation 


{(K)|? x 


1Qde moc? ] 3chk 


x S | exp [i(KR—of) 
<= 


yr(t) dt 


] 
| 
5/ 


moment magnétique du_ neutron, 
mesuré en magnétons nucléaires, 

rayon classique de |’électron, 

énergie des neutrons diffusés, 

vecteur d’onde des neutrons diffusés, 

vecteur d’onde des neutrons incidents 

vecteur diffusion, K K 

changement d’énergie des neutrons 
lors de la diffusion, 

facteur de forme, égal a 1 pour K=0. 


La somme Xp est étendue a tous les atomes 
magneétiques du réseau. 

L’étude expérimentale de la section efficace 
permet d’obtenir des renseignements sur la fonc- 
tion de corrélation. Nous avons fait cette étude 
dans le Cas du fe be 

Au voisinage de la température de Curie, le 
temps de relaxation -des fluctuations est assez 
grand pour qu’on puisse, dans une premiere étude, 
négliger |’évolution dans le temps de la fontion de 
corrélation. La section efficace par unité d’angle 
solide do/dQ ne dépend que de la variation dans 
l’espace de la fonction de correlation. 

Notre étude comprend deux séries d’expériences : 
dans une premicre série, les neutrons incidents 
ont des énergies réparties dans un spectre large; on 
obtient des renseignements uniquement sur 
l’étendue spatiale de la fonction »(R); dans une 
deuxiéme série d’expériences, les neutrons in- 
cidents sont approximativement monocinétiques; 
on peut alors étudier les changements d’énergie 
des neutrons lors de la diffusion et obtenir ainsi 
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des renseignements sur la cinétique des fluctua- 
tions. 


2. ETUDE DE LA DEPENDANCE SPATIALE DE 
LA FONCTION DE CORRELATION 

A la température de Curie, sil’on fixe la direction 
d’un spin, des spins éloignés du premier ont 
tendance 4 s’aligner sur ce spin de référence; la 
fonction de corrélation des spins décroit alors tres 
lentement vers 0 quand la distance augmente. Au 
fur et & mesure que la température s’éléve, un 
spin n’influence que des voisins de plus en plus 
proches, la fonction de corrélation décroit de plus 
en plus rapidement vers 0). La fonction (R) a un 
profil en ‘‘toile de tente’’. A l’origine, elle a pour 
valeur S(S+1), corrélation d’un spin avec lui- 
méme. VAN Hove a montré que pour des dis- 
tances assez grandes on peut la caractériser au 
moyen de 2 parametres, x; et 4, permettant de 
calculer respectivement la portée et l’intensité des 
correlations. 

L’expression asymptotique de la fonction de 
corrélation est la suivante : 


vpS(S+1) exp (—«R) 


y(R) 
R 


vo est le volume atomique, S le spin. 
Sil’on remplace la fonction de corrélation par son 
expression asymptotique dans l’expression de la 


section efficace, on obtient: 


da 


dQ) 


Cette formule est valable pour de petits angles de 

diffusion tels que K<2a7min, OU Tmin est la 

longueur du plus petit vecteur du réseau réciproque. 

Cette condition était réalisée dans nos expériences 

ou la valeur maximum de K était de 0,17 (A)-! 

alors que 277min dans le fer est égal a 3,1(A)~1. 
kK] et zi sont reliés par la relation: 


X0 
(«1 px)? 
X 
dans laquelle yo est la susceptibilité d’un atome 
isolé et y la susceptibilité effective par atome. 
A la température critique, la susceptibilité est 
infinie, «; est nul, les corrélations ont une portée 


infinie. 
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Fic. 1. 


L’étude de la section efficace différentielle 
do/dQ permet la détermination des paramétres x} 
et 41 qui interviennent dans son expression. On 
peut étudier cette section efficace soit en mesurant 
la distribution angulaire de neutrons de longueur 
d’onde donnée (on fait alors varier K par l’inter- 
médiaire de @), soit en mesurant la variation, en 
fonction de la longueur d’onde, de la section 
efficace de diffusion a un angle donné; on fait alors 
varier K par l’intermédiaire de A. Nous avons utilisé 
cette deuxieme méthode. Le principe des ex- 
périences est le suivant: un faisceau de neutrons 
tombe sur un échantillon de fer chauffé. On étudie 


par une méthode de temps de vol le spectre des 


neutrons diffusés a un angle de quelques degrés 


(Fig. 1). 


arbitraires 


Unités 


Fic. 2. I'p,(A)/S(A) 


DES NEUTRONS DANS LE 


Fitre mécanique 


Réducteur / 


FER 


Compteurs a ae 


\ 


Diaphragme de B,C 


Echantill 


Four 








Schéma général du dispositif expérimental. 


(a) Résultats a la température de Curie 
A cette température x; = 0, La section efficace 
a alors pour expression : 


? 


ope 
Z / ge 


2 S(S+1) 


(si 0 est petit). 

Elle est proportionnelle au carré de la longeur 
d’onde. Nous comparant le 
spectre [7,(A) des neutrons diffusés 4 un angle de 


avons vérifié en 


3 degrés par le fer porté a la température de Curie, 
au spectre S(A) des neutrons incidents. Le rapport 





40 


2 en fonction du carré de la longueur 


d’onde. 
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Ip.{A)/S(A)xA2 est indépendant de la longueur 
d’onde (Fig. 2). 

On peut fixer une limite supérieure a («1)7,; on 
trouve que les corrélations a la température 
critique ont une portée supérieure a 70 A. 

D’autre détermination de la 
absolue de la section efficace do/dQ a un angle de 
diffusion pour longueur d’onde 
donnée permet de déduire la valeur de (y1)q,, 
la température critique. Nous avons trouvé: 


id 


part, la valeur 


donné et une 


(41) T¢ 1,46+0,17 A 
(b) Etudes a des températures supérieures a la tem- 

pérature de Curte 

On mesure de la méme fagon le spectre J-7(A) des 
neutrons diffusés par le fer chauffé a une tem- 
perature T>7T¢. On le compare alors au spectre 
diffusé dans les mémes conditions et pendant le 
méme temps a la température de Curie. II est 
préférable d’utiliser des variations relatives avec 
la température; on évite de cette fagon les erreurs 
sur la mesure de la valeur absolue de la section 
efficace. Comme nous avons précédemment verifié 
la forme de la section efficace 4 la température de 
Curie, ceci n’introduit pas d’hypothese. 

D’apres la formule de VAN Hove, le rapport 
Ip (A) I7(A) est égal a: 


) 


{ by yr 


ae 


7 =800°C 








du carré de la longueur 
800°C. 


Fic. 3. Variation en fonctior 
d’onde du rapport J7,(A)/J7(A) pour T 
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Nous avons vérifié que cette formule représente 
bien la variation de ce rapport (Fig. 3). Pour des 
longueurs d’ondes supérieures 4 3 A, le rapport 
Ty.(A)/Ip(A) a une variation linéaire en fonction du 
carré de la longueur d’onde. 

L’écart a la loi linéaire aux courtes longueurs 
d’onde est attribué au comportement de la fonction 
de la corrélation au voisinage de l’origine; la 
formule de VAN Hove, en effet, est obtenue en 
remplacant la fonction de corrélation par son ex- 
pression asymptotique, expression qui n’est pas 
valable au voisinage de l’origine. La section efficace 
s’écarte donc de la forme de VAN Hove pour les 
faibles 


grandes valeurs de K, c’est-a-dire les 


longueurs d’onde. 





T-Ip, 


Fic. 4. Valeurs de xj 
valeurs déterminées avec un spectre large (Chap. 2). 
@ valeurs déterminées avec un spectre étroit (Chap. 3). 


La droite représentant la variation du rapport 
Ip,{A)/I7(A) permet d’obtenir: 
la variation de ,1 avec la température d’aprés 
son ordonnée a l’origine, 
la valeur de x; a4 la température T, d’apres 
sa pente. 
Nous avons étudié des températures allant 
jusqu’a 50°C au-dessus de la température critique. 
Les résultats sont donnés dans les Figs, 4 et 5 
oul sont portées, en fonction de la temperature, des 
valeurs de «? d’une part et du_ rapport 
(wi) r (3) 7, d’autre part. 
Dans le tableau suivant, 


nous donnons les 
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valeurs de 1/« c’est-a-dire la portée des corréla- 
tions aux diverses températures étudi¢es. L’erreur 
sur la portée est estimée a 15 pour cent; une partie 
provient de l’incertitude sur l’angle de diffusion, 
le reste provient des erreurs statistiques. 





Variation en fonction de la température du 
ie 
rapport pjyT/LiT. 


Fic. 5. 


points expérimentaux 
courbes calculées 
ELLioTtT (Bethe—Peierls 1° voisins) 
— De Gennes (Normalisation a l’origine 1S 
voisins) 
De GENNES (Normalisation a ]’origine 2&™ 


voisins) 


es 


Tableau | 


Température (“C) 


780 
790 
800 
810 
821 


Ces résultats sont en désaccord avec ceux de 
WILKINSON®:6) qui trouve des portées environ 
une fois et demie plus faibles (Fig. 6). Sa méthode 
est différente de la notre. Il étudie la distribution 
angulaire des neutrons diffusés et en déduit la 
fonction de corrélation, par transformation de 


FER 
Fourier. Cette méthode, plus satisfaisante en 
principe, nécessite la connaissance complete de la 
distribution angulaire en particulier dans des 
régions de faible intensité. Ceci améne 4 utiliser 
un détecteur de grande dimension; les corrections 





Te» 
Fic. 6. Comparaison des valeurs de «{ obtenues par les 
différents expérimentateurs 

WILKINSON 


LOWDE 
Valeurs obtenues a Saclay 


qui en résultent deviennent importantes. Il est 
possible que ce soit l’origine du deésaccord. 
Lowpe") obtient des valeurs intermédiaires. 


(c) Comparaison des résultats avec les mesures ma- 
gnétiques 
On compare les valeurs de py obtenues directe- 
X0/ X- 
Les mesures de la susceptibilité du fer au-dessus 


ment et d’apres la relation («1,11)? 


de la température de Curie ont été faites par 
NEEL, ‘8) PotTer‘) et SuCKSMITH”®), Les mesures 
sont en assez bon accord mais NEEL trouve que la 
susceptibilité d’un méme échantillon n’a pas une 
valeur reproductible dans le domaine de tempéra- 
ture qu’il étudie, entre 770°C et 790°C. Il y a donc 
une incertitude sur la susceptibilite. Il est cepen- 
dant intéressant de comparer les valeurs de p 
obtenues par la mesure directe et par la relation 
entre x] et p44. 

1° Valeur de px 4 la température critique. 

La mesure directe donne (11)1, 1,46 A. 

L’extrapolation a la température de Curie des 
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1; obtenues d’apre s la relation ( K]}4] )? 


oie! 
117 RK 


A, en bon accord avec 


| 
re precede nte. 


yy avec la temperature. 
suivant, nous avons porté les 
(u5)4 (f47)17 


1i donnent d 


obtenues par les 


es résultats en bon 


a température de Curie. 

EI DI 

verses approximations. Les 
le tal nt. Ils 


| Re 
tableau Sulval 


ilé par IOTT et 


1 on considere comme 
] 2 
les premiers ou les 


Le 


premiers 


ter %~ a une 


voisins 


NEEI 


contribuent 


du champ moléculaire et l’approxi- 


EIERLS donnent des valeurs de 


P 


Yassurent pas la 


ETHI 


condition de normali- 


et 
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S(S+1). Dre GENNES 
et GRANDIDIER(4) ont calculé les valeurs de (1), 
telles que y(R) satisfait 4 la condition de normali- 
sation a l’origine. Ces valeurs sont données dans la 


sation a l’origine (0) 


troisiéme ligne du tableau. 
La valeur expérimentale obtenue est 1,46 A par 
3 A par la relation entre x, 


la mesure directe, 1,3 
et 41. L’accord avec les valeurs calculées est bon si 
on suppose les seconds voisins magnétiquement 
actifs. Nos résultats seraient donc en faveur de 
’hypothese de Nee. Malheureusement les calculs 
ne sont pas assez surs pour permettre une con- 
clusion. Les méthodes utilisées ne sont pas sures 
tant du point de vue du traitement statistique que 


du 


point de vue du modéle physique qui suppose 
une interaction différente de zéro entre un seul 
type de voisins. Ces défauts semblent étre effectifs 
car les méthodes utilisées ne rendent pas compte 
de la susceptibilité expe rimentale du fer au voisi- 
nage supérieur de la température critique. La 
méthode du champ moléculaire donne une valeur 
de la susceptibilité environ deux fois et demie trop 
faible; BETHE—PEIRLS 


l’écart est réduit a un facteur deux mais il demeure 


avec l’approximation de 


encore tres important. 
(2) Variation de , avec la température. 


Dans la 
temps que les valeurs expérimentales les courbes 


Fig. 5 nous avons porte en méme 


calculées dans les différents modeles; toutes ces 


méthodes donnent des variations sensiblement 
égales, en bon accord avec celle trouvée expéri- 
mentalement. La variation de j avec la tempéra- 
ture n’est pas un bon test pour décider du meilleur 
modele. I] faudrait améliorer beaucoup la précision 
expcrimentale pour distinguer entre les différentes 
variations. 

(d) Températures inférieures a T. 

Nous avons effectué la méme étude pour des 
temperatures inférieures a la température critique. 
Nous trouvons que ,; varie beaucoup plus rapide- 
la température de Curie 

En il faut tenir 


compte des fluctuations d’aimantation longitudi- 


ment au-dessous de 


qu’au-dessus (Fig. 5). réalité, 
nales, c’est-a-dire dirigées suivant l’aimantation 
spontanée, et transversales. Nous étudions seule- 


ment une valeur moyenne 1» telle que 
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l’indice ¢t se rapporte aux fluctuations transversales, 
l’indice / aux fluctuations longitudinales. 


3. ETUDE DE LA CINETIQUE DES 
FLUCTUATIONS 


VaN Hove a suggéré que les fluctuations d’ai- 
mantation évoluent dans le temps suivant une 
équation de diffusion 


oM 


Ot 


A V?M. 


La section efficace différentielle par unité d’angle 
solide et unité d’énergie des neutrons diffusés est 
alors donnée par l’expression: 

AK? 


S(s 
K24 42 w+A2K4 


gez \2 
5 ad 


moc?) 32h 
A la température de Curie, il y a équilibre entre 
Yinfluence du champ moléculaire qui tend a 
augmenter |’alignement et l’influence de l’agitation 
thermique qui tend a le rompre; le temps de re- 
laxation est infini, A est nul et la diffusion élastique. 
A des températures voisines les changements 
moyens d’énergie sont tres petits; on ne peut 
obtenir un spectre de neutrons suffisamment 
étroit en énergie pour étre capable de mesurer la 
forme exacte en fonction de l’énergie, de la section 
efficace d2c/dQde. On se contente d’utiliser un 
spectre suffisamment étroit pour que sa forme 
soit modifiée par l’inélasticité de la diffusion. La 
mesure de A est ainsi indirecte. Le principe des 
mesures est le méme que celui des expériences 
précédentes : on envoie un faisceau de neutrons sur 
’échantillon de fer chauffé, on étudie le spectre 
des neutrons diffusés 4 un angle de quelques de- 
grés en fonction de la température de |’échantillon. 

Les neutrons incidents sont rendus approxi- 
mativement monocinétiques par un_ sélecteur 
mécanique5), qui hache en méme temps le 
faisceau, ce qui permet de mesurer le temps de vol 
des neutrons. 

Le spectre en énergie des neutrons diffusés a 
une température 7' dépend du parametre d’espace 
x, et du parametre de temps A (on suppose p? in- 
versement proportionnel a la température absolue). 

On cherche par une méthode de moindres carrés 
les valeurs de ces paramétres. En fait, il est inutile 
d’introduire x; comme un paramétre inconnu car 


Q 


sa valeur peut étre déterminée a priori. En effet, 
l’aire totale du spectre diffusé ne dépend que de 
x, et non de A. Ceci est rigoureusement vrai si les 
changements d’énergie sont assez petits pour que 
K soit indépendant de w; l’intégrale de la section 
efficace sur les énergies finales {(d2a/dQde) de est 
alors indépendante de A. Ce résultat reste une 
tres bonne approximation si K varie un peu avec 
«. Les valeurs de «x; déterminées ainsi sont en bon 
accord avec celles que nous avions précédemment 
mesurées (Fig. 4). 

Il suffit de faire une méthode de moindres carrés 
pour déterminer A. I] faut d’abord calculer le 
spectre diffusé pour diverses valeurs de A. Ces 
calculs nécessitent l’emploi d’un calculateur élec- 
tronique; chaque longueur d’onde du spectre 


Unités arbitraires 








Fic. 7. Variation de l’aire A(A) en fonction de A. 


diffusé recoit une contribution de toutes les lon- 
gueurs d’onde présentes dans le spectre incident. 
On fait une méthode de moindres carrés pon- 
dérés pour tenir compte des erreurs statistiques 
différentes sur les divers points expérimentaux. 

La Fig. 7 représente le spectre calculé dans 
l’hypothese d’une diffusion élastique, ainsi que les 
points du spectre expérimental. 

L’erreur sur A due aux erreurs statistiques sur 
les points expérimentaux est plus facile a évaluer si 
on détermine A par une méthode autre que la 
méthode des moindres‘carrés, mais qui donne 
pratiquement la méme valeur de A. Les spectres 
calculés pour les différentes valeurs de A se croisent 
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points. On cherche alors quelle est 


\ 


innule l’aire A(A) comprise 


calculé et le spectre expérimental. 


t composée de trois parties, une partie 


jes ailes, dont on ajoute les valeurs 


me¢ alge brique a 


| 


e ces trois quanti- 


1isque tous les spectres ont la méme 


affecte a A(A) un signe différent 


spectre expe rimental est dans la 


au-aessous ¢ 


1(.A) 


calcule I 


) 


u au-dessus du 


j 


en fonction de A. 


erreur sur A, on 


erreur 


re totale du spectre expérimental. 


reur statistique sur \ 


ulés l’ont éte 


a 


1 
ns inciaen 


S 


T 
\ 


partir du spectre 
non a partir 
Cette méthode 


, | 7 
es de relaxation 


10on envi- 
que de 
égale- 
onserve pas 
\K: s’ajoute 
temperature 
> il est 

lu te mps 
méthode 
ntreé les 


T et a la 


et 
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température critique: 


\K2+ ( | -{ B 


On peut admettre que le temps 7 ne dépend pas de 
la température puisque la relaxation spin réseau 
ne présente pas de singularité a la température 
critique et qu’on se limite a un intervalle étroit 


autour de 7 
T—T, 
li 


Fic. 9. Valeurs de 2mA/h 


experimentaux 


Heisenberg, lers 
irbe calculée. Modéle de Heisenberg, 2 
Modi le des bands, 


courbe calculée ( I aes Danaes 


ra ig. 9 sont portées les valeurs expéri- 


ur ia 


mentales du paraméetre sans dimensions 2mA/h, 
ainsi que les courbes calculées. Les calculs ont été 


alts par Dr GENNES"2) dans différents modéles: 


e modeéle de Heisenbe rg et un modéle simple de 


I 
I 


yandes dans lequel on ne tient pas compte des 
corrélations entre les positions des électrons por- 
teurs de magnétisme. Nos résultats sont en bon 
accord avec les valeurs calculées dans le modeéle de 
Heisenberg, ils excluent le modéle de bandes tout 
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au moins dans cette forme simple. Morr) a 
suggéré que les électrons magnétiques du fer, qui 
a une structure cubique centrée, ne font pas partie 
d’une bande de conduction, contrairement a ce qui 
se passerait pour des métaux de transition a struc- 
ture cubique a faces centrées. I] est normal dans 
ce cas que nos résultats soient en accord avec les 
valeurs calculées dans le modele de Heisenberg. 

Il sera intéressant d’étudier le temps de relaxa- 
tion des fluctuations dans le cas du nickel ot |’on 


pense que les électrons magnétiques font partie 
d’une bande de conduction et les temps de relaxa- 
tion peuvent étre dans ce cas sensiblement diffé- 
rents. La section efficace de diffusion critique du 
nickel est d’apres Squires environ 50 fois plus 
petite que celle du fer et son étude nécessite de 


hauts flix de neutrons. 
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Abstract—The mechanism of diffusion proposed 
tension of! KAC The 


imal 


analysis yields an 


Ss theorem 


mit 


1 energy may be calculated directly from the atomic 


node analysis 


INTRODUCTION 
) suggested a method of evaluating 
the 


ient of particles in a crystal lattice. This 


entering into diffusion 


rests on the following mechanism for the 


of the diffusing particle: It is assumed 


| 
rticl 


ticle moves irreversibly to an appro- 


hboring site whenever simultaneously 


site is vacant, (ii) the particle has 


al displacement along a line join- 
ld site with the new site, and (iii) all the 


} 


in the lattice which might con- 


ede tl 
tis further assumed that the harmonic 


) 1e migration happen to be out 


li} 


is valid and that quantum effects 


natior 
dll l 


negiected. 
1m 


hanism summarized above is sufficiently 


to apply to all the conceivable models for 


To 


vill be referred to below. 


fix ideas the case of interstitial 


In this case 


whenever the concentration of the diffusing 


species is very small, condition (i) is practically 
l ertain to be fulfilled, 


ry situation will be neglected here- 


and hence the effects 


per is based in on a thesis to be 


artial fulfilment of the requirements for the 
of Science or Doctor of Philosophy in 


parts 
submitted 1n J 
degree of Doctor 
the Department of Electrical Engineering at the Masse- 
chusetts Institute of Technology on or about May 1960. 
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tts Institute of Technology, 


lectrical Engineering and Research Laboratory of Electronics, 


Cambridge, Massachusetts 


revised 23 October 1959) 


by RIcE is reconsidered with the aid of an ex- 


activation energy which, as predicted by ZENER, 


local deformation energy. It is also found that in contrast with 


force constants 


Following Rice, the frequency with which con- 
ditions (ii) and (ili) are met simultaneously is 
denoted by the symbol P({5!). Rice evaluates 
P({5}) subject to the following simplifying assump- 
): first, P({5}) is represented as the product 


tions(> 2 
of the frequency with which (ii) occurs and the 
probability of (iii) occurring simultaneously; and 
secondly, it is assumed that it suffices to compute 
the probability of the occurrence of the minimal 
configuration satisfying condition (iii). Specifically, 
RICcI favorable 
configuration—i. 
and (iii) are just barely fulfilled—is very improb- 


assumes that since the minimal 


e. the configuration in which (i1) 
able, the other favorable configurations are even 
less probable and hence their contributions to the 
diffusion coefficient are negligible. 

One of the drawbacks of Rice’s approach is that 
there within the framework of the 
method by which the effect of the two simplifica- 


tions can be estimated; hence it appears impossible 


is no way 


to improve the approximation within the domain 
of the method. 

An alternate approach which does not seem to 
suffer from the above mentioned disadvantage and 
which is subject to less drastic simplifications is 
presented below. The method consists of a direct 
calculation of the frequency with which conditions 
(ii) and (iii) are fulfilled. The calculation is based 
on a simple extension of Kac’s theorem®) and 
of two First, we compute the 


consists parts. 





A METHOD OF EVALUATING 
asymptotic number of jumps per unit time for a 
fixed distribution of energies of the normal modes 
of the crystal. Secondly, we compute the approxi- 
mate thermal average of that number and equate 
it to the frequency P({6}). It is then shown that in 
the lowest approximation, the contribution to the 
diffusion activation energy arising from P({5}) is 
simply related to the elastic energy associated with 
the local lattice deformation during the migration 
of the diffusing particle. 


CALCULATION OF THE FREQUENCY 
FACTOR P{0} 


It is assumed that a normal mode analysis has 
been carried out and that the effects of the inter- 
stitial particles have been included in the analysis. 
Then it follows that in a crystal bound with 
harmonic forces, for a given distribution of normal 
mode energies, the displacement from equilibrium, 
F;, of the j*® atom is given by 


v 


by. 4. ike) “cos(wpt+d,) (1) 
— 


N 


h 


i 
where \) ¢«, = U is the internal energy of the 
crystal, «;,’s are determined by the normal mode 
analysis, V is the number of degrees of freedom 
of the system, w, is the frequency of the kt mode 
and 6, is a phase angle. 

Consider an N-dimensional space with ortho- 
gonal coordinates 6, such that 


Then we can set (w,t+6,) = 276, (mod 27). 
Thus, for a given set of normal mode energies, ¢,, 
the displacement from equilibrium, F;, may be 
completely described by the set of independent 
vectors, 6,, rather than by the single variable f. 
This procedure may be shown to be valid®) when- 
ever the frequencies wx form a linearly independ- 
ent set; which is usually true in the case of normal 
modes of a crystal. We now want to find the 
average fraction of time during which simultane- 
ously the migrating particle achieves a critical 
displacement from equilibrium qj, 1.e. 


dqio 


dqio 
“gio+ 


qjuo———<F- 
110 > L 
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with some velocity 
dF, 


gio—$ aq - gts dq; 


¢ 
and all the other particles have displacements F; 
in the intervals (qjo, djo+dqjo). We denote this 
fraction of time by 
n 
M(qo, G20 «++ Yn» fi) din | | dqjo 
j=] 


In the N-dimensional space the required fraction 
of time M is represented asymptotically by a 
volume element which may be found by inte- 
grating over the variables 6, ; 

n 


U(G10 +++ Yn0s fi) din] | dqjo 


j=1 


vt 


du] | 4410 age dé; se 10x (3) 


a 


The limits of integration are determined by the 
conditions on F;’s specified above. It can be 
shown: 4) that equation (3) reduces to 


7 


M(410, G20) «++ Yn0s i) aq | | lgjo 
j=l 


+s ] n 


aqi | | dqjo —} 


i ni(Fj— jo) +A(F.—Gi)| |} (4) 
[> 40] 


j=l 


where gio is the critical displacement of the mi- 
grating atom, g) is its velocity F, = dF,az and qjo, 
j # 1, are the displacements of the other particles. 
In order to determine the number of times per 





OF: 


unit time that the conditions (b) and (c) are satis- 
ied, and hence the number of times per unit time 


that a jump occurs, consider the space spanned by 
vectors gjo. The actual time spent in the 


nood oO ul 


f the point specified above in this 


G1 
Therefore, the asymptotic number of times per 
nit time that the specified configuration occurs 
is the ratio of equations (4) to (5) integrated over 
Now the, 
the vacancy jump occurs over a range of values 
9j0<Qjmax- Thus L, the total 


the velocity g}. configuration favorable 


1 Say q min “* 


470, 


imber of jumps per unit time, 1s given by: 


nmas - 

* . oe 
eee | ] aq jo 
. . ' © 
] po ee <x 


factor of 3 occurs since only the approach to 


The 


gio irom below is of interest. 


It is now noted that 


j 


order of integration 


we have 


MANLEY 


- exp( —Iy {Jimax) —exp(—7 j7jmin) 
x| [— ——- (8) 


5 —1nj 


j=e 


The maximum possible displacement of the j*® 
particle for a given set of normal modes is 


1/2 
4jmax jk | Ep (9) 


~ i 
4 
hail 
k 

We recognize two limiting values of gjmin. First, 
that corresponding to the situation where gjo must 
be close to gjmax in order for a favorable configur- 
ation to exist. This is the case for some of the 
nearest neighbors of the migrating atom; namely, 


f 
dq eee 


—o _ 


o)+MF— 4) | | lah 





those which, when in their equilibrium position, 
would impede the migration: in this case we can 
assume 

ae 


djmax 


Yjmin Yjmax (10) 
Second is the limiting value corresponding to the 
situation where the atom can be in nearly every 
portion of its swing for a favorable configuration 


to exist. Here we can assume 


Assume that displacements gjo, j = 2,3, ... m 
belong to the first class while those for j>m belong 
to the second class. For the sake of clarity we shall 
restrict our attention to the first class. In other 
words, we assume that the rate is limited by these 
displacements alone. The extension of the argu- 


ments to the second class will become obvious. 
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AM 
| | | dO. exp[imi(F'1—410) | cos (1—Fié 1x 
k=1 


1 


: — (—7jAq;) 
X ex] i> ni(F /—4mn)| 1] Aq; fe (4 ry eet 


° 9 
W Dey’ <) 


I 


where 


| (910, Y2min» «++ Jmmin) (- 


So far we have calculated the number of jumps 
per unit time for a unique distribution of normal 
mode energies. ‘To obtain the frequency P({5}), it 
is necessary to evaluate the average of L over a 


canonical ensemble. Thus 


P({d}) 


X exp es (14) 


a. i 
where & is the Boltzmann constant and T is the 
absolute temperature. 

It is found that an exact closed expression for 
this ensemble average cannot be obtained. How- 
ever, if it is assumed that Ag; may be replaced by 
its most probable value, which in turn is set equal 
to the ensemble average of Aq; Agi, j =z2, 
3, ... m, then a remarkably simple expression for 
P({5}) results. 

To simplify notation, we shall use g; with the 


understanding that qi=q10, 4j = Qjmin, /#1. 


- (Aq, 
ty-+1)! Odrmin 


j=2 t=0 


C tr 


I (910; GY2min» «+> dmmin) 





Note that gjmin is not a function of energy, but 
depends merely on the geometry of the lattice and 
the relative sizes of the migrating atom and the 
lattice parameters. Then the thermal average of 


I(q;) is given by 
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To carry out the indicated integrations we set where 


\ (18) 
S ai A jk (16) 


—os 


k=] m 
(a l) 54 ws; > bj; ws; (19) 
{=j 


+412 72 ++» Gaim Nm)? + Note that [A] =[a]7[a] and therefore the Jacobian 


J Fa ] . 
- 20) 
O(ys;) \ (det [A]) ( 


Thus the change of variables, equation (19), 
leads to 


) 


é é Mt m 

hs e > by > gibis 
eee Il] ay; exp| =i Wy; ab x 
an an ig j 


i=] 


1 m-1 - 1 m | 
V (TRI, - 


t,A 


Hence, using equations (12) and (21) in equation (14), the jump frequency is found to be: 


m 


rr > (A )ix Gi a| 


i,k 


t 
Pr) exp - aT > (A)ix gio 


J 


ts A 


Wi 


oT (A ix gi a] +0 ( 


i,k 
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where 


It should be noted that if the inclusion of terms 


' | Aq; )" 
V (zRT) 
is contemplated, then terms dependent on the 


second class of displacements should be con- 
sidered, since the latter are of the same order in 


A few words about the second form of equation 
(22). It seems noteworthy to point out that the 
multiple integration has a simple physical mean- 
ing: since the configuration required for a jump 
is close to an extremum of motion, there is little 
kinetic energy associated with it. Hence, to a good 
approximation, the energy of interest is some 
potential energy only. The integrand is then the 
probability that a given configuration (requiring 
a specified potential energy) obtains at a given 
temperature, 7. Since, by hypothesis, for a 
specified critical displacement of the migrating 
atom, the jump may occur over a range of con- 
figurations of the nearest neighbors, the multiple 
integration over that range gives the total proba- 
bility of occurrence of a suitable configuration. It 
should be noted further that the frequency factor 
P({5}) has the general form of a frequency of 
vibration of the migrating atom multiplied by the 
probability of occurence of a favorable con- 
figuration. This is consistent with the phenomeno- 
logical arguments of ZENER and others. 


THE ACTIVATION ENERGY 
To interpret the significance of the energy in 
the exponent of the exponential in equation (22), 
we note that for a harmonic crystal the total energy 
is given by 


1 1 
H=; > MrsFiPs+ : DKrkrFs (24) 


where, as before, the primes indicate time differ- 
entiation, M;; are the atomic mass constants, and 
Kys are the atomic force constants. It should be 
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emphasized that this Hamiltonian includes the 
effects of the migrating particles present in the 
crystal. 

The normal mode analysis consistent with the 
representation of equation (1) leads to the follow- 
ing relationships: ©) 

4aT Ma = /\-1 and 447 Ka = I (25) 

where «7 is the transpose of the modal matrix «, 

is the diagonal matrix of eigenvalues of the 

Hamiltonian and J is the identity matrix. Hence 
it follows that 


(26) 


Whence approximately 


(Al); & 4 Ki 


(27) 


Although the above approximation is not to be 
taken too seriously, it does show that the activation 
energy for particle diffusion is rather simply re- 
lated to the elastic energy associated with the 
minimal local deformation necessary for the 
migration of the diffusing particle. In fact, it is 
noteworthy that to the lowest order in Agr, the 
activation energy may be computed directly from 
the model of the crystal (inclusive of impurities) 
without resorting to normal mode analysis. Thus, 
given the matrix of the atomic force constants Krys, 
the matrix is first inverted; then the set of elements 
of the inverted matrix with indices corresponding 
to the m degrees of freedom under consideration 
is partitioned from the remainder of the matrix; 
finally, the resulting mxXm matrix is inverted, 
yielding the modified force constants (A~');;. A 
set of g;’s consistent with the geometry of the 
lattice is chosen, and the deformation energy 
associated with these displacements is easily com- 
puted. 

Physically this procedure is equivalent to 
assuming that all the atoms not directly connected 
with the migration have arbitrary displacements. 
Thus the whole crystal is replaced by the migrating 
atom coupled to some of its nearest neighbors with 
suitably modified coupling constants, this sub- 
system being immersed in a thermal bath made up 
of the rest of the crystal. 
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THE THERMODYNAMIC APPROXIMATION 
a brief discussion of the thermo- 


approximation involved in replacing 


\g;. First we set 


on the lower limits of integration 


the requirement that F, = gio, which 


ads to the condition for the minimum 
i 


he normal modes.) However, it can be 


part from terms in the order of less 


“a 


‘J hus 


to zero. 
(30) 


it is now possible to estimate the 
by this approximation. For 1n- 
find an appropriate expansion 


the 


+ 


and then subtract 
. 


rom it 


f 
2 


equation { ). The re- 
bounded, yielding the 
that the 


not merit the computa- 


felt, howe of, 


we argue as 


The thermal motion of the atoms in the lattice 
may be regarded as fluctuations of the position 
vectors of those atoms. Now, if appropriate ther- 
mal averages of the fluctuations are computed, and 
then demands the from those 
averages, then in effect one is asking for estimates 


one deviations 
of higher order fluctuations. Since in the present 
treatment, both quantum effects and anharmon- 
icities have been neglected, and since these may 
become sufficiently important in higher order 
approximations, the significance of such approxi- 
mations based on higher order fluctuations alone 


seems rather dubious. 


CONCLUSION 


clear that ZENER’s 


hypothesis) concerning the nature of the activa- 


In conclusion, it is 


tion energy for diffusion is supported to a large 
extent by the results presented above. On the other 
hand, it is equally clear that a significant contri- 
bution to the entropy of activation may arise from 
the pre-exponential factor. But even that part of 
the entropy depends primarily on the temperature 
dependence of the atomic force constants and 


hence on the elastic properties of the crystal. 
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Abstract—The phenomenon of radiative emission obtained by mechanical excitation of optically 
or thermally stimulated cadmium sulfide is described and discussed in terms of the recently proposed 
band structure of the material and the existence of trapping levels in the forbidden-gap region. 


INTRODUCTION 
DespiTE the fact that the properties of cadmium 
sulfide have undergone intensive investigation for 
many years, ) new effects are still being discovered 
and understanding of the material is becoming 
more complete as increasingly pure and perfect 
crystals are produced. 

LaMBE et al.) presented evidence that the edge 
emission observed in cadmium sulfide results from 
recombination of a free hole with a trapped elec- 
tron, in which the electronic transition involves 
longitudinal optical modes of the lattice. 
FuRLONG®) observed a weaker set of lines having 
the same spacing as the edge emission lines, but 
displaced 0-025 eV to the short-wavelength side. 
Dutton™) has examined the dichroism evident in 
the absorption edges of the material and the fact 
that the edge emission is polarized predominantly 
perpendicular to the c-axis of the crystal, inde- 
pendent of orientation. Lempick1®) has verified 
this observation, and pointed out the failure of 
anisotropic oscillator models to account for this 
effect. KELLY and FREDERICKS“) have measured the 
shift of the photoconductivity excitation peak as a 
function of the orientation of the plane of polari- 
zation of the exciting light and shown that like the 
absorption edges, but unlike fluorescent emission, 
the photoconductivity excitation is dependent on 
incident polarization. They point out the number 
of effects in CdS yielding an energy difference of 
the order of 0-02 eV. 


+ Now at Research Division, Raytheon Company, 
Waltham, Massachusetts. 


These observations are accounted for by a model 
derived from that of Lampe and Kick‘) by 
BrRMAN®) and HopFie_p”®), 

In this model the extrema of the valence and 
conduction bands are assumed to occur at k = 0, 
with the valence band consisting of three branches 
split by spin-orbit and crystal-field interactions. 
The absorption, luminescence and photocon- 
ductivity phenomena mentioned earlier can be 
interpreted in terms of transitions between the 
I'7 conduction band, the [9 and I’7 valence bands, 
a trap level just below the conduction band and a 
set of recombination centers. The traps and re- 
combination centers are assumed to have I’, 
symmetry, or something close to it. ‘Transitions of 
the form ['7—I’y involve polarization | c-axis while 
[',-I7 involve either || or | polarization. The 
recombination center is assumed by BIRMAN to be 
1:99 eV above the valence band, and thus to be 
responsible for 6200 A fluorescence which should 
thus be resolvable into a polarized band in con- 
junction with an unpolarized one. 

The effect on the emission of impurities such as 
silver and the existence of quenching bands were 
investigated earlier in some detail.(’- 1°) Recently, 
WHEELER has used the symmetries of the model 
just discussed to explain the properties of exciton 
emission shorter than the wavelengths associated 
with the band gap.“ On the other hand, 
Cotiins“2) prefers to invert the recombination 
mechanism of this model and the earlier LAMBE- 
KiicK—-DeExTER model?) so that edge emission is 
produced when a free electron recombines with a 


trapped hole. 
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It is our purpose here to introduce the experi- 
mental facts of mechanically-excited luminescence 


nd to interpret these observations on the basis of 


the model described. This interpretation is not 


ie, and in fact one piece of evidence to be 
emission due to Cu) is not at all in 
th the model generally accepted at 
Further, it should be pointed out that 
that of preliminary 


iments on cyclotron resonance() 


idence, namely 


and mag- 
tance indicate that the band structure 
considerably more complex than that 


1 by the present model. 


EXPERIMENTAL OBSERVATIONS 
ul cadmium sulfide crystals exhibit the 
in general, the purer and 


be described; 


fect the crystal, the more likely it is to 
echanical excitation. (An exception to this 
effect observed in crystals which have been 
lly doped. This will be described later. ) 
observations to be discussed here were all 
n large single crystals grown in this 

; nd also independently elsewhere. 

stals are predominantly wurzite structure 

with the exception of intentionally-doped 
crystals, are as pure as possible.* Single crystals of 
have also been examined, but 
Single 


cubic zinc sulfide 
without success in detecting an effect. 


crystals of mixed zinc-cadmium sulfide, which are 


inantly wurzite structure, do show the effect 


15 per cent of zinc in cadmium 


It is possible that the effect exists even 


beyond this composition, for example in hexagonal 


because 


zinc sulfide, but has not been observed of 
difficulties in detection. 
Suppose a cadmium sulfide crystal is cooled, by 


1ersion, 


to the temperature of liquid nitrogen. 


imi 
It is well known that stimulation of the crystal by 
with ultraviolet light causes emission 
‘edge 


‘ 


fluorescence known as 


green 
which is usually identified with re- 
ion of a trapped electron and a free hole. @) 

f the crystal is raised to a temperature somewhat 
above nitrogen temperature, edge emission can no 
luminescent grade CdS powder, from which 
wn, was analyzed to have 5 p.p.m. 

p.p.m. Cu, 50 p.p.m. Zn. The 

I 1 5p.p.m. Si, 0-5 p.p.m. Mg, with 


snowed 


10n-detectable. 
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longer be stimulated. SrHvoNeN et al,“6) have 
observed green emission at room temperature in 
some crystals. REyNoLDs“@” has shown that this 
emission corresponds to a temperature shift of the 
short-wavelength blue emission peaks observed at 
liquid nitrogen temperature. This is not considered 
to be edge emission here. 

Suppose a cooled crystal which shows strong 
edge emission is first stimulated, say by irradia- 
tion with ultraviolet, and then completely shielded 
from light. If the crystal is now gently tapped, it is 
found that a green flash of light is emitted from the 
body of the crystal. Although the lower bound to 
the amount of mechanical excitation necessary to 
cause emission has not been investigated, it is 
known that impulses involving energies of 750 ergs 
or smaller are sufficient to excite the effect. The 
mechanical energy seems to have to be expended 
in the form of an impact; squeezing the crystal by 
unilateral compression slowly applied does not 
excite emission for pressures up to the breaking 
point of the crystal. Setting the crystal into ultra- 
sonic vibration does not cause emission either. One 
reliable method of excitation is to drop spheres of 
known weight from a calibrated height onto the 
surface of the crystal. 

It is found that the impact is most effective when 
applied parallel to the c-axis of the crystal, with 
excitation perpendicular to the axis having little or 
no effect. When examined in detail, the flash 
appears to consist of streamers of light emanating 
from the point of impact and radiating pre- 
dominantly in a direction parallel to the c-axis. 
Spectrographic examination of the flashes is 
difficult, but photographic evidence indicates that 
the flashes are composed of most, if not all, of the 
spectral lines which comprise edge emission. In 
addition, it is found that the emission is polarized 
with the E-vector perpendicular to the c-axis, in 
accord with the direction of polarization observed 
for normal edge emission,®) indicating that a 
['7—I'g transition appears to be operative. 

Repeated tapping produces a flash for each tap. 
Of the order of a thousand flashes may be obtained 
from a well-stimulated crystal by tapping more or 
less uniformly over the whole surface. After the 
stimulation is exhausted, the crystal can be re- 
activated by brief illumination, and the process 
of obtaining multiple flashes by tapping can be 


repeated. 





Fic. 1. Photograph of thermally-stimulated emission from rectangular 


parallelepiped of crystal tapped at nitrogen temperature. Crystal 
was tapped at brightest corner. 
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It is found that ultraviolet is not required for 
stimulation of the effect; in fact, the threshold for 
stimulation is 6900 A, a wavelength considerably 
less energetic than that equivalent to the forbidden- 
gap width. Hatstep et al.8) incidentally have 
observed edge emission excited by long-wave- 
lengths which they attribute to a_ two-step 
excitation process involving copper. 

Stimulation at any wavelength shorter than this 
threshold produces a large change in conductivity 
at nitrogen temperature. When stimulated with 
light, a crystal whose dark conductivity is 3 x 10-18 
mho-cm~! increases to a saturation conductivity 
of approximately 3 x 10-3 mho-cm~!. The change 
in conductivity is slow and integrates over a period 
of time when illuminated by a H100SP4 mercury 
light with a Kopp No. 41 filter.49 A sample illumin- 
ated in this fashion has been found to maintain its 
high conductivity state in the dark and at nitrogen 
temperature without further stimulation and with- 
out noticeable drop in conductivity for periods of 
at least 66 hr. 

Most interestingly, optical irradiation is not re- 
quired for stimulation of the crystal. If a crystal in 
the unstimulated, or low-conductivity state is re- 
moved from the nitrogen bath and allowed to warm 
in the dark to a temperature above approximately 
—80°C and is then returned to liquid nitrogen 
temperature, it is found possible to excite edge 
emission by mechanical tapping. The character- 
istics observed are now somewhat different, in that 
only the gentlest of tapping, sometimes even the 
slight rattling due to boiling of the nitrogen, is 
Furthermore, the 


sufficient to excite emission. 


flashes observed are not as localized as_ those 
obtained in the optically-stimulated case, but seem 
to occur more uniformly throughout the body of 
the crystal. Also, only three or four flashes are 
usually obtainable before exhaustion of the effect 
occurs. Fig. 1 is a photograph of thermally- 
stimulated emission produced in a rectangular 
crystal at nitrogen temperature. 

In either case, pulses of green light are obtain- 
able only around nitrogen and 
possibly lower, in agreement with the observation 


that normal green emission disappears at higher 


temperature 


temperatures. Warming the sample above liquid 
nitrogen temperature eventually causes thermal 
stimulation of the mechanical effect, but before 
this threshold is reached, it is found that pulsed 
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output can no longer be observed in a sample 
stimulated either thermally or optically, i.e. the 
temperature required for thermal stimulation is 
above that at which edge emission disappears. The 
pulse shapes have been observed in cases of both 
types of stimulation. With optical stimulation, the 
pulse width is of the order of 109 » in duration, 
but the exact shape and width are strong functions 
of the nature of the individual impact. The 
thermal stimulation, on the other hand, gives rise 
to pulses which are quite regular in shape, as Fig. 
2 shows, where the rise time is approximately 0-2 u 
sec and the time for decay to half-maximum value 
is about 0-8 yw sec. Measurement of the light out- 
put intensity with a calibrated photomultiplier 
indicates that about 108 photons are emitted in 
one flash from a thermally-stimulated crystal. 

If a crystal of the type used in these experiments 
is stimulated with short-wave leneth radiation 
while at liquid nitrogen temperature and is then 
excited with infrared, edge emission occurs. The 
long wavelength threshold for excitation is 1-62 u 
(0-76 eV), which will later be shown to be con- 
sistent with our model for mechanically-excited 


(20) 


luminescence as reported earlier. 

The properties of crystals which have been 
specifically doped with impurities are of particular 
interest. Single crystals of CdS:Ag exhibit green 
emission under ultraviolet irradiation at liquid 
nitrogen temperature which masks a red com- 
ponent of emission at 6400 A.@!.22) At higher 
temperatures, green edge emission no longer 
occurs, and the red luminescence may be observed. 
This radiation is polarized perpendicular to the 
c-axis, 23) in accord with the band model discussed 
earlier. 

If a CdS: Ag crystal is stimulated either optically 
or thermally, mechanical stimulation is found to 
excite not only green edge emission, but also red 
emission which is masked by the former. This 
effect is in accord with the interpretation of the 
position of the Ag impurity presented earlier and 


shortly to be discussed further here. 


Copper as an impurity, however, presents results 


which are in agreement with our model but in 
potential conflict with the symmetries assigned to 
the band edges by Brrman’8). We assume that 
copper is an acceptor in cadmium sulfide because 
of the sign obtained in Hall and thermoelectric 
investigations and because of the production of 
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ns cells by copper diffusion. 
gnment is supported by the work of BuBE 


linary emission of CdS:Cu is examined, 


nitrogen temperature where green 
ybscures the red due to the copper, 
ice temperature, it is found that the 


rized not perpendicular to the c-axis, 








me 


— 


thermally-stimulated emission 


due to tapping. 


as in CdS:Ag, but parallel to it.@%) Furthermore, 
increase in temperature decreases the polarization 
intil only a slight component of polarized radiation 
is left 
symmetry to the conduction band and the levels 
near it is correct, then the copper level cannot have 

ie Ig 
ht be expected. Furthermore, the depolari- 
zation of the copper emission allows the possibility 
oI more 
to KLick’s statement‘22) on the similarity of copper 


1 one copper acceptor level. Contrary 
silver levels in the sulfides, copper seems to 
ve different properties from silver, at least in 
dmium sulfide. 
itely, the coupling of mechanical 
crystal states has been one of the most 
We 
> extent to couple an ultrasonic 


crystal, but it appears to date 


difficult prol have 


jiems to investigate. 


ibration alone, is responsible 
Experiments on calibrating the 
impact are difficult to do in a 
way. The method ol dropping spheres 
rface from a known height was men- 
as was also the generation of waves 
ynic transducer. In addition, we have 
duce piezoelectric oscillations in 
hampered by the 


and 


at room temperature. If the assignment of 
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extremely high conductivity which occurs when 
the material is stimulated, as it must be for 
emission to occur. A similar restriction takes place 
in attempting to apply a high electric field to a 
crystal: the high conductivity in the stimulated 
state precludes the formation of an appreciable 
internal field, and this we take as evidence that 
triggering does not occur by production of a 
piezoelectric field by the shock. 

Application of a field has been used to cause 
hole injection, and it has been found that such 
injection gives rise to edge emission as the re- 
combination radiation. In addition, hole injection 
has been used to measure lifetime in a relatively 
pure crystal by application of a voltage pulse to 
an area contact of sputtered platinum and obser- 
vation of the resultant green edge emission output 
with a photomultiplier and fast response circuitry. 
The initial results indicate a hole lifetime of the 
order of 1 1 sec in order-of-magnitude agreement 
with the time constant measurements of thermally 
stimulated mechanically-excited radiation de- 
scribed earlier. 

This concludes the summary of experimental 
observations. In the next section we shall attempt 
to show that all these data are consistent with one 
particular model of the distribution of discrete 


levels. 


INTERPRETATION 

Let us first present a model for the band struc- 
ture of the cadmium sulfide crystals dealt with 
here and then follow this with a discussion of the 
degree of agreement of the data presented with 
this model. Fig. 3 shows the level assignments for 
cadmium sulfide. The valence 
band have been represented with the multiplicity 


conduction and 


of valence bands and the symmetry assignments 
of the bands omitted for simplicity. These latter 
will be assumed to be those of BrrMaN et al. and 
should be kept in mind as being applicable here. 
The uppermost level is assumed to be an elec- 
tron trap level, taken to be 0-14 eV below the con- 
duction band in LAMBE et al.) 
Electron transitions are assumed to originate with 


accord with 
this level. Next in order is silver, present only in 
CdS:Ag crystals. Although this is shown as one 
level at 0-6 eV,(24- 25) it is possible that two levels 


(26) 


may exist here. 
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Next in order is a hole trap level which is 
assumed to be near mid-gap (1-26 eV) at liquid 
nitrogen temperature. Below this is another hole 
trap level, approximately three-quarters of an 
electron volt from the valence band. 

Finally, in copper-doped crystals, 
impurity sites are located approximately 0-83 eV 


copper 
energy-wise above the valence band. The energy 


Conduction band 








Fic. 3. Suggested population of forbidden gap in 
cadmium sulfide. Structure of valence and conduction 
bands has been omitted for simplicity. Question marks 
indicate tentative assignment of trap level. Silver and 
copper levels are to be assumed present only when 
crystal has been intentionally doped with either of these 


impurities. 


and wavelength assignments are not meant to be 
exact, but only indicate the approximate positions 
of these levels. 

Let us now consider the observations described 
earlier in the light of this picture. Optical stimu- 
lation of the sample can be accomplished by pro- 
duction of hole-electron pairs and subsequent 
trapping of the holes in one of the hole-trapping 


levels, or it can be achieved by stimulation of 


electrons from the lower hole trap level by wave- 
lengths as long as 6900 A. In the latter case, the 
holes are by definition “trapped” in this level. It 
is assumed, as in earlier literature,“) that re- 
combination of conduction electrons with trapped 
holes is forbidden, so that the conduction electron 
population gives rise to the persistent m-type con- 
ductivity and high gain observed in pure cadmium 


sulfide. 


The lower set of hole traps is well-defined 
energywise. The depth of the level from the con- 
duction band is determined by the fact that the 
threshold for optical stimulation of hole storage 
occurs at 6900 A. The distance from the valence 
band should then be 0-75 eV to within approxi- 
mately 0-01 eV at nitrogen temperature. That this 
is the case is shown by the fact that an optically- 
stimulated sample can be caused to emit radiation 
by illuminating it with infrared radiation. The 
threshold for excitation of the stored stimulation 
is 1-65 4, which corresponds to the 0-75 eV 
activation energy predicted by the 6900 A long- 
wavelength threshold for stimulation of the same 
level. 

If the persistent conductivity produced by 
stimulation of this level is assumed to be due solely 
to conduction by a density of electrons equal to the 
saturation density of trapped holes, then a mobility 
of 10? cm?/V sec yields a density of 2x 10!4cm-3 
for this level in the crystals showing this effect. 

The situation for the upper set of hole traps is 
not as well defined. As mentioned earlier, a 
thermally-excited flash yields approximately 108 
photons. Calculation of the level density which 
might give rise to this number of hole-electron 
pairs in a crystal of 1 cm® volume at room tem- 
perature indicates that a level 1-5eV from the 
conduction band would have to have a density of 
1022 cm-%, which is patently impossible, whereas 
a level at mid-gap would require a density of 
1018 cm, It is certain that this level must thus be 
at mid-gap or somewhat above, and we have 
arbitrarily shown it at mid-gap position in Fig. 3. 
In doped samples, the silver and copper levels are 
as shown in Fig. 3. 

The polarization of the emission under ultra- 
violet excitation in Ag-doped samples is consistent 
with the light-emitting transition being from the 
silver level to the valence band, since the emitted 
radiation is perpendicular to the c-axis, consistent 
with the symmetries described earlier. The 
emission from copper, however, is parallel to the 
c-axis, in contradiction to what would be expected 
if the copper is derived from the I’g and [7 levels 
of the valence band. 

With this one notable exception, the model 
described fits a large number of observations of 


I 
r 
) 


mechanically-excited luminescence, conductivity, 


quenching, and the like, not only those presented 
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in this paper, but also as observed by other workers. 
It would thus appear to be a fairly good repre- 
sentation of the crystals showing mechanically- 
excited emission, although we have ample reason 
to believe it is incomplete. 14, 17, 27) 

One aspect of the problem of mechanical stimu- 
tion of emission which has not been fully treated 


the nature of coupling between the lattice and 


rent in investigating this coupling, although 


we have been attempting to find more quantitative 


ways of exciting the phenomenon. Our present 
speculation runs to considering the hole trap levels, 
which are deep and hence probably non- 
hydrogenic levels, as well-localized. It is then 
quite possible that little coupling exists between 
level and lattice and that a well-localized type of 
event, such as a dislocation passing by the level, 
or the vibration of a dislocation at which the level 
is situated, excites hole release. Such a description 
is consistent with the fact that the thermally- 
stimulated emission is much easier to excite, since 
it is derived from very deep levels. 

It should be pointed out that such an obvious 
effect as coupling due to piezoelectric field must 
be discounted because the high conductivity con- 
comitant with stimulation insures the absence of a 


field of any magnitude. 
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Abstract—The Knight shift K in liquid NaK and NaRb systems is a linear function of the relative 


Na-concentration 1—C. The relative variation K-1(0K/0C) = 0-361 for Na?3 in NaK, 
- 0:270 for Rb’? in NaRb. An interpretation in terms of the scattering theory 


Na?? in NaRb and 


- 0-518 for 


of conduction electrons is given. The line width of the Na?3 and Rb8? resonances is a non-linear 
function of C. It is about a factor 5 larger in the Rb-rich alloys than at the Na-rich end. This result 
can be explained by the electron-coupled spin exchange interaction between different nuclei. The 
remarkable fact that these spin-spin interactions do not average to a small value in the liquid metals 
necessitates the postulate of a long range character for the electron-coupled interaction. The Knight 
shift and line width in solid terminal solutions have also been observed and compared with theory 

The experiments show that nuclear magnetic resonance is particularly well suited to determine 


phase diagrams of alkali alloy systems. 


1. INTRODUCTION 
THE investigation of the electronic structure of 
alloys by means of nuclear magnetic resonance 
techniques” has been reviewed in a number of 


papers. '°-4) No measurements have been reported 
on alkali alloy systems. Yet these offer some 
unique advantages, which are evident in the 


corresponding case of the pure alkali metals. 

In the first place the theory for the electronic 
structure of the alkali metals is most advanced. In 
particular, it is possible to calculate <|:s(0)/? >, the 
density of the electrons at the position of the 
nucleus averaged over the Fermi surface with 
some precision.) BENEDEK and KusHipa‘ have 
checked the variation of this quantity with pressure 
in the alkali metals by measuring the Knight shift. 
A high precision is possible, because rapid self- 
diffusion causes a narrowing of the nuclear mag- 
netic resonance lines.(? 8) Similar narrowing 

* 'This paper is based on a thesis presented to Harvard 
University by L. RrMal in partial fullfilment of the re- 
quirements for the degree of Doctor of Philosophy. The 
work was supported jointly by the Office of Naval Re- 
search, the Signal Corps and the Air Force Office of 
Scientific Research. 

Division, Raytheon 


+ Present address: Research 


Company, Waltham, Massachusetts. 
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occurs in other metals close to their melting point, 
but in the alkali metals the narrowing occurs in a 
convenient wide range of temperatures near room 
temperature. 

A similar state of affairs should occur in solid 
and liquid alkali metal alloys. The theory of the 
scattering of electron wave functions in alkali 
alloys has been treated by Roru®). The calculation 
of <|%(0)|? >» in alloys will be reviewed in Section 
4. The theory of the electron-coupled nuclear spin 
interactions,(19-12) their motional narrowing and 
other causes for the line width will be discussed in 
Section 5. Section 2 gives a brief description of 
the experimental techniques. 

The experimental results are presented and dis- 
cussed in Section 3. The Knight shift, line width 
and relaxation time were measured between 0°C 
and 60°C as a function of composition in the NaK 
and NaRb system. These systems were chosen, 
because Li does not mix readily with the other 
alkali’s and Cs presents severe chemical difficulties. 
The K29 resonance has not been observed, because 
of the smallness of its nuclear moment. Most data 
pertain to the Na?8 and Rb8? resonance and a de- 
tailed comparison with theory will be made for 
these resonances. Occasional observations on the 
Rb8? resonance, with 73 per cent abundance but 
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alkali metals which condense in the first chamber. 
Repeated tipping off and vacuum distillation gives 
the purified alloy in the final chamber which is part 
of the resonance sample tube. Octane which has 
been purified by reflux distillation in the presence 
of a large amount of liquid alkali metal is intro- 
duced in another arm of the vacuum system. It is 
cooled by liquid air during production of the 
alkali alloy. The octane is then allowed to warm uj 
hrough a tube, the walls of which 

with a fresh thin layer of alkali 

auxiliary side tube. The 

of purified octane is introduced in 

with the alkali metals, which is 
subsequently tipped off. Heating of the Rb samples 
produced no visible bubbling in vacuum indicating 
the purity of the sample: persions were made 


by ultrasonic vil ion of the test tube heated 
} +] : + | x eal "TY 

above the melting point of the alkali metal. The 

particles had dime is between | yw and 20 yp, re- 

mained shiny indefinitely and settled at the bottom 

dispersion which contained 

l | ‘ volume. Che radio- 

d the bottom of 


eter of / mm. 
to eliminate 


was repro- 


3. EXPERIMENTAL RESULTS 


nance frequency 
25°C. A few runs 
f about 6200 kc’s and 

pr yporti ynality of fre- 

tic field. At 25°C there is 
entrations C 30 per cent 


to 85 per cent potassium. The Knight shift is a 
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Fic. 1. The shift in the frequency of the Na®* resonance 
in Na-K alloys. 


linear function of concentration. If the straight 
line is extrapolated to pure sodium, it cuts the axis 
at a positive intercept which corresponds very 
closely to the frequency difference of the 
resonances in pure solid and liquid sodium. For 
K-concentrations, C<30 per cent, there is a two 
phase region with two resonances, which have in- 
tensities proportional to the relative concentrations 
of the two phases in the system. ‘The resonance in 
the solid phase does not coincide with pure solid 
sodium. It indicates a solid solubility of K in Na. 
If one assumes the same slope of Knight shift vs. 
concentration in the solid terminal solution as in 
the liquid phase, one arrives at a solid solubility of 
2:5+0-5 per cent K in Na at room temperature. 
The few results at 0°C are also in agreement with 
the known phase diagram of the NaK system. 
This diagram was determined by cooling curves“) 
and the terminal solid solubility was established by 


IN ALKALI ALLOY SYSTEMS, 


NaK and NaRb 259 
MacDonaLp from electrical resistivity measure- 
ments.“6) The linear concentration dependence 
of the nuclear spin resonance frequency with con- 
comitant sharp breaks at the phase boundaries 
suggests another way to determine phase diagrams. 

The results in the NaRb system demonstrate 
the usefulness of this approach very clearly. Figures 
2 and 3 show the Na?8 and Rb§? resonance shift in 
NaRb alloys as a function of concentration at two 
temperatures. Note the choice of origin, appropri- 
ate to the pure solid metal in each case. The be- 
havior of Na? is similar to that encountered in the 
NaK alloys. The linear dependence on C in the 
liquid alloys extrapolates back to pure liquid 
sodium. There is a sharp break at the phase 
boundary. 

The Rb®> and Rb§? resonance frequencies also 
increase linearly with decreasing Na concentration. 
The Rb resonances are lower than in pure Rb 
metal. There is a distinct temperature dependence 
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Fic. 2. The shift in the frequency of the Na?* resonance 


in Na-Rb alloys. 
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t in the frequency of the Rb§? resonance 


in Na-Rb all 


llov 
illOYS. 


ift, at a given concentration. At 52°C the 
line extrapolates to the value for pure 
b at 52°C. At 29°C the extrapolation is to 
ncy which corresponds to the resonance 

of pure solid Rb at 29°C plus the dis- 
y which occurs on melting.“ In order to 
uncertainties in the composition of the 


b and Na resonant frequencies may be 





Fic. +. The temperature dependence of the Na** reson- 
ance in a sample containing 58 at.°4 Na, 42 at.% Rb. 
The curved portion traces the liquidus, on which the 


composition of the liquid phase varies. 


and N. 
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plotted against each other. A linear relationship 
results with a precision better than 2 per cent. 
The temperature dependence of the Na?* reson- 
ance in NaRb alloys is shown in Figs. 4 and 5. As 
remarked above, there is no observable dependence 
in the liquid phase at constant C. If the liquidus 











Fic. 5. The temperature dependence of the Na? reson- 
ance in pure sodium and the saturated primary solid 
solution of Rb in Na. 


in the phase diagram is met on cooling, C changes 
and the resonant frequency proportionally to it. 
The liquidus curve is thus traced out by NMR in 
Fig. 4. 

The terminal solid solubility is determined by 
the difference in resonant frequencies of the solid 
phase and pure solid Na, shown as a function of 
temperature in Fig. 5. The phase boundaries may 
of course also be determined from the Rb reson- 
ance. ‘This resonance has a larger explicit tempera- 
ture dependence than Na as shown in Fig. 6. The 
extremely sharp break indicates the crossing with 
the liquidus. (CK CT )c¢ increases slowly with de- 
it is 30 per cent larger for a Rb con- 
centration C = 42 per cent than for pure Rb. 

The resulting points on the NaRb phase diagram 


creasing C, 


are shown in Fig. 7. The liquidus had been deter- 
mined previously The 
steady state n.m.r. method confirms the shape of 


from cooling curves. 5) 
the liquidus. The solidus has not previously been 
reported. n.m.r. the same 
solubility for rubidium as for potassium in sodium. 
The rubidium solubility is 3-0+0-5 per cent at 
29°C, and 2:0+0-5 per cent at 47°C. The potas- 
sium solubility is 2-5+0-5 per cent at 25°C. 


establishes about 


Finally, the numerical values for the slope of 
the variation of the Knight shift with Na con- 
centration 1—C in the liquid phase are given. 


Kop-1(0€K/eC) 0-361 for Na in NaK, +0-518 
for Na in NaRb and +0-270 for Rb in NaRb. 
These values will be compared with theoretical 
calculations in Section 4. 
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40 
TEMPERATURE, °C 
Fic. 6. The temperature dependence of the Rb®’ 
resonance in the same sample used for the data of Fig. 5. 
(b) The line width and relaxation time 


The line width (Av)ops is defined as the fre- 


quency separation between the extrema in the 


absorption derivative curve, recorded at the out- 
put of the phase-sensitive detector. The experi- 
mental line width is extrapolated to zero modula- 
tion amplitude. Lorentzian line shapes are 
expected for liquids and solid phases with rapid 
self-diffusion. Corrections for the inhomogeneity 
of the magnetic field AH are important especially 
for the narrow Na resonances in Na-rich alloys. 
The true transverse relaxation time is obtained 
from the observed width by 


T; Lt = ITA, (3)[Avops — yAH 27] 


Hoicoms and NorserG determined 72 for pure 
sodium directly, by pulse methods, 72 = 11-8x 
10-3 sec at 25°C. Thus yAH/2z may be calculated 
from the observed width for pure Na to be 160 
sec-!, This correction is then applied to the other 
line width measurements. 
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Fic. 7. The phase diagram for NaRb alloys. The drawn 
curve is the liquidus determined from cooling rate 
experiments. The experimental points for solidus and 
liquidus are determined from resonance data in Figs. 4-6. 


The results for the inverse transverse relaxation 
time (1/72) in NaRb alloys as a function of con- 
centration are presented in Figs. 8 and 9 for the 
Na’? and Rb§8? respectively. In 
addition the variation of 7; for the Na?° resonance 
was determined from saturation curves. At the 
Rb-rich end the signal-to-noise ratio became poor 


resonances, 


Fic. 8. The line width 1/T2 of the Na®* resonance in 

NaRb alloys. The width in the solid phase is the root 

mean square second moment (Aw?>!1/2, The width in 
the liquid phase is based on a Lorentzian shape. 
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he available radiofrequency power was not 


to determine 7). The three points 
tz are shown in Fig. 8 and are consistent 
ith the relation 7; T>2 within the wide margin 
nt) of error. The most striking feature 

pid increase in width of the Rb-rich end. 

This increase of (J>)-1 with Rb concentration is 
h more rapid than would be expected from the 

i and the observed Knight 


a ae 17 
relation"; ‘ 


9. The line width 1/T2 of the Rb®? resonance in 


NaRb alloy Ss. 


shifts. This expectation is indicated by the dotted 
line. A detailed comparison with theory will be 
made in the next section. There is no detectable 
temperature dependence of the width in the 
limited range of investigation, and a decrease of 
40 per cent in magnetic field did not reveal a field 
dependence of the line width. The data for the 


pure metals Na and Rb are not inconsistent with 
the results of HOLCOMB and NorserG. Their data 
more precise and encompass a much wider 


ge of temperature and field. The present data 
- sufficient to reveal the remarkable dependence 
n concentration. This sheds further light on the 
T; and T> mechanisms, 
paragraph. Some results for the Na? line 
NaK alloys at 25°C were also obtained. 


as will be discussed in the 
next 


width in 


and N. 
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The value for (1/72) in the terminal solid solution 
is 190-460 sec—!; in the liquid phase 1/72 = 80+ 
40 sec! and 220+70 sec-!, at 30 per cent and 
71-5 per cent K, respectively. 

The important features of the line width data 
may be summarized in the following way. (i) The 
line width of both the Na?* and Rb8’ resonance 
increase rapidly in a non-linear fashion with Rb- 
concentration in Rb-rich NaRb alloys. This con- 
centration dependence is in marked disagreement 
with KorrinGa’s relation. (ii) The line width is 
independent of magnetic field within the experi- 
mental error. (iii) The line width is narrowed to 
some extent by diffusional motion, but the width 
in Rb-rich liquid samples is much larger than 
would be expected from a motionally narrowed 
interaction. (iv) The line width in sodium-rich 
solid primary solutions is noticeably broader than 
in pure sodium. 


4. COMPARISON OF THE KNIGHT SHIFT WITH 
THE ELECTRON THEORY OF ALLOYS 

The Knight shift K = AH/Ho 

portional to the unbalanced electron spin density 

at the nucleus. When a solute atom is inserted in a 

matrix, the total charge density of the conduction 


= Av vg is pro- 


electrons readjusts itself in the immediate vicinity 
of the solute atom, but remains unchanged outside 
a very small screening radius. The spin density 
important for the Knight shift, is however pro- 
portional to the charge density of only those elec- 
trons which have wave vectors on the Fermi 
surface. 

BLANDIN and DANIEL(8-2° have considered the 
scattering of a Bloch wave u(r)exp(ik.r) by a 
spherical ‘“‘square well’’ potential of radius rs and 
depth AV. They obtain an expression for the 
relative change in charge density at a point R out- 
side the scattering potential for electrons with 
wave number km, under the assumption that u(r) 
is spherically symmetric and independent of R. 
If variation of the Fermi level with concentration 
is negligible, the relative change in the Knight 
shift is 


(AK(R)/Ko) 
x sin?d'7—ji(RmR)ni(kmR) sin 267] (1) 


> (2;+1 )[{ne(kmR)— jj Ry» R)} xX 
’ 


Here j; and m; are Bessel and Neumann functions 
of order /, and 6; are phase shifts determined by 
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the boundary conditions on the surface of the 
potential well. 

RotH®) has shown that the band structure of 
solvent and solute metal may be taken into account 
in a much more accurate manner. Her method 
gives a notable improvement in the calculation of 
the resistivity of alloys of noble metals and alkali 
metals. It may be expected that the improved 
scattering calculation will also lead to better values 
for the Knight shift. The general formulation of 
RotH leads in the spherical band approximation 
to the same expression (1) of AK(R)/Ko, except 
that the phase shifts are determined by a different 
boundary condition, 


tan 0) 


1—krgi(krs)nikrs) 


R = fy'(h'rs) folkrs)/fo(k'rs) fp (Rrs), 18 the ratio of 
the logarithmic derivatives of the p-parts of the 
wave functions, for the solvent and the solute 
respectively, evaluated at the solvent atom radius 


rs, at the Fermi surface. 


u(1,k) s(er,r)+ik x 


x ri fplert)—(7 


For R 1 the ¢ xpression (2) reduces to the phase 
shift formula for plane waves used by BLANDIN and 
DANIEL, the 
u(r,k) = fs(ep,1) is constant. 

In the effective mass approximation the 


involves assumption that 


y H awe 
whicn 


é 
C 
1 
tr 


numbers at tl 


1e Fermi surface are related by 
2/2m = eo +h?k'2/2m'+Al 


Here ep and e,’ are the binding energies, m and m’ 
the effective masses, which may be generalized to 
include a correction for the k* term at the Fermi 
surface. The potential difference AV is to be 
adjusted so that the phase shifts satisfy the Friedel 
sum rule with the correct polarization of the im- 
purity cell. This charge is compensated by an 


equal and opposite charge in the screening 
potential outside the square well. @)) 
The change in Knight shift given by equation 


(1) is large for nuclei which are nearest or next 
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nearest neighbors of the impurity and decreases 
rapidly with alternating signs for large distances. 
For very low concentrations of the solute atoms 
it is sometimes possible to see a structure in the 
resonance line, corresponding to the different 
positions with respect to the solute atom. For con- 
centrations C' over a few per cent no fine structure 
is resolvable and the line should be described by 
its moments. The first moment or average shift 
is given by, 

CS AK(R) (5) 


R 


AK 


where the sum is over all lattice sites and inde- 
pendent scattering has been assumed, 


The theory is strictly valid only in the limit of 
small solute concentrations. The effect of multiple 
scattering is neglected. If the scattering centers are 
far apart the incident wave on each scatterer may 
indeed be regarded as an unperturbed Bloch wave. 
One cannot reasonably expect the theory to be 
valid for solute concentration of over 10 per cent. 
The experimentally observed linear dependence, 
however, over the whole concentration range is 
very striking and appears to be valid for the Na? 
resonance up to Rb concentrations of 95 per cent. 

It is possible to extend the treatment of BLANDIN 
and DANIEL to the case that the 


solute atom, present in very small concentration, 


o . nance . ‘ 
resonance Of a 


is observed. This calculation applies to the Na** 

Rb-rich end. 
single Na atom in a Rb matrix. The sodium Knight 
shift is now determined by the vali 


resonance at the Consider 


function at the origin of the scattering center. ‘Tl 
has 


wave function inside the scattering potential 
also been given by Morr and Massry. Only the 
zero-order partial wave is non-vanishing at the 
origin. For an incident plane wave exp(tk.r) the 
value at the centre of a uniform potential well is 
given by 

k’ sin(krs+6o)/k sin k's 


(0) 


’ 


cos(Rk7;+49)/cos R'/s 
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where k 
r.is the radius of the solvent atomic cell; 59 is given 
by equation (2) for / = 0 and R = 1. The same 
expression also appears to be valid for the more 


is the wave number inside the well and 


Bloch wave scattering, considered by 

In this case R # 1 in equation (2) and k 

k’ should be evaluated with the appropriate 
ffective masses. The relative change in the Knight 
hift with respect to the shift in the pure solute 


K wal’ YR») ( cos*(ki's+8o) 


=—_ | 6) 
( 


Ay Kya cos2k’y, 
his equation gives the shift for Na in almost pure 
Che first factor on the right-hand side contains 

the volume variation of the Knight shift. It can be 
calculated from the known volume variations) of 
and amounts to 1-17. 


Lhe initial slope K-1(€K @C) at the Rb-rich end 


(0)|2 and X, 


ilso be estimated. Consider two Na nuclei in 


b lattice. It is known from equation (2) how 


single Na nucleus changes the charge den- 
sity at each Rb lattice site. The relative change in 
he charge density at the site of the second Na 
» as a Rb nucleus would 
Rb(C~1) 


iimost 


pure 


l(OK/0C)xa (7) 

at the Na-nuclei scatter 

a crude approximation for 
t lattice sites. Substitution of 
values into equation (7) gives 


0-42, < he Rb 
experimental slope is 0-51 at both 


rich end, 


should be cor red as reasonable 


numerical results of equations (1-6) are 
] rtunately very sensitive to the choice of 7; and 
AV. DANIEL! 
AV. The impurity cell is assumed to have the 


uses BLATT’S procedure to estimate 
same radius as the solvent matrix and an effective 
polarization charge density equal to the electronic 
charge times the relative change in the atomic 
volume of the impurity; AV is chosen so that the 
Friedel sum rule gives this effective charge. ROTH 


also takes rs equal to the solvent atomic radius; 


and N. 
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AV is adjusted so that the polarization charge in- 
side the impurity cell is exactly compensated by 
the screening charge outside the cell. The screen- 
ing potential is assumed to be exponential with a 
‘Thomas—Fermi range g~}. 

We have not made any detailed assumption 
about the nature of the screening, but have calcu- 
lated the Knight shift for a wide range of values of 
AV and thus of polarization. In our calculation 
partial waves up to / = 6 were retained and the 
summation in equation (1) was carried out to the 
second nearest neighbors in the bcc lattice. The 
summation over further neighbors was replaced 
by an integration. We find that with R 1-09, 
value for the Na2? Knight shift 

0-2 for a polarization of about 


a maximum 
K-l(eK/< C) 
—0-5 of an electronic charge on a Rb impurity 
atom. This should be compared with DANIEL’s 
value of K-1(@K/€C) = 0-15 for a NaRb alloy. He 
uses R 1, an integration beyond the eight 
nearest neighbors, retains phase shifts up to / = 3 
AV BLaTT’s procedure. 
Before a comparison with the experimental value, 
0-51, is made, one should add 0-17 to the theoreti- 


and determines with 


cal values to take account of the relative variation 
of X» and |xs(0)|? due to volume changes on alloying. 
These changes are only approximately linear in C. 

The theoretical model is qualitatively correct, 
but any quantitative agreement should be regarded 
as fortuitous. It is particularly serious that no 
choice of the polarization and screening gives the 
large observed positive value for the Knight shift. 
One would have to adopt a different value of rs or 
a different arrangement for the neighboring atoms 
in the liquid alloy. The variation in Knight shift 
is more sensitive to the details of the scattering and 
screening potential than the resistivity. ‘The latter 
is quadratic in 5; whereas the Knight shift and the 
Friedel sum contain linear terms in 4;. Since R—1 
is very small compared to unity in the alkali alloys 
studied, the band structure effects are less impor- 
tant than the polarization effects. In fact, for zero 
polarization, one finds K-(6K/cC) = 0-06 for 
Na? in NaRb, which would make the discrepancy 
between theory and experiment three times worse 
than with optimum polarization. 

The Na resonance in almost pure Rb exemplifies 
a situation which is unusual in scattering experi- 
ments. The Na spin is a probe for the scattered 
intensity inside the scattering potential. Equat‘ on 
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(6) yields, with R = 0+94 for Na in almost pure Rb, 
a relative increase in the Na®* Knight shift at C = 1 
which is too large by at least a factor 2 or has the 
wrong sign for a reasonable polarization on the Na 
atom. 

The Rb8? resonance on the Na-rich end would 
have the wrong sign according to equation (6), if 
the same value of AV, with R = 1-09 is used for 
which equation (1) gives the maximum value for 
K-1(@K/0C) of the Na?’ resonance. The result of 
equation (6) is very sensitive to the choice of rs 
near the point k’rs = 7/2. If AV is adjusted so that 
equation (6) gives the correct experimental value, 
then equation (1) gives an incompatible result. 

The extrapolation of a straight line with a slope 
given by equation (1) near C = 0 across the phase 
diagram gives rather poor agreement with the 
prediction of equation (6) near C = 1. 

This discussion also shows that the linear de- 
pendence of the Knight shift at all concentrations 
is perhaps a rather accidental property of the 
alkali alloys. In general, one should expect two 
different straight lines near C=O and C = 1, 
which should somehow be connected by a curved 
line at intermediate concentration. 

The temperature dependence of the Knight 
shift has also been discussed by BENEDEK and 
Kusuipa), In the alloy one has 


Ov Ov oV 
Ge. aa 


The explicit temperature dependence (¢v/0T), is 
about the same for pure Rb and Na and is therefore 
expected to be independent of the concentration. 
(Qv/2V)py» is negative because of a dominant de- 
crease of <|%(0)|>2er with volume; 
(év/OV)na is positive because the increase in den- 
sity of states Qn(er) at the Fermi level with in- 
creasing volume is dominant. The observed de- 
crease of (0v/0T)c,» with Rb concentration C at 
atmospheric pressure may therefore be ascribed 
to the decrease in (@v/CV) in going from pure Na 


to pure Rb. 


{--- 
eT) y 


increasing 


(Ti); 


> 


(Tike | 1+CKg! > AK(R) “FOU C)KGPAKYR) 


metal 
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The experimental data clearly rule out a liquid 
model with a large concentration of well-defined 
vacancies. Each vacancy would act as a scatter- 
ing center with effective charge Z=—1. An 
enormous change in Knight shift and increase in 
resistivity would result in going from solid to 
liquid sodium, contrary to observations. Un- 
fortunately, the increase in vacancy concentration 
deduced from diffusion and _ resistivity’?2) just 
below the melting point cannot be confirmed by 
Knight shift measurements. The vacancy con- 
centration is too low (~0-1 per cent) to give an 
appreciable effect on AK. 


5. COMPARISON OF THE LINE WIDTH WITH 
THEORY 


Ho_Lcoms and NorBerG®) have given a detailed 
discussion of various factors determining the re- 
laxation time and line width in pure alkali metals 
in the solid and liquid phase. Here the discussion 
will be extended to include the concentration de- 
pendence in alkali alloys. This will shed some 
additional light on some unexplained results in 


pure metals. 


(a) The interaction with the conduction electron spins 

The time average of this interaction determines 
the Knight shift. Since the correlation time for the 
time variation of this interaction is very fast 
(71h), it leads to a contribution 73! = Ty! both 
in the solid and the liquid. @%) (71)e, and (T2)e, have 
the same order of magnitude in the liquid and solid 
phase, since diffusional motion does not change 
the spectral distribution of this interaction which 
is determined by the electronic motion. It therefore 
is the dominant contribution to the width in pure 
liquid Na. 

On alloying this contribution changes with con- 
centration, since it is proportional to the square of 
Knight shift at each lattice site according to the 
Korringa relation. This is the correct procedure 
since the electronic motion is so much faster than 
the nuclear motion. The average relaxation rate 


becomes 


(T)) 1 420K G1 Y AK(R)+CK 5? DAKAR) 4 CK? > AK(RAK(R))| 
R R#R’ 


| 
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Che correction from the last term is of the same 
order as the multiple scattering effect. 

Deviations from this relation are caused by 
correlation effects, but these do not depend 
S ¢ C. They depend somewhat on the 
( : 1 atomic volume. 

e interaction between the nuclear 

[ n-S”’ part of the electron wave 
f S tributes to 7-1, although it does not 
( K. The variation of this contribution 
( be similar to the variation of the 
S-part. given by equation (8). The scattered inten- 
Ss e evaluated not at the center of the cell 
R, but an appropriate average over the “non-S”’ 

) I ton ic cell should be taken. One may 
conc hat the contributior (T2)-' to the line 
wid ld exhibit the general quadratic de- 


pendence on C of equation (8). This contribution 
Figs. (8) and (9). 


is shown Dy the dotted lines in 


In the rigid alloy lattice the dispersion of the 





Knight shifts contributes to the mean square 
1¢ I I | erage posi by an amount 
™ SAE ) ( 
( DiAK(R)' (Y 
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AK(R) determined by « n (1 
\ ti } bee! . | 
1 SOlId § Ul as been assumed 
’ 1 ] ‘ : . | aes, ; 
and I litipie scattering 1s 1gnore? i nis may cause 
O1 ( al broadening yund the 50 per cent 
1} ] t fehe reAnA 
Cr S in ae enituae or the secona 
} i Ss 1 ) t oO } 
K \ IK | OF rulO li 1c 
Sc lagone st ld be equal to the 
, 1M J 
s nil ror vg ) Nic s t] e data of 
: x 2 1 | 
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~ sal ita la eo 
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| mf les Ul 
ij { ns Will DE 
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l ‘Wr Ty T) rti 1] - it he 
R { S K WV inh | articular 1t may De 
1 2 = 
ippl he present probiem to the interaction 
1 -— m4 ~ 
fa clear spin 2 th th erage magnetization 


of the conduction electrons. This interaction 1s 


time dey endent through the relative position ot 
the solute atoms Rj;(t) with respect to the nuclear 
spin 


hvof Ko + DV AK(Riyj) zi 
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Note that this mechanism contributes only to 72, 
since only Jz occurs in the effective Hamiltonian. 
The transverse components of electron magnetiza- 
Se Ss, 
very fast electronic motion. 

In the case of rapid nuclear motion with corre- 


tion 0} average out with the 


lation time, te, the interaction with the z-com- 


ponent of magnetization, leads to an effective 


narrowing of the second moment (9) according to 
tr2veC(1—C) & K(R)r (10) 
R 
There is no corresponding contribution to T, L 
The experimental data did not reveal a dependence 
of the width on magnetic field. The contribution 
from equation (10) is small compared to the dipolar 
contribution of equation (12) for the solid terminal 
solutions with C 3 per cent. Therefore, it is un- 
observable in these alloys. For liquid alloys with 
C = 50 per cent, (1/7 )x is not very small com- 
pared to the dipolar contribution (1/7 2)aip, but 


both interactions are small compared to the other 


broadening mechanisms in the liquid. 

It is tempting to attribute the observation by 
NORBERG and Ho ct 
and Na is 10-30 per 


difference (1 T>)obs—(1 T; Jobs would 


MB that 72 in pure liquid Li 
cent shorter than 7} to this 


effect. The 


then be identified with (1/7>)x. Although C 
cannot be identified with a vacancy concentration 


in the liquid, one would still have a dispersion of 
Knight shifts for the different short-range con- 
figurations in the liquid, which transform into one 
another with a characteristic time Te. The observed 
does not have the required proportionality 
With vo 10‘ c/s, Te AK? 
10-6 for pure liquid Na, equation (10) yields 
(1/T>)x 
times larger. Although this is certainly not a satis- 


etrect 


10 -10 sec 
; C 
3 c/s, whereas the observed effect is 11 


factory agreement, the theoretical possibility for 
T > To in liquids is interesting. In Section 5(d) the 
I y for 
long correlation time will be discussed, which 


ight give 7; >T>» 


an interaction in the liquid with a 





, independent of magnetic field. 


(b) Dipole—dipole interaction 

The second moment in the rigid lattice, averaged 
over a polycrystalline sample, with a random dis- 
tribution of isotropic constituents p, is given by 
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the VAN VLEcK(5) formula, 
$n? 5y8 Daip = Bi (1+ 28 pa) Coy pv qh" px 
x (Ip+1) (4/15) 2778 (11) 


In the case of the NaRb system one has Cya 
1—C, Cg5 = 0:72C, Cg7 = 0-28C. In a solid with 
rapid self-diffusion or in a liquid ; 
the effective width is according to Kuso and 
TomitTa®®) or SOLOMON@?) 


(1 T1)q, aip =(1 T2)q, dip 


> 
Sp2 ae ie 
OV /aip T/ 1, 


— 
Te p ( | + 1d.nq) X 
Pp 


x cpy Yq? Ip(Ip+ 1) (4/3) 


In pure Na at 25°C the diffusion is sufficiently 
rapid for this last equation to apply. In fact, 7, is so 
small that the dipolar relaxation is negligible com- 
pared to (1/73)¢. The same is true for the liquid 
phases. 

The additional broadening of the Na resonance 
in solid solutions with 3 per cent K or Rb, nor the 
rapid increase in width of both Na and Rb reson- 
ance in the Rb-rich liquid alloys, can be explained 
by the electronic or dipole-dipole interaction. ‘Two 
further mechanisms which are believed to be the 
cause of these line broadenings will now be dis- 
cussed, 


(c) Quadruple interaction 

The electric field gradients around a solute atom 
in a rigid alloy lattice have been discussed else- 
where. The contribution of the quadrupole re- 
laxation in the case of rapid motion) is 


3 
( T; 1) quad (Ts; 1) uaa PP h) XxX 


| Al Igt1)—3 
( eee 
az?) ay T (2Ig—1)? 


9 
q 


(13) 


The value of the electric field gradient at the 
position of a Na atom, which makes the quadrupole 
contribution equal to (1/71)e = 70 c/s for the Na? 
resonance, is found to be 

* 


/O2V 
Gzz> =e ¢( = /.,| 


2x 1022cm-3, 


9 


(1+y0)7? 
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if one adopts QO = 10-*°cm?2, tr, = 10-19 sec and 
a Sternheimer factor (1+y,) =5-5. This is a 
reasonable value for solid sodium with 3 per cent 
Rb or K. 

One Rb atom in a next nearest neighbor site 
might be expected to strain the lattice sufficiently 
to give this order of magnitude for the gradient. 
The observed increase in width in the solid ter- 
minal Na solutions may therefore be ascribed to a 
quadrupole effect, although the electron coupled 
interactions discussed in the next section could 
also explain the additional broadening. 

In liquid metals the r.m.s. value <qzz>, mas. 
probably has the same order of magnitude 10?2cm-% 
due to instantaneous deviations from cubic sym- 
metry in the liquid configurations. In alloys with 
about 50 per cent Rb ¢ qzz>,m,., may perhaps be 
larger by a factor 3. The value of 7¢ in the liquid is 
smaller than one used for solid diffusion by a 
factor 10. Therefore, the quadrupole broadening 
of Na, the liquid alloys should at most be the same 
in absolute value as in the solid terminal solution. 
The Rb quadrupole broadening may be larger by 
an order of magnitude because of the larger Stern- 
heimer factor. Under no circumstance, however, 
could the quadrupole interaction decrease rapidly 
as Na is added to pure liquid rubidium. The 
observed broadening in liquid alloys, shown in 
Figs. 8 and 9, must therefore have another cause. 


(d) Indirect spin-exchange interaction 


A coupling of the form Ai;I;. Ij between nuclear 
spins via a super-exchange type mechanism with 
the conduction electrons is well established. 
(See Refs. 10-12). For the heavier isotopes this 
interaction can be considerably larger than the 
dipolar interaction. The interaction constant A is 
proportional to the product of the hyperfine inter- 
actions on the atoms 7 and j. If these interactions 
are assumed constant over a conduction band with 
spherical energy surfaces, A is proportional to the 
product of the Knight shifts of the nuclei 7 and 7 
and may be written in the form 


Ai; KiKjyiyjh?B 227 E pF (2RkmRij) (14) 


with 
F(x) = x-4(x cos x — sin x) (15) 


Ef is the Fermi energy and ky, the wave number at 
the Fermi surface. In an alloy the Knight shifts 
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> AK(Ri;) 


solute j 


Kot 


therefore a correlation between the 


ift K; and the indirect spin-exchange 
1;; because the position of solute atom j 


i 
1 
i 
k 


oth expressions. In order to keep the 
for the to the 
mm the couplings Aq; relatively simple, 


contribution second 
replaced by its average value. This 
good approximation because usually 
y neighboring solute atoms will contribute to 
With this approximation the spin-exchange 
tribution to the second moment of the gth 


nce averaged over the random solid solution 


The effect of motional narrowing may again be 
treated by TorREy’s method, since the dependence 
yf the spin-exchange interaction on the relative 
f a nuclear spin pair is known. If a 
time 7; is adopted, the contribution to 
he line width in the case of rapid motion is given 

by(-§ 
(17) 


The correlation time 7¢ is not necessarily the same 
as T¢ for dipolar interaction. 

The observed line width in solid rubidium at 
low temperatures leads to a second moment which 
is about 30 times larger than the classical dipolar 
formula equation (12) predicts. If one substitutes 
numerical values for Er, Rm and the observed 
Knight shifts into equation (16), one finds an 
answer of the same order of magnitude as the 
dipolar second moment. It should be emphasized, 
however, that equation (16) is based on an over- 
simplified model of the band structure; it is a single 
spherical band approximation. A similar discrep- 
ancy has been observed between the calculated 
and observed spin exchange second moment in 
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thallium. Therefore, the experimental value in the 
rigid lattice will be adopted 
(1 T2)ex,solid 2ar 104sec7! 

It is remarkable that the observed line width in 
liquid rubidium is only a factor 2-3 times narrower. 
GUTOWSKI attributed this width to (7:)>!. The 
line width, however, does not increase proportional 
to the absolute temperature in the liquid phase. 
Furthermore, the observed variation with con- 
centration does not follow at all the dotted line in 
Fig. 9, which represents the contribution of the 
conduction electrons. On the other hand, the con- 
centration dependence is explained very well by 
equations (16) and (17) as shown by the solid lines 
in Figs. (8) and (9). The ratio of the Na?* to Rb®? 


24) 


IPE ZB-4) > F%2kmR)} x 


R 


) 


| Ky+Cy > AK,(R) 
— — - 


R 


width is also given correctly (1/T>2)ex, Rp = 
7:9(1/T2)ex, Na at the Rb-rich end. In the plot for 
the Rb§? the Rb’?’—Na?? interaction 
has been in comparison with the 
Rb8?— Rb interaction. The difference in 
havior of 7; and 7» for the two Rb isotopes in 
metallic rubidium observed by HoLcoms and 


resonance 
neglected 
be- 


NORBERG can also be understood in terms of this 
interaction. 

The main difficulty is that the magnitude of the 
observed width in liquid rubidium requires a very 
long correlation time for the electron coupled spin 
interaction. According to equations (16) and (17) 
a value 7¢-~5 x 10 sec is required. 

In principle, the exchange interaction may have 
a much longer correlation time than the dipolar 
interaction, e.g. if molecular association occurs. It 
is not compatible with the properties of metallic 
liquids to assume that two atoms remain associated 
as neighbors for times longer than a microsecond. 
The hypothesis of large semi-rigid islands in the 
liquid phase would give about the same correlation 
time for both the dipolar and exchange interaction. 
The data on light metals, such as Li, Na and Al, 
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show conclusively the motional narrowing of 
dipolar interaction caused by self-diffusion. The 
broad lines in the liquid phase appear to be 
characteristic of the heavier metals such as Tl, Hg, 
Rb and Rb-rich alloys. 

The electron-coupled nuclear spin-spin inter- 
actions which are dominant in the heavier metals 
can have a long range, and consequently a long 
correlation time, if the reduced scattering vector 
is small. Suppose that the Fermi level nearly 
touches the Brillouin zone boundary. Consider the 
virtual scattering from an occupied state with wave 
vector $K—Ak to an_ unoccupied _ state 
+($K—Ak’). Then the quantity x = 2k,R in 
equation (15) has to be replaced by x = | Ak+Ak’| R 
for these scattering processes near the zone 
boundary. A similar state of affairs would occur if 
a fraction of the conduction electrons in another 
band had a very small effective mass and conse- 
quently a small value &,,. Irregularities at the Fermi 
surface because of the proximity of the zone 
boundary are known to occur in Cu and several 
other metals. It is a somewhat unexpected but 
possible situation in the liquid alkali metals. 

Since F(x)ux-! for x <1, but ax-3 for x >1, 
and since a given nucleus wiil interact with many 
more nuclear spins for small | AR], even a very small 
fraction of conduction electrons near the zone 
boundary could give a significant contribution to 
the second moments (16) and (17). In particular 
the correlation time 7; would be proportional to 
the square of the interaction range or to (Ak)~?. It 
is possible that the long-range coupling would be 
favored in the liquid phase because of the irregular 
band structure. In the absence of detailed theo- 
retical work on more complex band structures, a 
long-range electron-coupled interaction will be 


postulated in the liquid metals, in addition to the 


short-range dipolar and exchange interactions 
which are averaged out by the thermal motion. 
Further experimental work on 7; and 7% in liquid 
alloys containing heavy solvent and light solute 
nuclei is desirable. It seems clear that the simple 
equation (14) for a single parabolic band with 
spherical energy surfaces needs considerable cor- 
rections. 

The observations by HoLcoms and NORBERG 
onthe 7) and 72 of Rb®* and Rb§? in pure rubidium 
can be qualitatively explained in terms of a long- 
and short-range electron-coupled interaction. A 
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coupled decay of two spin systems via spin ex- 
change and conduction electron interactions will 
occur. The experimental data only give a simple 
exponential average rate of decay. A complete 
theoretical analysis, analogous to a discussion(29) of 
relaxation in the HF molecule, must await more 
precise experimental determination of the various 
characteristic decay times. 

The anomalous decrease in 77> on melting in Li 
and Na might likewise be explained by this type 
of interaction, if one is willing to admit the solution 
of some heavy impurities in the liquid phase. 


(e) Other interactions 

The contributions to the second moment or line 
width in the liquid of the various effects discussed 
so far are additive. This fact has been used im- 
plicitly in the preceding discussion. The contri- 
butions (7))>' and (72)"1 are independent of the 
others because there is no correlation between the 
motion of the conduction electrons and the 
Brownian motion or spin orientation of the nuclei. 
The other effects have the following dependence 
on direction of radius vector Y%"(v,;,6,3) and 
nuclear spin orientation of I;. Inhomogeneity of 
Knight shift has no dependence on either, dipolar 
interaction depends on both, quadrupolar only on 
the first, spin-exchange only on the second. Since 
Y” > and any nuclear 


the expectation values of 
vanish, 


spin component <J1. there is no 
cross-correlation. 

This would not be true if some other interactions 
of minor importance were considered. The pseudo- 
dipolar interaction should be added algebraically 
to the classical dipolar interaction. Its effect is 
estimated to be small compared to the scalar spin 
exchange in Rb, where S-type hyperfine inter- 
action is dominant. This type of interaction might, 
however, be large between Pb?°? spins in metallic 
lead. It could explain the large width in solid and 
liquid lead, although only one isotopic species with 
non-vanishing spin J = 4 

The p-character of the wave functions is also 
responsible for an anisotropy of the Knight shift 
at lattice sites in a solid alloy. The correction to 
the second moment, which would interfere with 


is present. 


quadrupole effects, is very small. 
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FOREWORD FOR THE TEN PAPERS WHICH WERE PRESENTED AT THE MELLON 
INSTITUTE SYMPOSIUM 


The following ten papers in this issue represent a selection from 


a series presented at the Symposium on Defect Structure of Quartz 


and Glassy Silica held at the Mellon Institute, in May 1957. The 


papers have been selected and revised in the light of what has 
happened since the Conference so as to present a fair view of the 
current status of the subject. In one instance, an abstract only is 


included because the material has been published zm extenso in another 


journal, to which reference is made. 
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INTRODUCTION—DEFECTS IN SILICAS* 


G. J. DIENES+ 


Brookhaven National Laboratory, Upton, New York 


(Received 27 May 1959) 


introduction to the field of defect structure of quartz and vitreous silica the 
ng in silicas is reviewed briefly and a comparison is made between the crystalline 
ous struct 


It is found instructive to compare the status of the field with that of the 
nic crystals, such as the alkali halides. Defects in silicas are then discussed more specifically 


following headings: (i) types of defects expected in silicas, (ii) production of defects by 
iii) comparison of defects in crystalline and amorphous silicas on the basis 


ures 


radiations and ( 


studies 


of this introductory paper is to re- 

t us of our knowledge of the 
ucture of silicas and to compare it with 
of such extensively studied crystals as the 
lkali halides. This introduction is meant to serve 
S a point leparture for the Conference itself 
he new results re ported at this Conference are 
Consequently, practically all the 

given here will be amplified and many 


rhaps supers ded by the papers to be presented. 


BONDING IN SILICAS 


of the bonding in a solid is an im- 
in determining the defect structure 

For example, the fact that the alkali 

are essentially completely ionic plays a 
in interpreting structure sensitive 

in these crystals. It is natural, there- 

art out with a brief description of the 
ng in silicas. Surprisingly little work has been 
this problem. The best evidence for the 

ri¢€ bonds is derive¢ 
from careful X-ray 


study and the 


] 


from electron 


1) saieniibiinibti ée i has 


li n } sd an his work | 
1g aiscussion 1S Dasea ON NIS WOFTK. 


It is easiest to bring out the essential points by Fic. 1. Electron density map for NaCl in the [110] 


projection (from Ref. 1). 


Symposium on Defect Structures : ' ; i 
gga ping Defect Structures comparing the electron density map of quartz with 
silica, Mellon Institute, May . 


i, 


that of a typical ionic crystal, sodium chloride. 
The sodium chloride pattern is shown in Fig. 1. 
The important feature of this pattern is that one 


{ 


ract with the U.S. Atomic Energy Com- 
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Fic. 2. Electron densit1 


finds large charge free regions in the Nat—Cl 
direction (A to C in Fig. 1). This is clear indication 
of ionic bonding. 

The quartz pattern is shown in Fig. 2 and 
. The 


high electron density is clearly observable between 


is 


typical of mixed ionic and covalent bonding 


silicon and the nearest four oxygens. A quantita- 
tive evaluation shows that the bonding is about 
valf way between a purely ionic and a pure 
half \ betweer rely ion 1 a purely 


covalent bond, but somewhat closer to covalency.") 


CRYSTALLINE AND FUSED SILICA 
The detailed arrangement of the atoms is another 
important factor in determining the defect struc- 
ture of solids. The structure of quartz is, of course, 


Ss 
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map for quartz. 
two-fold axis (from Ref. 1). 


IN SILICAS 


Projection parallel to the 


well known. Silica is, however, unusual amongsolids 
in that it is quite stable in the fused or glassy state. 
An important question is the relation between t 
crystalline and amorphous forms. From the cla 
work of ZACHARIASEN®) and the X-ray 


(3 


WARREN and associates) one arrives at 
clusion that the local arrangement of the 
fused silica is very similar to that in quartz. 
neutron diffraction work has not altered 
picture.@) The following points, based on 
X-ray work, are particularly important: 

(1) The average Si—O distance in vitreous silica 
is 1-62 A in close agreement with 1-60 A in crystal- 
line silicates. 


(2) The average number of oxygens around each 
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to the crystalline interpretation is rather intricate and will not 
discussed here. ‘®) 
amorphous material may be pictured 
distribution of S104 groups interlocked COMPARISON WITH ALKALI HALIDES 


vhich belong to two adjacent tetra- In order to estimate the status of knowledge in 


this picture a working hypothesis may the field of defect structures of silicas, it is of 


vhich many studies, like some re- interest to compare it briefly to that of the alkali 
ave to test in halides.‘) In general the comparison is very un- 

favorable to the silicas. Methods which have been 

al environment employed for many years for studying the ionic 

al and the glass crystals, are only coming into use, as this Con- 

‘ange correla- ference clearly testifies. Some examples are given 


below . 


(a) Diffusion 
‘This important solid state process is well under- 
stood in simple ionic salts. There are many ac- 


curate investigations, the vacancy mechanism of 


diffusion is well established, activation energies for 
vacancy formation and mobility have been mea- 
sured in many cases. As an example, a list of 


activation energies for mobility is given in Table 1. 


Table 1. Activation energies for motion of lattice 


a Migs: 
vacancies, E.,,, in alkali halides 


st, the diffusion of only a few impurities 


+ 


d 2:I5cm, (2) has been studied in quartz and this by indirect 
| 


r second irradia- P ; fA 
ethods. \ systematic study of the silicates has 


ting at 100°C - 
units). (5) been started recently. 


(b) Electrical conductiz ity 
\ similar situation prevails for the electrical 


onductivity of silicates. The conductivity in alkali 


¢ 
halide | } ionic. the c luctin: 
Naliades 1s Known to De tonic, the conducting 


1UCTIVITIES ¢ , on the 
liffer by orders of magnitude as shown _ species have been identified in many systems and 
vs some data for the vacancy mechanism of ton transport (via posi- 


shor 
A drastic reduction tive 10n vacancies) is very well established for 
The NaCland KCl. Essentially nothing is known about 
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the fundamental conducting properties of silicas. 
Conduction by means of impurities has been mea- 
sured in a few cases. (8) 


(c) Color centers 

The study of color centers has helped enorm- 
ously in understanding the structure sensitive pro- 
perties of alkali halides. Many of the color centers 
have been quite firmly identified with various 
defect structures as illustrated in Fig. 4. The vari- 
ous structures are identified in the caption. The 
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Fic. 4. Units believed to give prominent absorption 
bands in the pure alkali halides. Reading across and from 
the upper left-hand corner the units are: the negative 
ion vacancy presumed to be responsible for the «-band; 
the F-center consisting of the negative ion vacancy and 
an associated electron responsible for the F- and f- 
bands; the F’-center obtained by adding a second elec- 
tron to the F-center; the Ri- and Re-centers; the M- 


center; a hypothetical center consisting of a pair of 


vacancies and an associated electron. There is no experi- 
mental evidence for the last center—it probably de- 
composes spontaneously by ejecting a positive ion 
vacancy (from Ref. 7). 

importance of such investigations has been 
recognized and this has been probably the most 
active field of basic research in silicas in the last 
few years. There are sufficient data at hand for a 
start at systematization but sound structural inter- 
pretation is a long way off.) 

The obvious conclusion is that a tremendous 
amount of basic research work has to be done 
before one can understand the structure or defect 
sensitive properties of silicas. The problem is ad- 
mittedly difficult. There are serious experimental 
difficulties because of the extremely high melting 


point of silica. There are difficulties of interpreta- 
tion attributable to the complex crystal structure 
and bonding in these materials. 


DEFECTS IN SILICA 

Many physical properties of solids are sensitive 
to the presence of defects. Among the most impor- 
tant ones the following may be listed: 

Optical (including radiation sensitivity), 

Electrical (including dielectric loss), 

Magnetic (particularly resonance) 

Thermal conductivity, 

Mechanical (including ultrasonics and internal 
friction, generally highly structure sensitive). 


The relations between such physical properties 
and crystalline defects are intricate and are gener- 
ally poorly understood even in the case of simple 
crystals. It should be emphasized that often one 
has to play a difficult ‘““double game” in this field, 
i.e. use the various physical properties for studying 
defects and use our knowledge of defects in in- 
vestigating the basic factors which govern the 
physical properties themselves. 

As to the nature of defects expected in silicas one 
must rely on analogy to other solids since no theo- 
retical calculations have been made from which the 
probability of occurrence, stability, mobility, etc., 
can be judged. The elementary defects are: 


Oxygen vacancies Silicon vacancies 


Oxygen interstitials 


Impurities 


Dislocations Silicon interstitials 


The role of impurities is quite fully covered at 
this Conference. They are apparently of crucial 
importance in much of the color center work. The 
best known example is the substitutional aluminum 
center and its optical and electron resonance 
properties, 1) 

One can say very little as yet about the role of 


dislocations in silica except that they are certainly 
patterns typical of disloca- 


Growth 
been 


present. 
tions have 
AMELINCKX(13), 

A little more can be said about vacancies and 


Wituis*) and 


observed by 


interstitials from analogy with other solids. It is 
well known that thermodynamically such defects 
must be present in finite concentration (however 
minute) at any finite temperature. The reason is 
that the increase in the internal energy of the 
crystal is balanced by the entropy of mixing at 
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‘oncentration at any temperature analogy one would expect the following: 
illustrates typical defect con- ; 
E Si' : traps electrons O' : traps holes 
- these mater- SiY : traps holes Ov : traps electrons 
lite conclusively 
interstitials is These considerations certainly serve as a useful 
guide but it should be emphasized that the situa- 
tion is much more complex if the crystal is non- 
ichiometric, i.e. contains impurities, excess 


sto 


silico! or excess oxygen. 


EFFECT OF NUCLEAR RADIATION 

silica to various nuclear radia- 
tions has been of particular interest in the last few 
years and the subject is well covered at this Con- 
ference. Radiation has become an important tool 
for probing the defect structure of solids since 
rather large concentrations of defects can be in- 
troduced into a crystal this way. Defects normally 
present in insignificant amounts (say, interstitials 
in copper or sodium chloride) can also be intro- 
duced by radiation since thermodynamic limita- 
tions do not a iy to their production by a highly 
irreversible 9 - rey process. 


ne the following mechanisms 


are considered important when radiation interacts 


with matter: 


(1) Displace ment production by elastic collisions 

of fast particles with the atoms of the lattice. In 

ike) SiOz the simplest result of such a process is the 

is unlikely 2 aye si 
; creation of vacancies and interstitials of both sili- 


1 con and oxygen. 


alculations. 
three possible Thermal or displacement spikes. ‘The 
i the wake of a fast 
particle may rapidly heat a small volume of the 
material to very high temperatures, followed by 
quenching. This process may result finally 
y disordered and in some cases vitrified 

Si in the solid. 
(3) Ionizing radiation may produce three rather 


different effects: 


(a) Scission and rearrangement of chemical 
“<i UP et at ere , : 
_ interstitial oxvgen mav have bonds. This process is particularly important in 


ait d , a ee ; | i en Nee ss 
formation. The other defects are organic materials but may well be of significance 


ted to be present. Clusters of in SiQe since, as pointed out earlier, the bonds 


lso be formed, but it is not profitable are about 50 per cent covalent. 
about them at the present time. (b) Production of color centers at existing 
lations have been made of electron re- defects by means of trapping of radiation re- 


around such defects. Again from leased electrons. 
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(c) Production of defects by evaporation from 
dislocations or by means of the Varley mechan- 
ism. The latter involves multiple ionization of a 
negative ion and its subsequent displacement 
into an interstitial position where it becomes a 
neutral interstitial atom.) 


One can find experimental support for 
radiation induced property changes and their sub- 


sequent recovery in solids. In many cases alter- 


native interpretations appear equally plausible at 


our present stage of knowledge. ‘The response of 


SiOz to radiation is discussed in detail at this Con- 


ference and only some optical effects, which 
represent perhaps the most clear cut experiments, 


are discussed here very briefly. 


SOME OPTICAL EFFECTS OF IRRADIATION IN 
SILICA 

The recent work of MITCHELI 

discussed briefly because it throws light on the 


and PAIGE(®) is 


existence of point defects in SiOz and permits a 
rough comparison between the response of crystal 
line and amorphous silica to radiation. 


It is quite well established that fast neutron 
irradiation 


~~ / 1 
f 


(5:7 eV) and 160 my (7-6 eV) optical absorption 


is required to produce the 215 mp 


bands in quartz at any appreciable rate. The 160 
my band in particular is not induced by ionizing 
radiation at all. The 5-7 eV band can be bleached 
optically and is, therefore, associated with trapped 
electrons or holes. From the fact that irradiation 
with light in the 5-7 eV band bleaches this band 
and also the aluminum optical center (at 465 my), 
MITCHELL and Paice infer that an electron is being 
released from the 5:7 eV band and transferred to 
the Al center, and hence, that the 5:7 eV band is to 
be associated with a trapped electron. 
From the results of heat treatment 
presence of Si 


before ir- 
radiation, which indicated the 
vacancies in unirradiated crystals, MiTcHELL and 
PaIGE infer that the 7-6 eV band is not a Si vacancy 
since it could not be induced by ionizing radiation 
alone. Since there is rapid preferential bleaching 
of the 5-7 and 7-6 eV bands they conclude that the 
defects are either oxygen interstitial-vacancy pairs 
or silicon interstitial-vacancy pairs. Since the 7:6 
eV band is not a silicon vacancy the remaining 
possibility is that the 5-7 eV band is to be identi- 
fied with an oxygen vacancy which has trapped an 
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all of 


these mechanisms and processes from studies of 
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electron and the 7-6 eV band with an oxvgen inter- 
Much of this 
argument is inferential but these assignments may 


hole. 


which has trapped a 


stitial 


be adopted as a working hypothesis. 

On the basis of the optical work on fast neutro1 
irradiated silicas one may also say something about 
the crystalline vs. amorphous state. It was sug- 
gested earlier in this discussion that the local order 
would be very similar in crystalline and glassy 
SiOs. There is some evidence for this from the 
optical work of MiTcHELL and Paice. They found 
that the two prominent neutron induced bands dis- 
cussed above are also present in fused silica 
that they are only shifted very slightly in 
length (5-7—5-8 eV, no shift in the 7-6 band 
is rather strong evidence for the similarity 
nearest neighbor environment. The two mater 
i 1 silica is m 


since fuse 


are not identical, howev er, 
sensitive to ionizing radiation than quartz. Thi 
te¢ 


defects are apparently produced with greater ease 


In the amorphous material. 


SUMMARY 


1 rougn Ske 


This introductory paper has given 9 
of the status of knowledge concerning the defect 
] ] 1] 


“9 me reall 


structure of silica. One can draw only 
firm conclusion. Research activit 

increased greatly in the last few years as evidenced 
by this Conference. There are y few concrete 
results as yet, but the importance of defects 
been 
field should certainly prove very rewarding. 


recognized ind continued research 
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Abstract 
irradiation heating are reviewed 


ms 1S given. 


observati 


INTRODUCTION 


THE eventual effect of atomic 
of 


displacement on 
most of the silica phases is to produce gross struc- 
tural changes. These changes are readily observed 
in the X-ray diffraction patterns and greatly affect 
all of the physical properties. They are thus to be 
distinguished from the much smaller effects of 
ionization which seem to result in the trapping of 
electrons at selected sites, probably mainly im- 
purities and imperfections already present in the 
substances, and which are manifested in changes in 
the absorption spectra and some of the most sensi- 
tive physical properties. 

The most extensive investigations of the effect 
of atomic displacement thus far reported for the 
forms of silica are for material exposed in nuclear 
reactors. The major effects result from the slowing 
down of the silicon and oxygen atoms scattered by 
the energetic neutrons present in the reactor. From 
the results found for other substances, it is to be 
expected that some differences in behavior will be 
found for other kinds of atomic particle irradiation. 
However, the effects reported for boron containing 
glasses exposed in nuclear reactors (where the 
irradiating species are helium and lithium ions), 
for silicates containing naturally radioactive species 


(where the irradiating species are alpha particles 


pre- 


and 


This paper was written in lieu of the one 
sented at Symposium on Defect Structure of Quartz 
Glassy Silica, Mellon Institute, May 22-24, 1957 

+ Based on work performed under the auspices of the 


U.S. Atomic Energy Commission. 


The course of the changes resulting from irradiation and also t 
A hypothesis of the atomic behavior which will account for t 


May 1959) 


} 


hose found on post- 


h 


and recoiling radioactive atoms) and for ion bom- 


bardment (e.g. argon ions) indicate the general 


course of the changes possess many similarities. 


DESCRIPTION OF THE EXPERIMENTS 
Evidence for the existence and occurrence of 
radiation disordered quartz and silica resulting 
from natural radioactivity is incomplete. Some of 
the variations in the properties of natural quartz) 
may be the result of natural irradiation, but it 
them from the 


would be to resolve 


effects of variations in chemical composition and 


necessary 


imperfect crystallization. Irreversible changes in 
the elastic modulus of natural quartz (as demon- 
strated by a change in frequency of a piezoelectric 
oscillator plate) caused by heating may be the 
annealing of changes produced by ionization. ?:9) 
FRONDEL™) found effects on the frequency and the 
absorption spectra of oscillator plates made from 
smoky quartz which were similar to the effects 
produced by X-rays on clear quartz except that the 
effects which existed in smoky quartz annealed out 
at somewhat higher temperatures. The different 
annealing behavior of the smoky quartz may result 
from disorder caused by atomic displacement, or 
alternatively may be caused by impurities. 
FRONDEL and HurLBut®) compare the density, re- 
fractive indices and inversion temperatures of clear 
and smoky quartz and discuss the effect of com- 


position but not of radiation. JOHNSON and 


Pease®) discuss evidence for a radiation effect in 


smoky quartz. HURLEY and FAIRBAIRN™) report 


279 
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nsuccessfully for extensively dis- 
(if it exists 
visible at high 
sections ad- 

and notes that it 
suggests that the 
n of the disordered 
may be respon- 
anges of the 

rates at which they 


of the juxta- 


ild also be con- 
from natural 


me silicates and 


statement com- 


sults from em- 
known that 
on irradia- 
conditions des- 

ire resulting 


but no in- 


ften been 
1 stresses 


nge in the 


| hta 
lits obti 


Chicago piles, at the MTR, in the EBR and in the 
LITR to 
give the whole range of the phenomena. >—!9) 
Independently, Wirre.s°-22) irradiated quartz in 
the Pyke studied its X-ray diffraction, and also 
made density WITTELS and 
SHERRILL®3) obtained the first set of systematic 
density data for the dosage range for which they 


obtain irradiation doses which would 


measurements. 


reporte d. 


Further investigations soon followed these 
initial ones. They will not be described in order, 
but rather, some attempt will be made to group 
similar effects. The changes in lattice constants 
given in one report from Brookhaven®* do not 


correspond to the results of other investigators. 


Woopb.Ley (25) gives the volume of vitreous silica 
ampoules which had been used for irradiation, but 
the shrinkage seems somewhat excessive and may 
not have been determined sufficiently accurately 
or else some unexplained effects were involved; 
further, the exposure data seem inconsistent with 

other Hanford results. 
Changes in the elastic constants as indicated by 
the change in frequency of quartz oscillator plates 
well known 


] 


and caused by ionizing radiation are 


and seem to saturate at a small change.(??) It is to 
be expected that some of the other properties of 
quartz undergo change concurrently, but except 

sorption spectra, they have not been 
mutual influence of ionizing radiation 
isplacement effects seem unexplored 

neglected in what follows. 


1gmentary results for the irradiation of 
lates in nuclear reactors have appeared 
ym the reactor sites. A published work 
HNSON and PEAsE 6) for small irradia- 
nges in 


nges of 


idiated 


thermal 
nd heat 
I alysis. 


ryt tr | 
Ul 1 nermat! 


h +} 
1d were mucn tne is those 


nvestigators. The thermal 
nt ot expansion showed no significant 


previous 


1(29 
1\<9) 


: , : ; a 
at these doses. Vitreous silica irradiatec 


(1018 showed a 1-4 per cent increase 1n 
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Young’s modulus and a 3-8 per cent decrease in 
the rigidity modulus. For quartz irradiated 
22 x 1018 it was also found that some of the elastic 
constants increased and some decreased. The peak 
of the differential thermal analysis curve associated 
with the «8 quartz transition was found to be 
shifted to a lower temperature by several degrees, 
and to be decreased in area. ‘The peak was restored 
to the values for unirradiated quartz on a second 
heating cycle. More recent work of theirs has 
shown that the differential thermal analysis curves 
do not give a proper indication of the changes in 
the «—f transition, WITTELS and SHERRILL*) noted 
the disappearance of the «—f transition in more ex- 
tensively irradiated quartz. This was also re- 
ported by Prmak et al.9) 

LuKESH®!) studied the changes in the X-ray 
diffraction pattern of vitreous silica resulting from 


extensive irradiation. SIMON'®2-33) made a similar 


study of extensively irradiated quartz and ex- 
tensively irradiated had 
reached nearly the same state), and he concluded 


vitreous silica (these 


that the radial distance 0-0, Si-24O, and those of 


the more distant neighbor atoms were decreased 
and showed a wider distribution in the irradiated 
substances than in vitreous silica. Similar con- 
clusions may be reached from LUKEsH’s work, (1°) 
Simon‘) also noted that the changes which occur 
in the infra-red absorption spectrum are similar to 
those found for vitreous silica permanently com- 
pacted under very high pressure. Srmon‘?*) found 
little change in the room temperature thermal ex- 
pansion of vitreous silica as a result of extensive 
irradiation. FONER-COHEN®®) found an 
of a factor 2 in the low temperature thermal con- 


increase 


ductivity of vitreous silica resulting from irradia- 


tion. WESTRUM'®) found small changes in tl 


emperature heat capacity of vitreous silica and 
quartz as a result of irradiation in C.P.—5 and with 
his co-workers®) has made additional mea- 


surements for extensively irradiated vitreous silica 
and quartz. Changes in the magnetic susceptibility 
irradiation were 


DONOGHUE®%), 


caused by neutron 


McCLe.LLa 


measured the paramagnetic component o 


and 


Stadt Fd er cana oabeer” 
netic susceptibility introduced by neutron irradi 


tion and found it to rise quite steeply, to reach a 


eradually 


maximum at about 3x10!9, and then 


i] 
maximum value by 


decline to about 1/3 of its 


2-3 x 10°. 
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ATOMIC PARTICLES ON SILICA 
Disordering of tridymite and crystobalite 
posed in nuclear reactors was observed 
PrimaAK"8), and by WITTELS and SHERRI! 
WITTELs 22) 


lio 
als- 


but has not been studied in detail. 
found coesite to be quite resistant to such 
ordering. 

Kocu®) noted the effect of ion bombardment 
on the reflectivity of glass, H1nes‘41~44) studied the 
phenomenon in detail. He measured the effect of 
ion bombardment (mainly nitrogen and argon in 
the energy range up to about 50 keV) on the re- 
flectivity of glass, vitreous silica, and quartz and 
interpreted it as caused by a change in the re- 
fractive index of the surface layers resulting from 
radiation damage. 

The process of heating or the effects of heating 
irradiated material have been indiscriminately re- 
ferred to as annealing, irrespective of the nature of 
the changes induced or their direction, or whether 
performed during or after irradiation. ‘The anneal- 
ing effects considered here are the changes in the 
properties resulting from post-irradiation heati 
Among these investigations are BERMAN’s!4) of the 
thermal conductivity of quartz; PRIMAK’s ef al.(19) 
of the density, refractive index and rotatory power 
of quartz WITTELS and 
SHERRILL’s%) of the density and X-ray diffraction 


and vitreous silica: 


KI td) « 


patterns of quartz; PRIMAK and SZYMANSKI’s"?); 
and SZYMANSKI’s et al.(46) of the kinetics of the 
density changes of vitreous silica. These studies re- 
ported the annealing of samples of a particular 


PRIMAK(15-47.48) measured the 


irradiation dosage. 
annealing of the density, expansion, refractive 
index, rotatory power and birefringence of vitreous 
1umber of 


of the p1 


silica and quartz irradiated for a differ- 
ent dosages. Since the behavior 


aries with irradiation dosage and with th 


yerty studied, no attempts will be made to 

‘tails found in the particular investigations, but 
the general nature of the phenomena will be 
marized below. 

KLEMENS"®) interpreted BERMAN’s therm 
neutron irr: 


ductivity data to indicate the 


introduced some point scatterers and al 
relatively large defects (estimated as containi 
about 100 atoms) into the quartz. PRIMAK 


' t . . .} a j 
sidered that the property changes foun¢ 


PRIMAK and Fucus’ original irradiation at 5 
disordering of the 


indicated a_ gross 


VII TELS (20,21) considered the changes to be due 
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yms in particular inter- 
observing the density—-dosage 

WITTELS 


t} 


and SHERRILL), 
that their increasing slope 
mechanism 

the irradiation in- 

nal conductivity. 
onsidered this increase in 


akacown ¢ 


»f the crystal 
d a mechanism of 
icroscopic strains 
radiation formed 
specific volume. 


aosage 


INTERPRETATION 


+ tio! 
al com 
3x 1(j2¢ 
the 


to eftect 


PRIMAK 


volume containing al 


establishes that a yout 40,000 
atoms on the average must be affected as a result 
of a scattering event. This is indeed the effective 
size of the region which it is anticipated will be 


raised to a high temperature for a short time as the 


result of the dissipation of the energy conveyed to 
ferred to here 


the scattered atom, and it will be re 


1e thermal spike. The vitreous silica structure 


} 
ic i 


consists of a three dimensional network of silicon 
and oxygen ions bonded in slightly strained con- 
figurations. Within the small region of the thermal 
spike, a deformation occurs to compensate for the 
Per- 


tetrahedra them- 


interionic distances. 


O 


ally increased 


» os 
I 
con- 
if 


A 


oi 1€ 
eminiscent ¢ 


» ale " . . 
nversions which occur 1n the silica struc- 


yssib 


e, and the resulting compacted struc- 


i 11 spike chills. There 


ture 1S froze 


of the local order at the 


ast 


1 
is thus some improvement 
’ ns: 1- 


part 


| 4 Cc 
destruction ol 


inge order (at in 
the 
ing which accounts for the slow secon¢ 

The 
jilatation shows that it proceeds by the mechanism 


described f 


» long r 
this 
j 


and it 1s 


ag scale of the secondary 
yr the disordering of the 
the 


of bond dis- 


ill be 
O1 of vitreous 


ipaction 


distribution 
ist represent some 
uniform slow heating 


1 the 


| bal 


yetween ti 


1: the strain 


ance I 1e local 


restorec 


“ns to its original 


is that there is an 


relatively slow fol- 


ge whicn 1s 
a pe : "et 
change leading 


(i It 1s con- 


oes 


ents as occur- 


not discrete but 


) her. In the early 
> the of the physical 


ae lotropy 
.ccord with the aniso- 


lot 


aCOlol 


) roperty ch: seems to ¢ 
of similar 


h 
il 


1 
rt the rop' 


tropy the ry a rto 


her ways. Thus 


changes produced in ot! t radia- 


Lf 


C 


induced dilatation shows the same aeolotropy 


I] 


tion 


t n stage there is a 


he thermal dilatation. 
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marked departure from this behavior. Thus, 
although the substance becomes rapidly isotropic 
in this stage, the aeolotropy of the expansions do 
not correspond to becoming isotropic; and, as 
another example, calculations of the X-ray density 
from the diffraction peak maxima do not corre- 
spond to the density measured directly. 

Another set of distinctions of the several stages 
of irradiation arises from the annealing behavior. 
After the early portions of stage I, the material re- 
turns to its original state in a simple manner if the 
material is gradually heated to a sufficiently high 
temperature. After irradiation to the later portions 
of stage I a phenomenon termed?) anti-annealing 
(i.e. a change in the direction produced by further 
irradiation) appears in some of the properties 
(notably the expansions and the density change), 
and a delayed annealing in the case of some of the 
other properties. From the work of WITTELs and 
SHERRILL), it would appear that in the later por- 
tions of stage II the result of annealing is to pro- 
duce a cryptocrystalline mass which, under some 
conditions, may be porous. In stage III the anti- 
annealing has dominated the whole of the anneal- 
ing range, and the material becomes completely 
amorphous: to a state indistinguishable from 
vitreous silica if the irradiation has been conducted 
long enough, to a state which is slightly different 
if the irradiation has been somewhat shorter. ‘The 
statements by WITTELS and SHERRILL®®*) to the 
effect that the completely disordered quartz will 
crystallize on annealing is shown by the experi- 
ments of Primak"5) to be incorrect. It is evident 
that their material must have been taken from the 
later portions of stage II when the appearance of 
X-ray diffraction patterns is much like those of a 
vitreous substance, but when some of the quartz 
structure must still remain as shown by the pre- 
sence of some rotatory power and birefringence 
oriented at least approximately along the original 
axes. As long as there exist nuclei which are not 
deformed by the onset of annealing, crystallization 
can occur at the higher temperatures; these are 
temperatures at which silica devitrifies. The cry- 
stallization must depend on the nature and dis- 
position of the nuclei which remain, and the re- 
sults of WITTELS and SHERRILL?) are additional 


support for the hypothesis presented below, that 


in the later portions of stage II the nuclei are iso- 
lated and not in phase with the original structure, 
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and that as the irradiation progresses these nuclei 
become smaller and increasingly misoriented. 

A mathematical investigation®®) shows that in 
the case of quartz it is the high temperature thermal 
conductivity that determines the temperature and 
the duration of thermal spike; and since the high 
temperature thermal conductivity of quartz is 
nearly the same as that of vitreous silica, the ther- 
mal spikes must be equally severe in the case of 
quartz right from the beginning of the irradiation, 
contrary to some earlier opinions expressed by the 
present author, and thus will not account for 
the induction period represented by the slow rate 
of property change with dosage found in stage I. 
Despite their severity, the thermal spikes do not 
produce a gross disordering of the quartz. This is 
not entirely surprising since it is well known that 
the silica melts are very viscous, indicating that 
strong binding persists even in the liquid state. 
Further, it was seen that the thermoelastic 
phenomena in the case of vitreous silica favor an 
improvement of the short range order in the 
thermal spike. How then does the disordering of 
quartz take place? Here it is necessary to consider 
the role of the displaced atoms which could be 
neglected in explaining the rapid initial changes in 
vitreous silica because the latter is disordered to 
begin with. What must happen in quartz is that 
within the thermal spike, the displaced atoms are 
accommodated in the structure by co-operative 
movements of the configurations of the Si—O tetra- 
hedra. Then with the accumulation of disorder, 
whole groups of atoms develop local configurations 
which are out of phase and even considerably 
rotated with respect to the neighboring structure. 
A rapid alteration of the physical properties 
ensues, and the material soon becomes grossly dis- 
ordered. However the substance does not become 
completely amorphous (as indicated by the dis- 
appearance of the last vestiges of aeolotropy of the 
physical properties) until dosages of the magnitude 
required to displace every atom of the solid. This 
dosage is to be contrasted with the dosage required 
to produce the initial compaction of vitreous silica, 
about 1/40,000 as great. 

Attempts to explain the detailed behavior of the 
various properties have been made by WITTELs?) 
and by Primak"®), A repetition of the many details 
which are accounted for by the hypothesis given 
here is not warranted, and only a few matters which 
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completely bonded oxygen atoms, especially those 
in strained configurations. This volume difference 
is out of all proportion to the concomitant opposite 
volume change of the silicon ions. Thus, when 
partially bonded ions become re-bonded 
into the 


iould 


structure e additional distortion 


Ss 


be produced which would contribute to 


the increased rate of disordering during stage II. It 


is in this stage that KLEMENS®2) postulated changes 
stresses arising from 


of 
volume. The possibility of sus- 


impelled by large shear 
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presence of aayjacel regions oreatly 
in small regions is indicated 
of 
amorphous films of irradiated silica 
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ordering, but the presence of much smaller stresses 


are not required 
may be involved anism. 

disordering whicl 

‘acteristic and which appears also 

of the metamictization of the zircon 

class of minerals and which may occur in the dis- 

ordering of other anisotropic silicates also. Quartz 

originally has an axial ratlo of 1-10. When it is 

completely disordered, it is amorphous, hence 1so- 


tropic, and therefore possesses an axial ratio of 
unity. However, if the physical expansions along 


original axes are measured during the course 
of the 


culated from these results saturates during stage I] 


disordering, the apparent axial ratio cal- 
at a value about 1-07. This effect must be associated 
with the formation of regions of the crystal greatly 
misoriented with respect to the original aniso- 
tropy. The large difference found by WitTTELs*) 
for the X-ray densities computed from the X-ray 
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diffraction patterns and those measured directly 
could also be accounted for by this kind of in- 
homogeneity arising in the partially disordered 
quartz. The non-parallel behavior of different pro- 
perties has been explained on a similar basis. (15) 

In coesite, accommodation of the displaced 
atoms by the mechanism proposed here for quartz 
cannot take place and coesite proves to be very re- 
sistant to radiation disordering.(22) On the other 
hand, the mechanism proposed here for quartz can 
operate equally well in tridymite and cristoballite, 
and they are disordered as readily as quartz. (18-23) 

Silicates are considerably more resistant to dis- 


ordering than quartz. Eventually, as a result of 


displacement and the action of thermal spikes, a 
radiation dis- 


there 


segregation of the silica to form 


ordered silica seems to occur, and also 
develop misoriented regions of the crystal similar 
to those hypothesized here for the case of quartz. 
A particularly interesting example is that of the 
zircon class of metamict minerals. The metamic- 
tization is caused by the alpha particles and the re- 
coiling decaying natural radioactive species pre- 
sent The 


energies of about 3-4 MeV, produce scattered dis- 


in solid solution.©” former, having 
placements (in the nuclear reactor scattered dis- 
placements are formed in the scattering of low 
energy neutrons) while the latter have energies 
from 0:05 to 0-1 MeV, of the order of magnitude 
of the energetic atoms formed by neutron scatter- 
The 


curves’) possess many of the characteristics of 


ing in nuclear reactors. damage—dosage 


the disordering of quartz. There is the induction 
period during which scattered disorder is accumu- 
lated, the second stage in which a rapid destruction 
of the crystalline order occurs, and the final stage 
in which the material is rendered completely 
amorphous. Some segregation of the oxides may 
result in the formation of new compounds in the 
second stage, (8) but eventually these, too, seem to 
become part of the amorphous mass. The general 
of the 
minerals 


course disordering in the case of these 


metamict seems similar to the 


course of the disordering of quartz by atomic 


V ery 


particles, and hence the latter may be considered 
the simplest example of a metamictization. 
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The literature of the field has been confused not onl 
by publication restrictions, but also by contributions of 
directed research associated with materials testing. Thus 


relevant items are to be found in the early 


reports ot 
nearly every one of the reactor sites, in this country 
dating to the nineteen-forties, and in other countries 
more recently. Although some of these items are refet 
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enced here, most of them are not. These 


entirely the choice of the author’s, not Miss FiELDHOUSE’s 


on 
‘he presentation of the references is not intended to 


establish any priorities in this field; the order was choser 
in the hopes of achieving a compact readable pre 


tion. 
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Abstract 
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Usually, there are many broad bands which overlap and resolution of the observed spectrum in 


component bands is difficult. Corning fused silica is colored less than all 


When crystalline quartz, fused silica and many other substances are subject to reacto 


xy gamma-ray radiations the samples develop optical absorption bands ir 


) 
U 


1 the region 


to the 


] ] ] 
is Studie 


of the materi 


and the observed spectrum can be resolved into its components by properly utilizing the variations 


in the relative absorption of the different bands created by changing the irradiation conditions 
(218 mz) and there is a smaller one at 5-05 eV (242 muy) w 


most intense band is near 5-75 e\ 
ple is irradiated in the reactor at 70°C 
intensity when the reactor irradiation is at 170 


liquid 


a shape 


The 5-05 eV band has, relative to the 5-75 eV band, lov 
t 
1 


C 


nitrogen temperature. Also, the peak of the 5-7: 
temperature. The band at 5-05 eV, which can be separated from the other bands without assumir 


i ne 


hen the 


\ 


yut is much stronger when the irradiation t 


eV band shifts slighth 


a3 with irradiatior 


for it, is well fitted by a Gaussian curve and we have assumed that all other bands are simi- 


larly shaped. When a sample originally colored in the reactor is subsequently subjected to gamma- 


rays, 


ramn 
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INTRODUCTION 
years we have been interested in the 
reactor of 
crystals and other materials as a means of studying 


] 


For several 


and gamma-ray induced coloring 
radiation engendered processes, particularly radia- 
tion damage. By this latter process we mean the 
T 


disruption of a lattice by energetic | 
as the fast neutrons found in a reactor. Obviously 


articles such 


the F-center coloring of the alkali halides is a 
measure of the number of vacancies these crystals 
contain and one may hope to find similar optical 
“handles” for all of the crystal imperfections, for 


eaks, 


tion two of many possibilities, associated with 


T 
} 
I 


) to men- 


example, absorption bands or glow 


interstitial atoms. Once one has succeeded in find- 
“Hh 


ing such “handles’’ for interstitials, vacancies o1 
other imperfections, one can use them to deter- 


mine the details of radiation damage phenomena. 


* Paper presented at Symposium on Defect Structure 
of Quartz and Glassy Silica, Mellon Institute, May 
22 and 24, 

+ Work performed under the auspices of 
\tomic Energy Commission 
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idditional absorption bands appear and their intensity is proportional to both the reactor and 
a-ray exposures. In all, new bands at approximately 5-5 (223 my), 4:5 (278 my), 2 
me near 6°71 (200 my) eV, are present with indications of four others 


During the course of surveying a number of 
f | 


| i 


likely materials to determine the extent of radia- 


as realized that a great 


and 


idl 


tion induced coloring it 
many color centers were present in all of them 


ol 


x 
V 


\ 
yserved 


The 


2 


that it would be difficult to resolve the 
spectra into component absorption bands. 
original measurements on Corning fused silica 
showed that this material was colored less than the 


uS- 


other substances tested and should be most s 


ceptible to a detailed resolution into its component 


absorption bands. This was not entirely t 


inexpected 


since most of the observed absory 

Pp The 
samples tested were all formed from natural crysta 
Sc ‘ Ste all mea Om Natural Crystai 
j 


i 


probably due to impurities. 
to contain more 
‘¢ 


hich 


quartz which would be expectec 


impurities than the Corning material w is 
made from purified SiCly. In this paper we discus 


the resolution of the reactor and gamma-ray in 
“ne 


I I 


of 


sorption 


coloring Corning fusec 


i} 


iL 


duced 


‘ bands and give some 


component 
preliminary results on how the formation of these 


bands is controlled by the various irradiation 


conditions. 
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EXPERIMENTAL PROCEDURE AND RESULTS 
] | 


\ r the experime! ts described here used 
1 single melt of the Corning puri- 
[he individual samples were slabs, 
with polished faces that were 
rradiations 

1al Laboratory 

urce. Samples 

De€ measured im- 

d samples could 

radioactivity 

Optical absorption 

nade with a Beckman DI 
with a few exceptions. Allow- 
and in room light after irradia- 

I rder of one 

observed 

ure to light 

\ot produce additional 

‘Ter to opti al bleach- 

the effects of 


o that occurs ? 
1. The coloring induced in Corning fused silica by 

reactor irradiations at different temperatures. Also shown 

Causes COon- is the coloring induced by exposure to Co®” gamma-rays 


1 1 a , 
De¢€ below. at approximately 5V ( The absorption spectra have been 
shove normalized to have the same height at the point of max1- 


} ] 


mum absorbence which is slightly different for each case 


hown in det 

were 
(LNT) 

» handled absorption appears to reac h a saturation at roughly 

mperature. 1/3 the maximum absorption of the reactor colored 

spectra samples. The four spectra shown represent coloring 

sample to approximately saturati and were normalized 

described so that their maximum absorbance, near 5:8 eV, 

was the same. This maximum occurs at a different 

energy 1n each of the four spectra. Later it will be 

shown that more than one absorption band occurs 

in this region of the spectrum and that the relative 

ls depends on whether 

adiations are used and 

re during irradiation. 

mn of the peak will be determined 


sities of the na 


tribute to it. 
e curves demonstrate that the intensity of the 
peak at 5-0 eV, relative to the peak at 5S eV, 
j 


depends markedly on the irradiation temperature. 


They indicate that the 5-0 eV peak is larger, re- 


1 
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he 5-8 band, tl 
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temperature. It is important to empha: ize that this 


.e lower the irradiation 
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may not be the complete picture since we have ob- 
scured the fact that the spectra plotted all represent 
different amounts of radiation at slightly different 
irradiation rates as well as at different tempera- 
tures. Additional absorption bands are present 
near 4-5 eV, near 4eV and at an energy greater 
than 6 eV, beyond the range of the spectrophoto- 
meter. ‘he gamma-ray induced absorption spec- 
trum is most similar to the absorption of the 
sample irradiated in the reactor at the highest 
temperature. 


_ 
| 
a 
= | 
uJ 
va 
“s| 
<q 
© 
be 
a 
O } 


5 
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altered then equilibrium coloring is quickly at- 
tained. Also, assume that this equilibrium fraction 
is temperature independent. If the reactor radia- 
tions create the imperfection responsible for the 
5-05 eV band it is probable that the imperfections 
would be more readily annealed out, i.e. destroyed, 
at a high temperature than at a low temperature. 
Thus in both cases greater coloring is expected at 
lower temperature. Not all of the assumptions can 
be expected to hold, and it is possible that both 
mechanisms can occur. Consequently, one may 
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38 
26 


(ee 
ELECTRON VOLTS 


Fic. 2. The difference between the normalized curves of Fig. 1 that show 
the reactor coloring at —195°C and at 170°C. It is assumed that the 
data represents the three Gaussian shaped absorption bands shown. 
Obviously the largest peak is fitted quite well. An argument indicating 
why these bands should be Gaussian shaped is included in the text. 


We will give two of many possible explanations 
why the 5-05 eV band would depend on the tem- 
perature of the sample during reactor irradiation. 
First, consider that the imperfection responsible 
for this band is not formed during the irradiation 
but that the coloring occurs because the center 
traps or loses an electron. If this process is tem- 
perature-dependent, so that it is less likely to occur 
or that it is less stable at high temperatures, then 
lowering the sample temperature would increase 
the number of stable centers, i.e. the optical den- 
sity. For the second explanation assume that the 
equilibrium fraction of the colorable imperfections 
have been colored by the ionizing radiation present 


and that if the number of these imperfections 1s 


T 


ultimately find that this phenomenon is more com- 
plicated than we have considered here. Should the 
latter picture prove to be close to the actual situa- 
tion we can readily understand why the gamma-ray 
induced spectrum is most like the spectrum ob- 
tained with a reactor irradiation at 170°C, the 
highest temperature used. During the gamma-ray 
irradiation only colorable centers, that existed prior 
to irradiation, can be colored, i.e. only a negligibly 
few colorable centers will be created. During re- 
actor irradiation the equilibrium number of imper- 
small, 


depends on the ambient temperature. Then the 


fections formed, which could be very 


coloring that occurs in both cases is due to imper- 


fections that are stable, or have a fixed equilibrium 
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n, at the higher temperature. Centers 
rities are a good example. It is entirely 
the concentration of imperfections 
for the coloring is determined during 
ition of the silica. 
omplish a resolution of the observed 
) component bands we will assume that 
bsorption bands are present in all of the 
nd that the different irradiation condi- 
merely changed the number of absorb- 
i.e. the intensity of each absorption 
difference in optical density between 
ra should then indicate what bands 
by changing irradiation conditions, 
rence between irradiation at the highest 
t temperature is shown in Fig. 1 and in 
Fig. 2. It of three 


is 


appears to consist 
rating the observed data into the com- 

inds it would be extremely convenient to 

the shape of each band. A theoretical treat- 

ol optical absorption in solids has recently 

by DExTER“) and part ol his discussion 

the theoretical shape of these bands. The 

classical Lorentzian and Gaussian shapes would 
appeal 


yrdinarily encountered. 


be special cases which would not be 
A short argument can be 
given which supports the idea that in amorphous 
or glassy substances it is reasonable to expect ab- 
sorption bands that can be approximated by 
(,aussial rves. 
f any absorption band should be 
if it is determined primarily by the 
fluctuations that influence the imperfec- 
ble for it. In an amorphous substance 
regularities, such as crystal sym- 
id to the 


do not occur. Thus one might ex- 


cause deviations from 


< p< 
pect there is greater probability that the absorption 
bands found in glassy substances will be Gaussian 
the bands found in crystals. 

determination of the shape of an ab- 
nd would require that it is not super- 
n other bands. At the moment we do not 
f an isolated absorption band in fused silica 

hat is intense enough to study carefully. 
g. 2 the largest band was first fitted by a 
ian curve by simply picking values of the 
nergy Lo, the maximum absorption xm 


nsity), and the full width at half maximum 


LEVY 
absorption U, in the equation 


41n2 


a.(E) Xm EXp (E — Eo)? 


This is the ordinary equation of a Gaussian curve 
written in terms of the physical quantities we 
customarily use. This curve, with the parameters 
given, fits the experimental data quite well. The 
data in Fig. 1 and other data given below were 
subsequently analyzed assuming that all the ob- 
served absorption bands were Gaussian. 

There are procedures, such as least-squares 
fitting, which can be used to systematically deter- 
mine the parameters defining a Gaussian curve. 
When a sufficient amount of data has been ac- 
cumulated, an attempt will be made to do this with 
a programmed calculator. 

The three bands shown in Fig. 2 were obtained 
by fitting the largest peak by a Gaussian curve, with 
the parameters tabulated, to the data and plotting 
the difference between the solid curve and the data 
points. The resulting curve obviously contained at 
least two separate absorption bands which could 
be approximated by the curves shown, The fits are 
not perfect, but this procedure has made it pos- 
sible to determine the parameters of at least one 
and perhaps two or three bands that are contained 
in a spectrum consisting of the superposition of at 
least four different bands. Obviously, the para- 
meters given for the two smallest bands could be 
inaccurate. 

The coloring produced by 2:6x 108 r of Co®® 
. In attempting to 


gamma-rays is shown in Fig. 3 
separate the observed data into component ab- 
sorption bands two procedures were followed. The 
first of these assumed that there was a band at 
5-055 eV and curves were obtained showing the 
difference between this band with different in- 
tensities (i.e. different values of « ») and the ob- 
served data. By trial and error it was found that the 


data could be 


represented by three Gaussian 
5-055, 5-76, 4-47 eV with an ad- 
ditional small contribution from a band at approxi- 
mately 6 eV, at or below the operating range of the 


shaped bands at 5: 


spectrophotometer. Some idea of how well this 
procedure works may be seen by noting in Fig. 3 
the curve obtained when the bands at 5-055 and 
5-76 eV are subtracted from the data points. The 


second procedure followed was to first fit a ¢ yaussian 
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Fic. 3. The coloring induced by a gamma-ray irradiation of 2:6 x 108 r. Two pro- 

cedures have been used to separate the data into separate absorption bands which 

are assumed to be Gaussian shaped. The analysis resulting in three separate bands, 

with the suggestion of an additional one near 6 eV, agrees best with other 
measurements. 


curve with the largest possible %m, to the ob- 
served data, and then to fit a Gaussian to the curve 
obtained by plotting the difference between the 
first Gaussian and the data. It is seen that the data 
can be reasonably separated into absorption bands 
5-74 and 4:74eV. This first 


resulted in three bands is 


with maxima at 
resolution which 
slightly better than the second containing only two 
bands. 

From Fig. 1 it is apparent that the absorption 
spectrum induced by a reactor irradiation at 170°C 
is only slightly different from the gamma-ray in- 
duced spectrum. Thus it is not surprising that 
when it is analyzed by the two procedures des- 
cribed above both a two band and a three band 
resolution are obtained with the peak energies and 
band widths close to those resulting from gamma- 
ray coloring. 

The absorption spectra obtained by irradiating 
in the reactor at different temperatures show that 
the relative intensity of the 5-05 eV band increases 
regularly as the irradiation temperature is lowered. 
There is no evidence to support a contention that 


the 5-05 eV band does not contribute to the spec- 
trum resulting from a 170°C irradiation which is 
quite similar to the spectrum obtained by irradiat- 
ing with gamma-rays at 30°C. Because of this 
similarity it is reasonable to expect that if the 
spectrum obtained by reactor irradiation contains 
a component from the 5-05 eV band the gamma-ray 
induced spectrum should also. It has been sug- 
gested) that this band is formed only by reactor 
irradiations. If this proves to be correct it supports 
the analysis of the gamma-ray induced spectrum 
which includes only the 4-7 and 5-7 eV bands, a 
conclusion that makes it difficult to include a 
band at 4:5 eV for which there is good evidence. 
Thus, from our present data, we cannot rule out 
the possibility that the 5-05 eV band is formed 
during gamma-ray irradiation. 

There is one phenomenon expected when 
materials are subjected to reactor irradiation that 
we are particularly interested in observing. ‘This is 
the formation of imperfections, such as vacancies, 
and their subsequent conversion to color centers 
by electron trapping. It is expected that when a 





. W. 


vacancy is formed by the damaging process its con- 
version to a color center will depend on the ioniza- 
electron concentration and unless this is very 
higt there 
tween these two events. One may expect to observe 


tio! 
may be an appreciable time lag be- 


cess by first irradiating a substance in a re- 
1 then later with purely ionizing radiation. 
ring produced by the latter irradiation 
proportional to the number of vacancies 


by the reactor irradiation and to the 


ionization radiation providing that none 


i 
=e 


tra shown were obtained with four differ- 
t were irradiated in the reactor (the re- 
shown as they are very 
1 for a 70°C irradiation) 


spectra are not 
» one shown in Fig. 
the times indicated. In each case the coloring that dis- 
appeared while the sample stood at ~ 22°C is shown. 
After this unstable component had decayed to a constant 
value the samples were exposed, as indicated, to Co®® 
ys which produced the additional coloring 
lotted. Part of the coloring created by the subsequent 
gamma-ray irradiation is unstable and this part is also 
shown. These curves clearly indicate that the reactor 
irradiation has formed “‘colorable’’ centers in the samples 
that are colored by subsequent exposure to ionizing 
radiation and that the extent of this coloring is roughly 
proportional to both the reactor and gamma-ray irradia- 
tions. 
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of the processes involved are close to saturation. 
Also, the coloring produced by both reactor and 
ionizing radiation may be partially or entirely un- 
stable and this will complicate the situation. A 
detailed analysis of the coloring to be expected in 
this and similar situations has been completed and 
will be published elsewhere. As might be expected 
the coloring kinetics are quite complicated. Similar 
phenomena are expected for other imperfections 
which can be formed by reactor radiations. 

To determine if a reactor irradiation does en- 
hance the coloring of Corning fused silica when it 


is exposed subsequently to ionization radiation we 


performed the following experiment. ‘Two, of four 


identical specimens, were irradiated for 3 hr in the 
reactor, and the other two were irradiated for 6 hr 
under the same conditions. The absorption spectra 
were measured as soon as practical after irradiation 
and at intervals of 1, 2 or 3 days thereafter until the 
unstable component of the reactor coloring had de- 
cayed away. The stable spectra remaining were 
very similar to the one shown in Fig. 1 for 70°C 
irradiations. The unstable component for all four 
samples is shown in Fig. 4. Because this com- 
ponent is small, i.e. the difference between two 
curves that differ only slightly, it was not sus- 
ceptibile to a reliable resolution into Gaussians. 
By properly choosing radiation conditions these 
changes can be made large enough to analyze and 
it is our intention to deal with them in a later 
paper. After all four samples stood long enough to 
insure that only negligible changes would be ob- 
tained by further anneal at this temperature, they 
were then subjected to the gamma-ray doses shown 
in Fig. 4. The gamma-ray coloring shown in this 
figure is that superimposed on the reactor induced 
coloration. It is immediately apparent that the 
intensity of the coloring induced by these irradia- 
tions depends on both the initial reactor irradiation 
and subsequent gamma-ray coloring. In fact, this 
coloring is roughly proportional to both the re- 
actor and gamma ray irradiations in accord with 
our speculation. 

The coloring added by a gamma-ray dose of 
2-610’ r to the stable component of coloring 
formed by a 6 hr reactor irradiation is shown in 
Fig. 5. A comparison of the four curves of this 
type shown in Fig. 4 indicates that the gross fea- 
tures are the same but that the intensities of the 
various bands may differ considerably. Possibly one 
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Fic. 5. Details of the solid curve shown in Fig. 4 for the 
sample irradiated 6 hr in the reactor and subsequently 
with 2°6 x 107 r of Co®® gamma-rays, showing the color- 
ing produced by the gamma-ray irradiation. Again this 
curve has been separated into component absorption 
bands assumed to be Gaussian shaped. Note that this 
data indicates there are two bands between 4 and 5 eV. 
This could be due to a poor measurement of a single 
band at 4:5 eV, or indicate that the two bands shown 
superimpose to appear as a single band, or possibly 
there are three separate bands in this energy region. 


could use this effect to obtain information on the 


relative effectiveness of reactor and _ ionizing 


radiation in forming these various bands. These four 
curves represent four determinations of the single 
curve of Fig. 5, which indicates that this data is 


more reliable than is apparent from an examination 
of the one set shown. This curve was fitted with 


Gaussians starting with the largest peak. 

It is interesting that the 5-5 eV peak, which is 
the most prominent band revealed by this experi- 
ment, is not apparent in the spectra of samples 
colored in a series of reactor or gamma-ray irradia- 
tion experiments. ‘Thus we must consider the 
possibility that all of the spectra contain absorp- 
tion bands that we have not detected. The curve 
obtained by subtracting off a 5-55 eV band re- 
quires that one consider seriously that there are 
two bands, and possibly even a third, between 4 
and 5 eV. The presence of a band in the vicinity of 
4-45 eV is shown in Figs. 2 and 3. Thus Fig. 5 
could result from a poor measurement in which a 
single band was distorted or alternatively, only the 
data of Fig. 5 are sufficiently accurate to give 
partial resolution of the two bands. In addition, 
with the present data we cannot rule out the pos- 
sibility that three bands may exist in this region; 
however, the existence of the weak band at approxi- 
mately + eV is questionable. Note that the intensity 


o 


3.5 


Fic. 6. That part of the coloring shown in Fig. 5 that is 


unstable at room 


temperature 


separated into three 


different sets of component bands. Either of the separations 
showing three bands is in reasonable agreement with other 
measurements. 
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around 4-5 eV is approximately the same in all four 
curves of Fig. 4. This could occur if there were 1, 2 

r 3 bands between 4 and 5 eV that were due to im- 
p irities which had been irradiated to saturation, 
but this is not definitely established. That a band 
exists around 6 eV is apparent. However, the end 
f the operating range of the spectrophotometer is 
6-18 eV and data in this range cannot be con- 
sidered reliable enough to yield a significant Eo- or 
U-value for this peak. 

\pproximately one tenth of the coloring that the 
gamma-ray irradiation adds to the reactor irradia- 
tion is unstable at room temperatures. This un- 
stable component is shown in Fig. 6 where three 
separate ways of fitting Gaussian curves to the data 
are shown. One can conclude that this spectrum 
does not require the postulation of still another 
band and that it is consistent with the resolutions 
already obtained. Since this spectrum has low in- 
tensity the parameters obtained from it are sub- 
ject to large errors. 

When samples of Corning fused silica are ir- 
radiated in the reactor, a weak absorption band 
with peak energy around 2-0 eV is formed. This 
band is not intense enough to estimate its full 
width. However, at saturation its intensity is at 
least 3 times “‘background”’ and it occurs in all the 


reactor irradiated samples. 


SUMMARY 


The absorption spectra obtained when Corning 
fused silica is colored by reactor and gamma-ray 
irradiations, depends on the type of radiation used 
and the temperature of the sample during irradia- 
tion. Assuming that the same absorption bands are 
present in all samples but their intensities depend 
on irradiation conditions, it is possible to separate, 
or resolve, some of the component bands from the 
numerous bands that are included in the observed 


ctra. It appears that some of the bands so ree 


spe 
Spec 


solved can be fitted with a Gaussian curve and an 


gument indicating that the absorption bands in 


fused silica could have this shape is included. Con- 
5 | 


sequently, the observed spectra have been fitted to 


Gaussians by trial and error; a procedure 
that does not always 


and 


this must be emphasized 
unique resolution into component bands. 


Wher 
irradiation are exposed to gamma-rays, additional 


samples that have been colored by reactor 
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coloring is observed, and the intensity of this 
coloring depends on both the amount of initial re- 
actor radiation and the subsequent gamma-ray ex- 
posure. In other words, when the samples are re- 
actor irradiated, centers are produced that are sub- 
sequently colored when they are subjected to ioniz- 
ing radiation. Some of the induced coloring, in 
this and in other cases, is unstable at room tem- 
perature, and curves showing the unstable com- 
ponents can also be analyzed by fitting Gaussian 


Fic. 
formed in Corning fused silica by reactor and gamma- 
ray irradiations. There is strong evidence that all of the 
bands shown by solid lines are present. However the 
band at 4:5 eV may be two unresolved bands, those at 
4-4 and 4:7 eV, or actually all three bands may exist. 
Evidence for the band at 5-5 eV is less strong than for 
the other bands shown in solid lines. Evidence for the 
bands drawn as heavy dashed lines is greater than that 
There is 


7. A graphical summary of the absorption bands 


for the bands drawn with narrow dashed lines. 
strong evidence for a wide band at 2 eV whose full width 
at half maximum is difficult to ascertain. 


curves. Usually it is found that the unstable part 
can be attributed to decay of the same bands found 
in other spectra. 

The various absorption bands we have found in 
Corning fused silica samples exposed to gamma- 
ray and reactor radiations are graphically sum- 
marized in Fig. 7. The solid lines represent color 
centers that have been separated from the observed 
spectra, in one way or another, with only minor 
reservation about the validity of the separation or 
their peak energy £ or full width U at half maxi- 
The serious reservation 


mum intensity. most 
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concerns the band at 4:5 eV, shown as a single band, 
that might actually be the superposition of the two 
bands at 4:7 and 4:4 eV. However, our present 
data does not rule out the possibility that all three 
bands may exist. The evidence for the band at 
5-5 eV is slightly less than for the other bands 
shown with heavy lines. There must be at least 
one weak band near 3:7 eV and another near 6:1 
eV although the latter one may result from spurious 
measurement since it occurs at the end of the 
operating range of our spectrophotometer. The 


various dashed lines represent absorption bands 


295 


that arise in the analysis given, but conclusive 
evidence for their existence is lacking. 
Acknowledgements—Many helpful discussions with G. J. 
Drenes, G. H. VINEYARD and J. E. Mapgs are gratefull; 
acknowledged. 
REFERENCES 

. Levy P. W., J. Chem. Phys. 23, 764 (1955). 

. CoHEN A. J., J. Chem. Phys. 23, 765 (1955) 

. NELSON C. M. and Crawrorp J. H., Bull. Amer. 

Phys. Soc. 1, 214 (1956). 
. Dexter D. L., Phys. Rev. 100, 48 (1956). 
. COHEN A. J., Phys. Rev. 105, 1151 (1957). 





Press 1960 Printed in Great Britain. 


OPTICAL ABSORPTION IN IRRADIATED QUARTZ 


AND FUSED SILICA* 


C. M. NELSON and J. H. CRAWFORD, Jr. 


Oak Ridge National Laborator Oak 


I ennesse¢ 


(Received 27 May 1959) 


ct 


Abstract—Opti 


uaies O' 
’ 
< 


er the range from 1850 A to 26,000 A have been performed 
silica after exposure to both fast neutrons 
150 A is produced by 
¥ 1018 
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Tusea 


in the reactor and Co®? 
y-rays and neutrons in fused silica but 
: cm? are necessary to cause appreciable development of 
stalline quartz. With shorter neutron exposures and y-rays the absorp- 


icterized by the broad visible bands and continuous absorption which 
horter wavelength below 3000 A. This continuous absorption probably; 
length tail of one of the bands observed by MITCHELL and PAIGE in 
These results do not seem to agree with their interpretation of the 
nq annealing neutron-irradiated quartz (5 x 1018 neutrons/cm* 
at 2000 A develops. In fused silica, besides the 2150 A band, the shoulde1 
optical bleaching as a band at 2570 A 
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quartz. Ur 


Nn 


at 
ate ) which has previously been 
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1e chemical binding is neither completely 
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the study opti i i in between 
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\ second, no less important factor 1s 
ficulty of obtaining specimens of high purity. 
latter difficulty has been solved 
yreciable extent in 
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work of MircuHett and Parce®) on quartz. They 
extended the spectral range in the ultraviolet to the 
absorption edge (1460 A) and have discovered two 
additional bands, the D-band at 1730 A in y- and 
X-irradiated crystals and the E-band at 1630 A in 
neutron irradiated crystals. Studies of coloration 
vs. neutron dose, the behavior of y-irradiated speci- 
mens, thermal and optical bleaching behavior and 
thermal annealing have lead them to the conclu- 
sion that the E-band is produced by a hole trapped 
at an interstitial oxygen atom and the C-band 
(2200 A in their notation) is caused by an electron 
trapped on an oxygen vacancy. These conclusions 
are based on rather indirect evidence. However, 
their model is the first that has been proposed 
which includes all of the optical data with the ex- 
ception of the so-called D-band, and is quite 
valuable in that it presents a point of departure 
from which to orient further thinking. Their work 
also points up the importance of covering the entire 
spectral range. It may be said without fear of con- 
tradiction that a realistic model of radiation pro- 
duced defects in quartz and fused silica must await 
a careful study of the vacuum ultraviolet region. 

In addition to absorption measurements in the 
vacuum ultraviolet range certain correlary studies 
are also vital to the correct interpretation of color 
centers in the silica system. Perhaps the greatest 
aid may be expected to come from magnetic 
studies of the defects. Electron spin resonance 
measurements have the advantage of being inter- 
pretable in microscopic terms and should there- 
fore yield much information about the nature of 
individual defects. The identification of the visible 
absorption bands (A-bands) in irradiated quartz 
with ionized aluminum impurity was a direct re- 
sult of correlating ESR results with optical ab- 
sorption spectra.‘?-4) Although a similar correla- 
tion between the ultraviolet absorption bands and 
ESR lines is yet to be made, studies of this type are 
showing considerable progress.) Additional cor- 
relary information from magnetic susceptibility 
measurements®) and studies of thermolumines- 
cence should also serve a valuable function in the 


R) 


construction of a model of color centers. 


The work described here was initiated in an 
attempt to learn more about the chemical and 
electronic effects that must accompany the loss of 
structure in quartz after prolonged neutron ir- 


radiation. To this end measurements of optical 
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absorption spectra, paramagnetic resonance and 
magnetic susceptibility on various forms of silica 
as a function of neutron and y-ray exp¢ 
undertaken at Oak Ridge. Although the 

aim is yet to be reached, much has bee 

about the defects produced by energetic radi 
Included here is a summary of the rate of colora- 
tion with both y-rays and neutrons, the optical 
and thermal bleaching behavior and the effect of 
previous bombardment on the susceptibility of 
fused silica to y-ray coloration. 

The neutron exposures were performed in a 
partial fuel element in the lattice of the Low 
Intensity ‘Test Reactor (LITR) and a Co® y-ray 
source of 4x 105 Mr/hr intensity was used for the 
y-ray exposures. Optical absorption measurements 
were made with a Cary Model 14 spectrophoto- 
neter. This instrument records the spectra directly 
in terms of optical density and its short wave length 
limit is 1850 A. 


2. EFFECTS OF NEUTRON EXPOSURE 
The optical absorption spectra of three types of 
silica after 1 radiation 


dose of reactor 
(~ 101% fast neutrons/cm?) are shown in Fig. 1 in 


a small 


which extinction coefficient (per mm) E£ is plotted 


against waveleneth over the range from 1850 to 


4000 A. 


Corning silica is the most resistant to 


Fic. 1. Absorption s] irradiated SiO2 samples 
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observed by MITCHELL and PalIcgE, i.e. 
band. The 2500 A band is not usually 
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juartz specimens and it is therefore 


hat it is an impurity band. The devel- 


the so-called C-band for such short 


xposures is quite variable from specimen 


usually being more intense in natural 


no case, however, was the so-called 


nywhere near as intense as the A-band 


y the spectra of the 


1020 


cm~?) the introduced damage out- 


longed neutron bombardment ( 
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ghs previous specimen history. This 1s demon- 


various forms of 


se are shown 1n Fig. 2 for specimens of 


liated SiOe samples 
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the same type as included in Fig. 1 after an ex- 
posure 2:9 1029 fast neutrons cm-?, The 
spectra of the three specimens are quite similar, 
the only difference being a small variation in the 


of 


magnitude of the extinction coefficient. The pre- 
dominant feature is the 2150 A peak (C-band) 
which now falls at the same position for the quartz 
as well as the fused silica. Faintly evident is the 
band near 2500 A, the Bo-band in the nomen- 
clature of MITCHELL and Paice”). Both of these 
bands are superimposed on a background absorp- 
tion which is presumably the tail of the Z-band 
(1620 A) observed by MircuHeLt and Paice. It is 
interesting to note that the A-band absorption in 
the quartz sample has been completely bleached 
during the heavy neutron exposure in agreement 
with previous observations.“:9) The conversion of 
the quartz spectrum to one almost identical to the 
glasses is to be expected on the basis of structure 
studies since the X-ray diffraction patterns of 
heavily irradiated quartz (~ 102° fast neutrons 
cm~) indicate that all long range order has been 
destroyed and the density of both fused and crystal- 
the saturation 


material same 


10) 


line approach 


value. 

The intensity of coloration as a function of 
neutron dose is shown in Fig. 3. The absorption 
coefficient of 2150 A is plotted against integrated 


fast neutron flux. All specimens tend to saturate 


neutron bombardment of SiOe samples. 


near the same absorption. The maxima in the 
curves for quartz are to be noted. These may be 
related to the loss of crystallinity which occurs 


over the same exposure range. The rate of ap- 


proach to saturation does not obey a simple first 


order law even in the case of fused silica. Instead 
the curves show a complex behavior which may 
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indicate that some of the initial coloration may be 
produced by centers which become unstable as the 
bombardment proceeds. In view of Levy’s ob- 
servations on the complex nature of the C-band, @) 
such an interpretation does not seem unreasonable 
for the fused specimens and in quartz it is well 
known that the A-bands, which contribute ap- 
preciably to the 2150 A absorption, are bleached 
by prolonged neutron exposure. A similar result 
has been obtained by MiTcHELL and Paice in the 
case of quartz specimens. Levy has treated the 
shape of coloration vs. exposure curves in some 
detail, 2) 


3. y-RAY COLORATION 
The absorption spectrum of quartz colored to 
near saturation by Co® y-rays (~3x108r) is 
shown in Fig. 4. The solid curve relates to a 


Fic. 4. Absorption spectra of GE synthetic quartz after 
gamma irradiation. 


General Electric Ltd. crystal in which the C-axis 
is perpendicular to the face of the plate while the 
dashed curve was obtained on a plate cut parallel 
to the C-axis. These specimens are designated as 
C’, and C,, respectively. It should be noted that 
this notation is the inverse of that employed by 
MITCHELL and Paice) who used the electric vector 
of the incident beam as the reference direction. 
Although these samples were obtained from the 
same batch, the impurity content may have been 
somewhat different and we cannot say with 
certainty that the parailel orientation absorbs light 
more strongly at short wavelengths than the per- 
pendicular orientation. In two other measurements 
on pairs of specimens cut from both natural and 
synthetic crystals it was found that the absorption 
in the parallel orientation was considerably less than 
for the perpendicular orientation below 2500 A. 


It should be mentioned that MuIrcHELL and 
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Paice, who used highly polarized light, found no 
significant difference in the absorption in this range 
for the two crystal orientations. The most striking 
feature of the spectrum in Fig. 4 is the absence of 
any evidence of the so-called C-band at 2200 A. 
At much lower exposures there is a hint of such a 
band but its intensity is not at all comparable to 
that of the A-band complex. In natural quartz this 
band is somewhat better developed. However, 
even here an examination reveals that the area 
under the peak, after subtraction of the back- 
ground, is only of the order of one per cent of the 
area under the A-band system. Therefore, if the 
A-bands and the C-band are coupled, as MITCHELL 
and Paice") suggest, the oscillator strength of the 
2200 A band is only about one per cent of the value 
for the combined A-bands. Consequently, we 
question the interpretation given by MITCHELL and 
Paice of the nature of the 2200 A band based on an 
A-band-C-band interrelationship, namely that 
the C-band in quartz is produced by electrons 
trapped at oxygen vacancies, these electrons 
originating at substitutional aluminum impurity. 
It should be pointed out that an examination of 
their data does not indicate conclusively that a 
band of appreciable amplitude exists at this posi- 
tion after y-ray exposure. The limit of the range 
of the two instruments used overlaps in this range. 
Therefore, the large apparent maximum they ob- 
serve may be distorted by instrumental limitations. 
The data shown in Fig. 4 were obtained on a Cary 
Model 14 spectrophotometer which covers the 
range from 1850 A to 4000 A continuously. It 
should be mentioned in passing that this spectrum 
is quite similar to most of those obtained on 
synthetic quartz after short reactor exposures 
(< 5x10!" cm-?). 

The spectrum resulting from y-ray exposure in 
Corning silica is shown in Fig. 5. The solid curve 
without points was obtained after exposure to 
5X 108 r of Co® y-rays. ‘This corresponds to near 
saturation coloration (see below). Also shown for 
comparison is the spectrum obtained after ex- 
posure to 1 x 1029 fast neutrons cm~? normalized 
to coincide with the y-ray curve at the 2150A 
maximum. This comparison shows that neutron 


exposure results in (i) a greater development of the 
far ultraviolet band, (ii) a greater width of the 


2150 A band, and (iii) considerably less develop- 
ment of the 2550 A band. These differences bear 
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The absorption of quartz at 1850 A as a function 
of exposure is shown in the remaining curve of 
Fig. 6. Once again complex initial behavior is 
noted. ‘The reason for the early sigmoid curvature 
is unknown. It looks as though a certain induction 


a ee 





Fic. 6. Build-up of coloration in S$iOe during gamma-ray 


exposure. 


period is required before the rate of coloration be- 
comes appreciable. One possible explanation is 
that certain impurity traps with a large capture 
cross section need to be filled before the normal 
radiation coloration can proceed. 
tion spectra of Corning silica after neutron 
id gamma-ray irradiations. 4. OPTICAL BLEACHING 
Much of the coloration in irradiated silicas can 
clusion that absorption in the region _ be bleached by light falling in the range from 2000 
3000 A is made up of a number of — to 3000 A. In y-irradiated quartz almost all of the 
bands. absorption above 1850 A can be bleached with a 
f coloration of both quartz and fused 500 W mercury vapor lamp whose peak intensity 
y-ray exposure plotted in Fig. 6 falls in the 2537 A range and which also emits ap- 
some interesting features. Coloration vs. preciable intensity near 2000 A. After successive 
sure for an Amersil optical grade No. 1 speci- _ periods of bleaching little if any spectral selectivity 
ured at 2150 A shows a simple initial can be observed and bleaching is apparently uni- 
an early apparent saturation near 10’r. form over the spectral range in question (1850- 
ued exposure, however, causes a slow 4000 A). After neutron exposure, bleaching of 
increase, and the slope of this portion of the quartz is more difficult, less coloration being re- 
almost the same as that for the Corning moved for a given bleaching period the longer the 
Measurements to exposures > 10%r exposure. This suggests that the defects produced 
that this slow increase persists in the two by bombardment are either more difficultly 
ilica. Consequently, we assume that this bleached or that these centers have a high cross 
to creation of defects by the y-rays, pre- section for recapturing electrons. After prolonged 
sumably displacement of atoms by the energetic neutron exposure (~ 10?°cm-?) the bleaching 
Compton electrons, a situation observed in ger- characteristics of quartz specimens are the same as 
manium."8) The Varley mechanism@4) in which for heavily irradiated fused silica as expected. 
bond rupture and displacement follow multiple In contrast to quartz y-irradiated fused silica is 


ionization of the electronegative constituent is also somewhat more resistant to optical decoloration. 
listinct possibility. However, the absorption at 2150 A can be reduced 


ac 
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a factor of 3-4 by prolonged bleaching with ultra- 
violet light. A series of bleaching experiments were 
carried out at liquid nitrogen temperature and it 
was found that the bleaching efficiency was con- 
siderably reduced at the low temperature. The de- 
coloration produced by an exposure to ultraviolet 
light was smaller by about a factor of 5 at 77°K as 
compared to room temperature bleaching for an 
equal period and intensity. This behavior suggests 
that the excited state of the absorbing center is a 
discrete state and does not lie in the ionization con- 
tinuum. The alternative would require a thermally 
activated destruction of the center after its excita- 
tion. 

Irradiation with ultraviolet at 77°K also causes a 
pronounced change in the spectra. Fig. 7 shows the 
change in absorption produced by prolonged ex- 
posure to the 500 W mercury vapor lamp. There 
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Fic. 7. Optical bleaching of gamma-irradiated Corning 
silica after 1°5x10%r Co®® gamma-rays. Exposed to 
ultraviolet light at liquid nitrogen temperature for 2 hr. 
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is a marked increase in the absorption to the long 
wavelength side of the 2150 A peak, whereas a 
decrease on the short wavelength side is observed. 
The absorption increase suggests that a subsidiary 
band near 2200 A is either developed or enhanced 
by a redistribution of electrons over various 
possible defects. 

This spectral shift observed during bleaching at 
77°K has been shown to depend on the spectral 
distribution of bleaching light in the case of room 
temperature studies. For example use of a 2 W 
germicidal lamp (very little intensity below 
2537 A) causes a marked decrease in absorption 
at 2150 A while affecting the band near 2550 A 
only slightly. Consequently, such a bleaching ex- 
posure makes more distinct the longer wavelength 
subsidiary band as shown in Fig. 8. If, now, after 
a short bleaching exposure to the germicidal lamp, 
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Fic. 8. Optical bleaching of neutron-bombarded Corning 
silica. 





C. M. NELSON and 
a neutron bombarded Corning silica specimen is 
further exposed to the 500 W lamp the absorption 
to the long wavelength side of the 2150 A maxi- 
1m is increased even though the absorption at 

\ continues to decrease. This behavior is 
similar to the observation after liquid 
gen bleaching. Aside from the greater inten- 

f the 500 W lamp, the major difference be- 

it and the germicidal lamp is a greater re- 

ive intensity between 2000 A and the 2537 A 
Consequently, it appears that electrons or 


I a band to the short 


nay be excited from 
eth side of the maximum into a defect 
to absorption between 2150 A and 2600 A, 
behavior that is consistent with LEvy’s picture 


of the C-band complex.) 


5. THERMAL ANNEALING OF COLORATION 

In addition to optical bleaching, thermal bleach- 
studies of the coloration in irradiated SiOQzg 
For y- 


ing 


specimens have also been initiated. 
irradiated quartz and silica specimens essentially 
all absorption can be removed by heating to 350 
to 400°C. After appreciable neutron exposure 

1018) the thermal decoloration process becomes 


uch more complex and higher temperatures are 














gamma-irradiated 


temperatures 
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required for complete decoloration. Fig. 9 shows 
the effects of thermal annealing on a synthetic 
quartz specimen after exposure to 3x108r of 
Co » rays. Optical density is plotted against the 
anneal temperature. The specimen was held at each 
anneal temperature for a period of one hour. The 


upper curve refers to the absorption at 2500 A and 


the lower curve to absorption at 4000 A. Very 
sharp decoloration occurs over the range from 
200° to 300°C suggesting that a singly activated 
process is responsible for the bleaching. ‘This be- 
havior is consistent with the results of MITCHELL 
and Paice") who find an activation energy of 0-75 
eV for the thermal bleaching process from an 
analysis of isothermal bleaching curves. It should 
be further pointed out that the 2500 A curve and 
the 4000 A curve are not directly superimposable, 
the former showing continued curvature at high 
temperatures. This suggests that the annealing of 
the A-bands proceeds at a different rate than that 
of the ultraviolet absorption bands. 
Thermal decoloration of neutron 
quartz is more difficult and more complex than 


irradiated 


that for y-irradiated specimens. Heavily irradiated 
specimens behave in the same way as neutron 
bombarded fused silica (see below). For small and 


% 


Fic. 10. Optical density vs. photon energy after neutron 
exposure (nvty ~ 5 x 101“) and anneals. 
moderate bombardments a complex change in the 
absorption spectrum is produced by heating. Fig. 
10 shows the absorption spectrum of a synthetic 
quartz specimen exposed to 5 x 10! fast neutrons 
cm-* 
posure there is evidence for a slight development 
of the 2200 A C-band and indications of a weak 


after successive heat treatments. After ex- 
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absorption at 2000 A. Both of these are super- 
imposed on a strong background absorption which 
rises continuously toward short wavelength. On 
heating successively at 60°C, 100°C and 150°C for 
one hour and at 200°C for one-half hour, the back- 


ground absorption and absorption in the 2200 A 


region is noticeably diminished while there is a small 
enhancement in the 2000 A band. After an added 
anneal at 250°C, the band at 2000 A becomes much 
enhanced. Annealing at successively higher tem- 
peratures removes all structure leaving only a 
greatly diminished background absorption. The 
nature of the 2000 A band is not known. It may be 
the same as the one at this position postulated by 
Levy in fused silica.“)) It is significant, however, 
that after extensive bombardment disordering of 
the quartz structure (heavy doses), enhancement of 
absorption in this range is no longer evident. 
Therefore, it must be concluded that if this band 
is indeed produced by thermal treatment in heavily 
irradiated specimens it is obscured by absorption 
at other centers and, hence, its production by 
irradiation is not nearly as efficient as the latter. 

The thermal bleaching of a y-irradiated Corning 
specimen at 2150 A is compared with that for a 
neutron bombarded one in Fig. 11. After y- 
irradiation rapid bleaching in the range from 200 
to 350°C is observed. However, the form of the 
curve suggests that two processes rather than a 
single one are operating. After neutron bombard- 
ment two major annealing stages are still evident 
though the thermal decoloration is smeared out 
This 


much wider 


seems to indicate that the activation energy for 


over a temperature range. 
emptying the absorption centers is spread out into 
a distribution after neutron bombardment. Such a 
situation is a common one for recovery of property 
changes after neutron bombardment. On the basis 
of these results it is impossible to draw any con- 
clusions about the nature of the two processes 
postulated above. These may arise from different 
bleaching rates of bands which overlap in this 
region. Alternatively, there may be more than two 
processes which add to give the observed behavior. 
After heavy neutron exposures the annealing is 
spread over an even greater temperature range and 
the behavior of quartz and glass become quite 
similar. 

The effect of previous neutron exposure on y-ray 
colorability has also been studied, Extensive dis- 
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11. Thermal bleaching of Corning silica; optical 
density vs. annealing temperature. 


ruption of the Si-O network would be expected to 
cause an appreciable increase in both the rate of 
growth of absorption and its saturation value. Fig. 
12 shows this effect for Corning silica which has 
received 5 x 1017 fast neutrons cm™ followed by a 
thermal anneal at 700°C. A marked increase in 
coloration rate and saturation absorption at 2150 A 
is observed. For comparison the curve for a pre- 
viously y-irradiated specimen after the same heat 
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Fic. 12. Build-up of coloration in previously irradiated 
Sif Jo. 
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al 


. Little if any enhancement in induced absorption in both Corning silica and 
this specimen was observed. We_ crystalline quartz can be largely bleached by an 
m this experiment that the unfiltered mercury vapor lamp or by heating to 
defects in the network are not temperatures in excess of 350°C. 

at 700°C. On prolonged fast neutron exposure (> 10?°) 


, , 
roagucea 


annealed by heating for 1 | 


¥ 
by anelec- the absorption spectrum of quartz 1s transformed 


sation of a given defect 
necessary for optical absorption. into one approaching that of Corning silica. The 
) the fused silica the coloration vs. latter material after a similar neutron exposure ex- 
quartz specimen shows an ap- hibits a spectrum which, except for a much en- 


he same pretreatment. hanced intensity, is quite similar to that observed 


vior is quite obscure. Off- after y-ray exposure. Hence it appears that the ab- 
obtained in the glass sorption system centered at 2150 A is character- 
istic of the damaged glassy structure as are the 

experiments on both crystalline ultraviolet bands reported by MITCHELL and 
specimens after optical bleaching of Paice”) after neutron exposure. ‘The neutron 
irradiated S} ecin ens have also been con- 


irradiated specimens are much more difficultly 
as would be expected short bleached with either heat or ultraviolet light than 


ain. 
ily recolor the specimens to those exposed to y-rays. 


res rapic 
mination of the 2150 A system after 


eal sorpt n prior to the optical bleach, pre- A close exa 
i various manipulations indicates its complex char- 


by refilling the existing defects. These 
Ww some interesting spectral acter. For example bleaching light with a large 
those discussed above. How- component of intensity between 2537 A and 2000 A 


results are not yet complete enough to causes a shift of the svstem to longer wavelengths, 


detailed discussion. i.e. greater bleaching at short wavelengths than at 
longer wavelengths. This behavior is consistent 
6. SUMMARY with LrEvy’s contention that the C-band is a com- 


ary the following observations can be plex structure composed of several independent 


crystalline quartz to energetic bands. 
In view of the lack of correlation between the 


favs 1n the present case) intro- 
band at 2200 A and the visible bands in crystalline 


fuse system of bands in the visible 
almost structureless absorption which quartz, we question the interpretation given by 

ward shorter wavelengths. It has MurcHELt and Paice for absorption near 2200 A 
after X- or y-ray exposure and, therefore, the de- 


fect model of the C-band after neutron exposure. 


the visible bands are associ- 
utional aluminum impurity but 
bsorption extending into the Since appreciable neutron exposure is necessary 
is impurity connected is not for a perceptibile development of this band, it 

the 2000 seems more likely that it is associated with 


iffuse bands _ vitreous regions in the crystal produced by the 
o another and, bombardment or at least with defects not pro- 
must be associated with impurities. This duced in high yield by y-rays in crystalline quartz. 
of absorption is observed primarily in In high purity fused silica the origin of the y-ray 


ak or absent colorability in the ultraviolet region and its wide 
contrast to quartz, variability in different types of comparable 


in which by material is puzzling. In order to explain these 
impurity ab- factors we have postulated that the coloration 1s 


nite absorption associated with ruptured covalent bonds in the 


2150 A. evid- Si-O network.@5) Since the lifetime of such free 


A, and rapidly radicals is ex pected to be quite short in the absence 
of const! unt, it was further postulated that they 


were stable only in strained regions where, after 


C 


licating 
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stress relaxation, the internuclear separation was 
too great for easy bond reformation. Consequently, 
in this picture the 2150 A complex would be associ- 
ated with a partial valence bond localized at a sili- 
con atom or at an oxygen atom. 
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Abstract 


Thermoluminescence measurements of quartz (both irradiated and naturally colored) 


have been made from room temperature to 375°C. Various peaks of the light intensity vs. tempera- 
ture curves have been identified with absorption maxima in the 190-1000 mu spectral region. The 
1 is extremely sensitive to radiation dose; well-defined peaks being observed for very short 
int 1 times (~ 1 sec.). Data are presented on X-irradiated natural quartz, smoky quartz 

1 on X-irradiated synthetic quartz with various additives 


INTRODUCTION 

of the effects that ionizing radiation can have 
clear crystalline quartz and fused silica is the 
ration of their optical absorption spectra in the 
visible and ultraviolet regions. This occurs when 
trons or holes do not recombine but are trapped 
lattice sites in which they may remain for long 
periods of time. Such spectral changes that result 


are often in the form of characteristic absorption 


l 
] 
i 


maxima at well defined energies and are attributed 
centers’’. 

The transformation of the original unirradiated 

of quartz or silica into a state in which light 


+ 


quanta are absorbed in spectral regions which 


previously contained no absorption maxima results 
in an increase in lattice energy. 

Che release of this energy in quartz and silica 

be brought about by irradiation with light 

h can be absorbed by certain of the centers 

by the ionizing radiation or by heating 

nple. Both processes can result in returning 

he specimen to its original state insofar as its 

optical absorption spectra is concerned. (Effects 

due to displacing irradiation will not be discussed 

here.) This return to its original state requires the 

recombination of electrons and holes and this pro- 

cess may give rise to emitted quanta. When the 

recombination is caused by heating, the emitted 


quanta are termed products of “thermolumines- 
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cence’’. A plot of the intensity of the emitted radia- 
tion as the temperature of the irradiated sample is 
varied may show well defined maxima at various 
temperatures. Such plots are termed “glow curves” 
and their production and interpretation for certain 
phosphor systems has been dealt with in a thorough 
manner by RANDALL and WILKINs“:?:3) and Gar- 
LicK and WILKINS"), 

The quantitative interpretation of glow curves 
for materials in which there are several trapping 
levels is difficult because of the constant state of 
flux of electrons and holes and their possibly com- 
plex interplay with trapping centers. One can, 
however, use the information obtained in con- 
junction with optical absorption data and establish 
a correspondence between certain of the thermo- 
luminescence maxima and absorption centers. The 
advantage obtained in working with thermo- 
luminescence curves lies in the extreme sensitivity 
of the phenomenon to radiation doses. Experi- 
mentally, this means irradiation times in terms of 
seconds or minutes instead of the hours or days 
often necessary in optical absorption studies of 
irradiated quartz and silica. 

The thermoluminescence data presented in this 
paper were obtained and interpreted against a 
background of considerable investigation of the 
optical absorption spectra of natural and synthetic 
quartz. Some familiarity with the past history of 
the work on natural and artificial coloration of 
quartz and silica is therefore considered relevant 
and in the following paragraphs a brief, but by no 
means complete account is presented. 
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BACKGROUND 
(a) Color centers 

At the present date, most of the color center work in 
quartz is tentatively based on the model proposed by 
MITCHELL and Paice). This is chiefly due to the fact 
that it is the only model thus far proposed which deals with 
all of the observed color center maxima. It is, however, of 
at least historical interest to note the work leading up to 
the present-day state of affairs. The material in the 
following paragraphs of this section are in, more or less, 
chronological order. The facts which the present writer 
has chosen to extract from each referenced paper re- 
presents what he feels to be of most interest and does not 
necessarily represent asummary of the paper. The author 
has not attempted to criticize any of the referenced 
studies in the light of our present knowledge. DIENES 
(this symposium) has pointed out the large gaps which 
exist in our picture of silica and such criticism would be 
premature. The observed absorption maxima in quartz 
and silica are entered in Table 1. 

The early work on color in quartz was reviewed by 
Ho.peEn'®) in 1925. These investigations were chiefly 
attempts to correlate color in smoky quartz, amethyst, 
citrine and rose quartz with specific impurities acting as 
pigmenting substances. A fairly complete bibliography 
is given by HOLDEN, and some representative work is 
referenced in the present paper.‘?—26) 

Ho LpeEn(®) measured the transmission of light through 
smoky and amethyst quartz. He found absorption near 
600 my in smoky quartz and in clear quartz colored by 
y-irradiation. In amethyst he found a maximum at 
530-540 my. His measurements were made from 450 
my to 700 mz. 

Mou ter'2?) also made absorption measurements on 
smoky quartz and amethyst. She found a broad maxi- 
mum centered at about 425 my in smoky quartz. Bands 
at 546 my and 262 mu were noted in amethyst. Further 
work by Mou er'?8,?%) on irradiated clear quartz and 
natural smoky quartz produced evidence for absorption 
maxima at 606, 500-488, 400, 303-294 and 263 my in 
both cases. Measurements were possible from 200 mu 
to 650 mu. 

FuTaGAMI'®°) found bands at 390 my and 302 my in 
X-irradiated natural quartz. The 390 my absorption was 
strongest in those specimens which were brown in color 
after X-irradiation, while the 302 my bands was strongest 
in those which became violet after irradiation. It should 
be noted that the 302 my band is a recognized center in 
fused quartz. (See Table 1.) 

CHOooNG'*!) made studies of y-irradiated colorless, 
smoky, citrine and rose quartz. He found that X- or 
y-irradiation made the clear quartz smoky, deepened the 
smoky color in smoky quartz and superimposed the 
smoky color on the natural color of citrine and rose 
quartz. CHOONG found no absorption maxima for the 
crystalline quartz but did find that the vitreous material 
obtained from melted crystalline specimens turned violet 
when irradiated and gave a band maximum at 300 mu. 
He found also that ultraviolet light from a hydrogen 
lamp could be used to bleach the artificial smoky color. 
CuHoonG found it possible to color smoky crystalline 
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quartz with ultraviolet light, the exposure time (1 kW 
He light) being of the order of 30 hr for just perceptible 
coloration. No coloration was noted for vitreous smoky 
quartz or for the crystalline and vitreous varieties of the 
other specimens. 

VEDENEEVA?) found an absorption maximum in 
amethyst at 540 my and noted the similarity with the 
absorption in glass which has been colored violet by 
irradiation. Further investigations were made by 
VEDENEEVA(?3) with polarized light on smoky quartz. She 
found the dichroism to be greatest at 300 my and at 
400 mu. 

SMAKULA(4) found the visible absorption peak in X- 
irradiated natural quartz to be anisotropic. He found the 
position to vary between 400 my and 435 my, depend- 
ing on the crystal orientation. He believed a second band 
to exist below 205 mp in both crystalline and fused 
quartz. In addition, fused quartz (X-irradiated) showed 
peaks at 540 mp and 305 mu. 

ForMAN'5) colored sections of natural quartz cut per- 
pendicular to the c-axis with X-rays and measured the 
absorption from 400 mu to 600 mp. His data show a 
maximum in absorption at about 400 my for quartz 
which had been colored to saturation. One sample which 
was neutron irradiated had a peak in the region 450- 
470 mu. He found that the rate of coloration after de- 
colorizing by baking was increased, especially if the heat 
applied was just sufficient to remove the color. Longer 
periods of heating at higher temperatures caused the 
crystal to recolor at the same rate as in the original ir- 
radiated quartz. 

Bappu'®) investigated amethyst quartz and found that 
the absorption maximum at 550 my behaved like an F- 
band in the alkali halides, i.e. it sharpens and shifts to 
shorter wavelengths with decreasing temperature and 
when irradiated with F-band light, a band similar to an 
F’-band appears at longer wavelengths. In further 
work(3?) with amethyst in the ultraviolet and infrared 
regions he found bands at 785 my, 835 my and 920 mu. 
Heat treatment bleaches the 785 mp band and makes 
the 835 my band grow. 

VEDENEEVA and RUDNITSKAYA'®8) have made absorp- 
tion spectra measurements, using polarized light, on 
smoky quartz in its natural state, after bleaching at 
251°C for 4 hr, and after complete decoloration at 400°C 
and X-irradiation. A maximum at 440 my was found for 
both the extraordinary and ordinary rays in all three 
cases. The absorption is most intense for the extra- 
ordinary ray and thus the center is anisotropic. These 
authors believe the color centers to be due to electrons 
trapped at deformed regions caused by the presence of 
foreign cations in the channels lying parallel to the c-axis. 
The non-spherical nature of these regions would give 
rise to the observed anisotropy. 

Neutron irradiated soda-lime glass and fused quartz 
was studied by Mayer and Gufron'?9), They found ab- 
sorption maxima at 340 mp, 420 my and 650 my in the 
glass, while fused quartz gave bands at 550 my, 300 mz 
and 220 mu. 

Yoxora(?°) studied both fused and crystalline quartz. 
For X-irradiated crystalline quartz he found a broad 
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absorption maximum at 462 mu. For fused quartz pre- 
pared under reducing conditions, he found that X- 
irradiation gave a purple color and absorption maxima at 
539 mp, 302 my» and 221 mp. When the fused quartz 
was prepared under oxidizing conditions and X-irradi- 
ated, no discoloration was produced and the peak at 539 
my had disappeared. In a second paper, Yoxorta(4?) 
dealt with fused quartz only. He found that fused quartz 
prepared under oxidizing conditions and then heated at 
high temperatures in silicon vapor, yielded the 539 mu 


peak on irradiation. Fused material which failed to yield 
the 539 my» band when prepared under oxidizing con- 
ditions could be made to display the peak by re-process- 


ing under reducing conditions. YOKOTA concluded that 


the peak at 539 my was caused by the trapping of elec- 
trons at oxygen vacancies. NuRA‘?*) has attempted to ex- 
plain the difference in the peak position of the visible 
‘ crystalline and fused quartz 
which YoxKorTa believes to be due to the same defect. The 


absorption maximum in 


is based on the difference in energy between 
t i states of an electron on a silicon atom adjacent 
to an oxygen vacancy. He finds agreement with YOKOTA’s 
data if a Si-Si distance of 3:22 A is used for fused quartz 
and 3-08 A for crystalline quartz. 
COHEN found natural and bleached X-irradiated 
ld absorption maxima at 425 my and 625 
m rientation either parallel or perpendicular to the 
optic axis. Natural colorless quartz (not parallel to c-axis) 
also gave the same peaks after y-irradiation. He believed 
the similarity between the position of the visible ab- 
sorption band in amethyst and fused quartz to be evid- 
ence that the band in fused quartz is, like that in 
an F-band, and that Yokota and NIIRA are 


incorrect in their interpretation of the visible bands in 


nethyst, 
fused and crystalline quartz. 

The author(* studied synthetic 
Clevite Corp. and Bel] Laboratories, Inc.) and found an 
X-ray induced maximum at 470 my» for sections per- 


present quartz 


pendicular to the c-axis. An argument was advanced in 
support of YOKOTA’s interpretation of electron trapping 
at oxygen vacancies, based on the reduced absorption at 
2-92 uw for synthetic quartz as opposed to natural quartz. 
It. was thought that the 2:92 uw band might be a third 
harmonic of the valence bond oscillation of the oxygen 
SAKSENA (4° 
acteristic infra-red absorption at 8°7 uw in quartz. (See, 


McManon(* MITCHELL and 


atoms believed by to give rise to the char- 
however, SIMON and 
RIGDEN‘4?).) 

MITCHELL and Paice‘? 
natural and synthetic quartz for both X- and 
irradiation. Absorption maxima were noted at 
459-468 my and 208-214 my for natural cry- 


fused, 
neutron 
618 my, 
stalline quartz samples. In the synthetic samples the 
maxima were observed at 477 mu and 212-214 mu. 
Smoky quartz gave maxima at 618 my, 468 my and 207 
my with some structure noted at 230 my. Smoky quartz 
which was bleached thermally and neutron irradiated 
gave maxima at 618 my, 451 my and 218 mu. Measure- 
ments on fused quartz were in agreement with measure- 
ments made by Yoxora.'#°:41) These authors also noted 
the radiation bleaching of the visible bands with neutron 


AR 


measured the absorption of 
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doses in excess of 1017/cm?, with fused and crystalline 
quartz. 

DAINTON and Rowsottom'®), in a study of the 
kinetics of the coloration and luminescence of vitreous 
silica, found absorption maxima at 545 mp, 300 mp and 
220 mu. The irradiation was with X- and y-rays. The 
centers at 220 my and 300 mp could be interconverted 
by light of the appropriate wavelength. The 545 mu 
band could not be bleached by light in the band but was 
bleached by light in the 220 my band. These authors 
noted a radiation bleaching effect for the 300 mp band 
when irradiation was carried out beyond saturation. 

GRIFFITHS et al.°) concluded from paramagnetic re- 
sonance measurements of neutron irradiated natural and 
synthetic quartz and smoky quartz that an impurity with 
nuclear spin 5/2 is responsible for the smoky color. 
Al??, Mn®* and I*?’ were suggested, with aluminum being 
the most likely. This paper presents the first real evid- 
ence for an impurity as being responsible for the colora- 
tion in crystalline quartz. Further experimental work by 
these authors‘*!) and the interpretation of their data by 
O’BRIEN and Pryce”) has established aluminum as the 
impurity responsible for the visible color in quartz. The 
anisotropic absorption of this center in crystalline smoky 
and X-irradiated quartz, noted previously by SMAKuLA(4) 
and VEDENEEVA and RUDNITSKAYA'?8), was confirmed by 
CoHEN (3), He, however, found the center to be composed 
of two peaks which overlapped at saturation values of 
coloration and appeared to be a single peak. He found the 
two peaks to be located at 430 mp and 455 muy, for 
quartz cut parallel] to the c-axis, giving a single peak at 
465 my at X-ray saturation. For sections cut perpendi- 
cular to the c-axis, the doublet was given by 455 mp and 
470 mp, with higher X-ray doses giving a maximum 
centered about 460 mu. 

Rate of growth curves for the various bands in neutron 
irradiated crystalline and fused quartz were obtained by 
DITCHBURN et al.(54) It was shown that the ultraviolet 
bands (called C-bands) did not saturate with neutron 
dose. These bands did saturate with X-ray irradiation. 
Therefore, the defect responsible for the absorption in 
irradiated crystalline and fused quartz is present in the 
unirradiated material and is a product of displacing 
radiation. Analysis of five crystalline quartz specimens 
for aluminum content showed the absorption in the C- 
and A-(visible) bands to be proportional to the aluminum 
content but the correlation was poor. The suggestion 
was made that some aluminum was present interstially. 

Levy and VarRLey®) studied irradiated fused quartz 
(Vitreosil) and found the usual bands, i.e. 223 my, 305 mz 
and 539mu. Their spectrographic analysis showed 0°3 per 
cent by weight of boron. Irradiated glasses of sodium 
tetraborate composition give a maximum at 539 mp 
whose shape was similar to that in the fused quartz. The 
strong absorption at 243 my in the unirradiated glass and 
a smal] absorption in the unirradiated fused quartz at the 
same wavelength was considered further evidence that 
sodium tetraborate was responsible for the color. (See, 
however, GARINO-CANINA®®) and COHEN ®?) in which 
evidence is given for germanium as the impurity re- 
sponsible forthe 243my band in unirradiated fused quartz). 
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The high resistance to irradiation coloration of Corn- 
ing fused silica‘®®8) was verified by P. W. Levy 9) and 
CouEN'®), Levy found that 10° r of Co® y-irradiation 
produced virtually no absorption in the Corning mater- 
ial from 200 my to 1000 my, a dose which colors most 
crystalline and fused quartz. Neutron irradiation devel- 
oped bands at 218 mp and 242 mu but no visible ab- 
sorption. COHEN worked with fused quartz and Corning 
fused silica samples which did not show a 242 mp im- 
purity band before irradiation. This band could be in- 
duced in the fused quartz by heat treatment in a reducing 
environment but not in the Corning material. It was, 
therefore, concluded that the band was due to a reduced 
impurity present in the fused quartz but not in the Corn- 
ing sample. Since the 540 my and 300 my bands could 
not be developed in the Corning fused silica it was be- 
lieved that these bands also were due to impurities. 

MITCHELL and Patce'*!) and CoHEN‘®?) independently 
studied the anisotropy of the visible color centers in 
crystalline quartz. MITCHELL and Paice found that 
Al®+ substituting for Si4t, with ionization providing a 
trapped hole which spends most of its time on an ad- 
jacent oxygen as proposed by O’BRIEN and Pryce ®?), is 
not inconsistent with the anisotropy observed. COHEN 
showed that aluminum was the only impurity in his 
specimens which could be correlated with the measured 
absorption coefficients. 

The present author made a study‘®) of synthetic 
quartz in which impurities had been deliberately intro- 
duced. It was found (for crystals grown on AT seeds) 
that the optical density of the visible and ultraviolet 
bands was not proportional to the aluminum concentra- 
tions present in the lattice. It was suggested that alum- 
inum was present both interstially and substitutionally. 
Optical bleaching and re-irradiation (X-rays) resulted in 
faster growth of these bands, but the same saturation 
values were obtained. This is similar to results obtained 
by FoRMAN(®) with thermal bleaching. A new band near 
280 mp was observed in synthetic quartz containing 
germanium and boron as an impurity. An argument 
based on short-range disorder of the region surrounding 
the impurity was advanced as a possible explanation of 
the absorption rather than the specific impurity. Growth 
curves for the bands at 210 my and 280 my in the ger- 
manium doped crystals reached maximum values fairly 
rapidly and then dropped with continued 
irradiation. Light in the 280 my band caused fading of 


slowly 


all the color centers. 

STEVELS and Kars‘®4) have proposed a nomenclature 
for the description of defects in silicates and have used 
their system‘®°) in an extensive investigation of irradiated 
glasses, fused quartz and natural and synthetic quartz. 
The general features of previous absorption studies were 
confirmed with the addition of resolved fine structure 
bands in irradiated crystalline quartz. (These latter are 
too numerous for inclusion in Table 1 and the referenced 
paper should be consulted.) 

Amethyst color center studies were extended by 
CoHEN(®®) who found bands which had the attributes of 
color centers at 225 mp, 266 mp, 340 my, 540 my and 
950 mp. The 340 my band was found to be anisotropic. 


The similarity of the 540 my band in amethyst and fused 
quartz and complex glasses is remarked and it was sug- 
gested that the same impurity is responsible for the 
coloration of all. 

A model was proposed by MITCHELL and Parce!®) 
which accounts for the well documented bands in ir- 
radiated crystalline «-quartz and for the far ultraviolet 
bands found by these authors and described in their 
paper. These new bands are at 163 my (called the E- 
band) in neutron irradiated «-quartz and at 173 mu 
(called the D-band) in X-rayed material. The presence 
of the D-band in neutron irradiated specimens is un- 
certain because of the overlap of the C- (218 my) and 
D-bands. These bands have counterparts in fused quartz 
where they are found at approximately the same wave- 
lengths. The E-band in the fused material, however, can 
also be developed by X-rays. The model proposed is 
that of O’Brien and Pryce‘®?) for the visible absorption 
maxima (Aj- and Ao-bands), i.e. a hole, left by an elec- 
tron ionized off a substituted Al**+ ion, which is shared 
with an oxygen neighbor. An oxygen vacancy with a 
trapped electron is suggested for the C-band with the 
E-band being a nearby interstitial oxygen with a trapped 
hole. Neutron induced defects can be annealed at 950°C 
but such treatment results in increased absorption in the 
A-bands on re-irradiation. It was suggested that alum- 
inum present interstitially was made to diffuse into 
vacant silicon sites to account for this enhanced absorp- 
tion. 

The work of GARINO-CANINA®®) and of COHEN(®?) has 
established the 242 my band found in some unirradiated 
fused quartz and silica as being due to germanium in a 
reduced state. COHEN?) has also shown that a color 
center is developed at this same wavelength by neutron 
irradiation of fused silica. 


(b) Thermoluminescence 

The concomitant luminescence with heating of smoky 
quartz has been known for hundreds of years. Early 
studies(14,16-19) established that smoky quartz begins to 
bleach (and luminesce) in the neighborhood of 200°C. 
Luminescence usually ceased after 300°C. Amethyst re- 
quires higher temperatures (~ 400°C) for de-coloration. 
The apparent similarity between natural colors and the 


color induced by y-irradiation in de-colorized smoky 


quartz and amethyst quartz was noted.(%-14) These 
artificial colors could also be removed by heating. Other 
references to work before about 1924 can be found in 
HOLpDEN'®). 

FRONDEL(®?), in experiments with X-irradiated oscil- 
lator plates, noted that the 
irradiated quartz begins below 100°C while in natural 
smoky quartz the threshold for luminescence was near 
180°C. The observation that smoky quartz is a feeble 
emitter when heated and that y-irradiated bleached 
smoky quartz was intensely thermoluminescent was 
made by DANIELS and SAuUNDERS‘®’), These workers 
found that y-irradiated material luminesced most 
strongly at 180°C with a subsidiary maxima at 290°C. 

CHENTSOVA and VEDENEEVA'®®) studied the rate of de- 
colorization of smoky quartz with temperature and found 


thermoluminescence of 
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the rate to become discontinuous at 251°C. They also 
note a faster decoloration rate in artificially colored quartz 
and suggest two different kinds of centers for the visible 
absorption in quartz with the concentration and stability 
ng different in naturally colored material. 

quartz and _ fused 


of each bei 
The thermoluminescence of 
colored to saturation values (X-rays) was mea- 
Yoxora'’®), He prepared fused quartz in re- 

y and oxidizing conditions and measured the glow 
\s noted above, Yoxorta‘?®:4)) has shown that 
le absorption band at about 550 my is absent in 


QGUa 4 


he sib 
fused quartz prepared under oxidizing conditions. The 
emission maximum is at about 320°C for quartz 


fused in a reducing atmosphere and at about 120°C in 


the oxidizing one. Subsidiary maxima are present in both 
Short periods of decay at temperatures near the 
imum emission temperature shifts the emission to 
r temperatures, thus showing that the fused quartz 
caused by transitions within discrete 

ls but are composed of groups of discrete levels. 
uTouT'?)) has studied the thermoluminescence of 
has also shown the inhomo- 


fused quartz. Lautout'*? 
of fused quartz with respect to the defects re- 
sponsible for emission after irradiation by photographing 
the surface of the fused quartz in its own emitted light. 
She, however, did not find‘**) that crystalline quartz 
phosphoresced or changed in color with 
This is in conflict with the ex- 


geneity 


fluoresced, 
r X-irradiation 
perience of most investigators. 

References to the thermoluminescence of glasses and 
fused quartz can be found in the review articles by SUN 


5x10 


and Kreipi'4) and by OTLEY 


EXPERIMENTAL 
Measurements of the thermoluminescence of 
natural and synthetic quartz, fused silica and a 
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soda-lime glass have been made from room tem- 
perature to about 380°C. The apparatus used was 
designed by Dr. P. PizzoLato* and modified by 
R. J. GInTHER of this laboratory and will not be 
described in detail here. The experimental pro- 
cedure consists of the measurement of the emission 
from solid samples by means of the amplified signal 
from a photomultiplier tube while the tempera- 
ture of the sample is varied at a uniform rate. 
Temperature and light intensity are recorded 
simultaneously on an x—y recorder. The light strik- 
ing the photomultiplier tube was first passed 
through a suitable filter to eliminate wavelengths 
above about 700 mp. The rate of heating was 
about 17°C/min. 

The specimens used in this investigation were 
usually 2-4 mm in thickness, highly polished on 
both surfaces and about 1/4 in. x 1/4 in. in cross- 
section. Irradiation was carried out variously with 
X-rays (45 kVp at 10 mA), y-rays (Co® source) 
and ultraviolet light (usually from a low pressure 
mercury arc which is rich in 2537 A radiation). The 
sensitivity of thermoluminescence measurements 
will be noted from the fact that very short ex- 
posures to 2537 A light are efficient in producing 
thermoluminescence in crystalline quartz, whereas 
changes in absorption are not noted even after 
several days of irradiation. 

* Now at the Argonne National Laboratory, Lemont, 


Ill. 
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Fic. 1. 


Thermoluminescence (arbitrary units) vs. 


temperature for 


Brazilian smoky quartz. 
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DEFECTS IN NATURAL 
Fig. 1. is a plot of emitted light intensity vs. tem- 
perature for a specimen of Brazilian smoky quartz. 
The emission is feeble in comparison with artificially 
colored quartz, a fact which has been previously 
noted. (68) The peak emission for this specimen is at 
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Fic. 2. Optical density vs. absorbed energy (eV) for 
Brazilian smoky quartz. 

before thermal bleach 

after thermal bleach at 245°C 


about 245°C while for another sample it was at 
about 280°C. 

It was noted that the smoky quartz specimen 
still retained some color after the thermolumines- 
cence run was completed. The absorption of 
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another sample (from the same quartz which gave 
maximum emission at 245°C) was measured be- 
fore and after heat treatment at 245°C for 24 hr. 
The results are shown in Fig. 2. The difference 
curve shows preferential bleaching in the vicinity 
of 420 mp, with subsidiary maxima at about 235 
mp and 260 mp. The 235 my maximum can also 
be observed as an inflection in the absorption 
curves both before and after thermal bleaching. 

A different smoky quartz sample which did not 
display a maximum at 235 mp at room tempera- 
ture was measured at 77°K. Fig. 3 shows the ab- 
sorption for both room temperature and 77°K. 
There is a slight maximum at about 240 my at the 
lower temperature. 

Another specimen from Graham Co., Arizona, 
exhibited the thermoluminescence spectra shown 
in Fig. 4. This specimen would be described as 
“clear” quartz on the basis of visual inspection and 
spectrophotometric absorption measurements, It is 
seen, however, to have a peak luminescence at 
245°C, as in the smoky quartz samples, with a 
small maximum in the vicinity of 330°C. 

With artificially colored material the thermo- 
luminescence emission is more intense and the 
maximum emission occurs at higher temperatures 
than in naturally colored quartz. It is possible to 
obtain well defined thermoluminescence peaks with 
X-irradiation times of the order of seconds as can 
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Fic. 3. Optical density vs. wavelength (my) for Brazilian smoky quartz 
at room temperature and at 77°K. 
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Thermoluminescence (arbitrary units) vs. tem- 


Co.) quartz. 
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perature for Arizona (Graham 


be seen in Fig. 5, for a sample of quartz from 
Herkimer Co., New York. This crystal was X- 
irradiated for 5 sec and the thermoluminescence 
measurement was made 5 min after the irradiation. 
The measurement shows three maxima, two small 
ones at 63°C and 164°C and a large one at 338°C. 
The low temperature maximum is unstable, fall- 
ing rapidly at first and then more slowly but is 
still measurable several hours after irradiation. A 
crystal which has been measured over the range 
from room temperature to 380°C and which shows 
no thermoluminescence when run repeatedly over 
this range and no absorption maxima, can be made 
to yield an intense thermoluminescence peak at 
340°C by a short exposure (~ 1 sec) to X-irradia- 
tion or ultraviolet light (2537 A). This can be re- 
peated time after time and can be eliminated by a 
heat treatment of several hours at temperatures in 
the neighborhood of 550°C. This bears a resem- 
blance to the “re-activation”’ found by Lautout‘”) 
for fused quartz which had been X-irradiated and 
then made to fluoresce after phosphorescence 
decay, by application of ultraviolet light. Ap- 
parently, in the present case, the original thermal 
bleach at temperatures near 400°C is inadequate to 
return all electrons to their ground state and a 
burst of energy removes them from metastable 
levels. 

As a first attempt to investigate the nature of the 
center responsible for the emission at 338°C, the 
crystal was again X-irradiated for 5 sec (after a 
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Fic. 5. Thermoluminescence (arbitrary un ts) vs. 
temperature for New York (Herkimer Co.) quartz. 
after 5 sec X-irradiation 
after decay for 5 min at 370°C (after 

5 sec X-irradiation). 


long bleach at 500°C) and then allowed to decay in 
an oven set for 370°C for five minutes. It was then 
brought quickly to room temperature and the 
thermoluminescence was measured after the same 
total time lapse as in the first measurement. The 
result is shown by the broken curve in Fig. 5. The 
high temperature maximum appears to have shifted 
to a higher temperature beyond the range of mea- 
surement. Similarly the low temperature emission, 
as seen in the inset, has shifted to a new peak 
position at about 95°C. The other low temperature 
peak is not measurable after the treatment. 

In Fig. 6 are shown the results for a sample 
from the same quartz in which the X-irradiation 
time was for one minute and the decay for 2 min 
at 330°C, after high temperature bleach and re- 
irradiation for 1 min. Here the shift of the emission 
remains within the measurement range, the high 
temperature maximum shifting from 338°C to 
346°C and 60°C to 84°C for the low temperature 
maximum. 

The shift in peak position with decay at tempera- 
tures near the maximum emission temperature in- 
dicates that the emission at 338°C is made up of 
the emission from many discrete trapping levels 
rather than from one level. If the latter had been 
the case there would have been no shift in peak 
position but only a diminution of intensity. This 
also explains why it is necessary to go to much 
higher temperatures in order to empty all traps 
after apparently exhausting the luminescence at 





(OlYO “puvlrarsg “aluay Yyoivasay aiaed[D ‘aIVH “Y HLYOANYG ‘1q] Jo Asaqinod) zi1enb onNayIUAS IBg-X “g ‘OILY 


TVLiSAY) ZLYVNOD YVE-A GH 








‘(sIxe-q 0} Je[NOIpuadiad 3nd) zjaenb ieq-X Jo suonoas payerpesii-d *6 “OI 


he 


SUL Jao ~ X- 





YOLDSS -Z 


vuatiGn 3 wea 


oe 


5 a 
ee) 
PN 


“oloas- Zz 


‘ 





DEFECTS IN NATURAL 





HERKIMER CO NATURAL QUARTZ 
—— AFTER IMIN X-IRR 
---- AFTER IMIN X-IRR AND DECAY 
FOR 2 MIN AT 330°C 
DETAIL OF LOW ENERGY PEAK 


+ READ RHS |!00 


fe) 


see 


i’ 
T 


an 
°o 
(LHS) 
a 


RELATIVE EMISSION 
RELATIVE EMISSION 





BE a a 
150 200 250 3 
TEMPERATURE (°C) 





Fic. 6. Thermoluminescence (arbitrary units) vs. 
temperature for New York (Herkimer Co.) quartz. 
after 1 min X-irradiation 
after 1 min X-irradiation and decay 

for 2 min at 330°C. 


380°C. The electrons in these higher levels are 
available to be kicked into intermediate trapping 
centers by short bursts of X-rays or of 2537 A 
light. 

The effect of annealing at high temperatures 
prior to irradiation is shown in Fig. 7 for a speci- 
men of «-quartz from Crystal Springs, Arkansas. 
The solid curve is for the original sample after 
y-irradiation. The y-dose was of the order of 107 r 
and irradiation was carried out some weeks before 
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Fic. 7. Thermoluminescence (arbitrary units) vs. 
temperature for Arkansas (Crystal Springs) quartz. 
after 10’ r y-irradiation 
after anneal from 950°C and five sec 

y-irradiation 
after 20 min irradiation with unfiltered 
light from low pressure Hg arc. 
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the thermoluminescence measurements were made. 
Peak temperature emissions are at 185°C, 255°C 
and 340°C. The crystal was then held at 950°C 
overnight and brought to room temperature over a 
12-hr period. It was then X-irradiated for 5 sec 
and the thermoluminescence measurements made. 
The result is very feeble emission centered about 
62°C and no emission at higher temperatures. A 
20-min irradiation with an unfiltered low pressure 
mercury arc results in more intense emission at 
62°C and a development of the peaks at 185°C and 
255°C, but with negligible emission at 340°C. This 
crystal did develop luminescence of low intensity 
at 340°C after about 106 r of y-irradiation. 

It can hardly be doubted that the emission 
centered about 340°C is associated with the optical 
absorption maximum at about 210 my in irradi- 
ated crystalline quartz. The visible and ultraviolet 
absorption maxima diminish rapidly at this tem- 
perature and the onset of bleaching coincides with 
the observed rise in thermoluminescence intensity. 
MITCHELL and PAIGE have shown) that treat- 
ment of neutron irradiated crystalline quartz by 
heating at 950°C and slowly cooling anneals out 
the defects responsible for the absorption at 210 
my. In the present case, similar treatment is effec- 
tive in reducing the thermoluminescence intensity 
at 340°C. Some crystals which were particularly 
resistant to coloration also failed to show high tem- 
perature emission. 

Synthetic quartz has also been examined in this 
investigation. The «-quartz grown by the Clevite 
Corp., and known as Y-bar quartz,* is shown in 
Fig. 8. A y-irradiated section of such a crystal, cut 
perpendicular to the Y-axis, is shown in Fig. 9. 
The distinctive features of this quartz have been 
discussed by the author‘®?-76) and COHEN (this 
symposium). This slice of quartz was cut into four 
sections, excluding the seed, and thermolumines- 
cence measurements were made. The y-irradiation 
dose was of the order of 10? r. The results for the 
Z-sectors are shown in Fig. 10 and for the X- 
sectors in Fig. 11. The emission for the Z-sectors 
peaks at 318°C and 330°C and in the neighborhood 
of 200°C. The X-sectors yield emission that peaks 
at higher temperatures, i.e. at 360°C for the —X- 
sector and 380°C for the +X-sector. The lower 


* Patent application U.S. Serial No. 459,052 of 
9/29/54. 
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Thermoluminescence (arbitrary units) vs. 
-irradiated Z-sectors of Y-bar quartz 
section. 


Fic. 10. 


temperature for } 


temperature maxima are at about 200°C, It will be 
noted that the luminescent intensity is much less 
for the —X-sector than for the + X-sector. COHEN 
(this symposium) has given evidence that alum- 
inum is present interstially in the Z-sectors and 
both interstitially and substitutionally in the X- 
sectors. 

Synthetic quartz grown on an AT-cut seed by 
the Signal Corps Engineering Laboratories and 
intentionally doped with aluminum was irradiated 
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Fic. 11. Thermoluminescence (arbitrary units) vs. 
temperature for y-irradiated X-sectors of Y-bar quartz 
section. 
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for 1 hr with light predominantly of 2537 A wave- 
length. The result is shown in Fig. 12. The low 
temperature maxima are at about 62°C and 110°C, 


while the high temperature emission is centered 
about 230°C. This crystal had previously been 
found not to give as much coloration after irradia- 
tion as one would expect and the suggestion has 
been made that the aluminum was present both 
interstitially and substitutionally.©®) The ratio of 
the intensity of the high temperature emission to 
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Fic. 12. 


Thermoluminescence (arbitrary units) vs. temperature of 


aluminum (200 p.p.m.) doped synthetic quartz after one hour irradiation 
with predominantly 2537 A light. 
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Fic. 13. Thermoluminescence (arbitrary units) vs. temperature for 
germanium (1000 ppm) doped synthetic quartz. 
1 hr after 5 sec X-irradiation 
1 hr after 5 sec X-irradiation and approximately 1 hr 
bleach with 2537 A light. 





that at the lower temperatures is reduced when ir- 

radiating with 2537 A light because of the simul- 

taneous optical bleaching that occurs. 
Germanium doped synthetic quartz is disting- 


uished from aluminum doped quartz by differences 
in the positions of the emission maxima. This is 

pie 2: i ce. re? MICROSCOPE SLIDE - 2 MIN X-IRR 
shown in Fig. 13. The peaks appear at 73°C, (na-Ca-Al-Re SILICATE) 
128°C and about 290°C, In view of the fact that 
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Fic. 14. Optical density vs. absorbed energy (eV) for Fic. 15. Thermoluminescence (arbitrary units) vs. 
germanium (1000 p.p.m.) doped synthetic quartz. temperature for X-irradiated: (a) Dow Corning silica 
after 1 hr X-irradiation powder; (b) glass microscope slide; (c) Corning fused 
after thermal bleach at 125°C for 10 min. silica. 
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germanium doped quartz contains an additional 
absorption maximum at about 285 my, ) which 
can be bleached by light of this wavelength, the 
crystal was re-irradiated for 5 sec and was sub- 
jected to the light of a low pressure mercury arc 
passed by a Corning 9863 filter. This passes the 
2537 A line but cuts off light of wavelengths below 
2300 A. The result is as indicated by the broken 
curve in Fig. 11. The emission peaks at the lower 
temperatures are reduced to about 10 per cent of 
their value on the previous irradiation. The high 
temperature peak is also reduced, because irradia- 
tion in the 285 mu band in germanium doped 
quartz bleaches the visible as well as the ultraviolet 
bands. Bleaching thermally at 125°C to remove the 
lowest two emission peaks after 1 hr X-irradiation 
gives the results shown in Fig. 14. The 280 mu 
band has decreased as well as the visible absorption 
bands. The 220 my band, however, has increased. 

The results (Fig. 15) for Corning fused silica, 
Dow Corning silica powder and glass are rudi- 
mentary but indicate that the emission at about 
90°C is caused by a defect common to all three. No 
high temperature emission has been observed for 
the moderate irradiation doses given to Corning 
fused silica. 

The effectiveness of ultraviolet irradiation in 
producing thermoluminescence has led to attempts 
to bring about color center absorption by this 
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Fic. 16. Optical density vs. absorbed energy (eV) for 
Signal Corps. Engineering Laboratory synthetic quartz 
(S199). 
before irradiation 
after 2 hr irradiation with light 
AH6 lamp and glass filter 
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means. The result of irradiation with a General 
Electric AH6 mercury arc on a synthetic quartz 
sample is shown in Fig. 16. A glass filter was used 
to cut off light below 260 mu. A small absorption 
peak at about 240 my is produced. 


DISCUSSION 


The color center absorption maximum centered 
about 210 my in irradiated crystalline quartz is 
clearly not a single center, but is composed of a 
group of discrete levels. MITCHELL and PaicE®) 
observed a band at about 230 my by preferential 
bleaching of neutron irradiated crystalline quartz. 
They suggested that, for their model, this absorp- 
tion arises from an oxygen vacancy—oxygen inter- 
stitial pair formed by collisions of just enough 
energy to cause displacement. They believe the 
separation of the pair is such that the energy level 
of the C-band (210 mz) is modified to give 
absorptions at 230 my. It is probable, based 
on the results of the present investigation, that 
the energy level of an isolated oxygen vacancy 
and a trapped electron is modified in a contin- 
uous manner by a distribution of vacancy- 
interstitial separations. Levy (this symposium) has 
resolved the absorption in the ultraviolet region, 
for Corning fused silica, into several discrete 
bands. Also, in the present paper, bands at 240 mu 
and 260 my have been observed in smoky quartz 
and at 240 my in ultraviolet irradiated synthetic 
quartz. The fact that natural smoky quartz thermo- 
luminesces at a much lower temperature than does 
freshly irradiated material, suggests that the 
centers responsible for the emission in smoky 
quartz are the most stable configuration of oxygen 
vacancy-interstitial pairs. The Arizona quartz 
(Fig. 4) would seem to be an intermediate case 
where emission of less stable centers at higher tem- 
peratures is still apparent. It might, perhaps, be 
possible to obtain ideas as to the geologic time 
lapse since irradiation of smoky quartz by examina- 
tion of its thermoluminescence emission. 

The fluorescence and phosphorescence of X- 
irradiated crystalline quartz is caused by the 
emission from the low temperature peaks. These 
also shift with decay at higher temperatures (Figs. 
5 and 6) and are probably metastable states of the 
centers responsible for the high temperature 
emission. 
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The emission of freshly irradiated natural and 
synthetic quartz and aluminum doped synthetic 
quartz appears to be the same, especially with re- 
spect to the positions of the low temperature 
maxima. The addition of germanium alters the 
position of all peaks and one can distinguish ger- 
manium-bearing quartz by its thermoluminescence. 
The differences which exist between aluminum- 
bearing quartz, on the one hand, and germanium- 
bearing quartz, also containing aluminum, on the 
other, suggest that aluminum and germanium can 
replace each other in the lattice and that the emis- 
sions observed are for transitions of an electron 
bound to an aluminum or germanium ion neigh- 
boring an oxygen vacancy. 

The work on thermoluminescence of Y-bar 
quartz is inconclusive. There is a greater tendency 
for emission to occur at lower temperatures in Z- 
sectors than in X-sectors and this may have some 
bearing as to the role of aluminum in the lattice, 
i.e. whether present interstitially or substitutionally. 

Further work is contemplated on all phases of 
the work reported here. 
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SUBSTITUTIONAL AND INTERSTITIAL ALUMINUM 
IMPURITY IN QUARTZ, STRUCTURE AND COLOR 
CENTER INTERRELATIONSHIPS* 


A. J. COHEN} 
Mellon Institute, Pittsburgh 13, Pennsylvania 


(Received 27 May 1959) 


Abstract—That color centers in the 460 and 625 my regions of the quartz spectrum are related to 
substitutional aluminum impurity is now well established. Indirect evidence has indicated that 
interstitial aluminum may appear in quartz. BUERGER has discussed the stuffing of quartz by f- 
eucryptite, LiAISiO4, with cell dimensions a little more than double those of f-quartz. Recently, 
other workers have found that B-spodumene, LiAl(SiO3)2, is also isomorphous with f-quartz. 

General Electric Co. synthetic quartz grown from a Z-seed was found in this laboratory to con- 
tain in ppm Si atoms: 290 Al; 260 Li; 8 Fe; and 131 Na. X-irradiation for long periods gave no 
change in the optical absorption of this quartz down to 1850 A. It was concluded that the aluminum 
present was interstitial. An attempt to precipitate the interstitial aluminum and lithium was success- 
ful. This separate phase was found to ‘‘decorate’’ the macromosaics and to indicate the manner of 
growth of synthetic quartz on various seed orientations. 

Small regions of rhombohedral growth on General Electric Co. Z-seed crystals did color due 
to the substitutional aluminum content. There was no precipitation of interstitial aluminum in these 
regions. The increase of the spin-lattice relaxation time of the Si?9 nucleus after precipitation 
indicates that the paramagnetic trace impurity in Z-seed crystals is also interstitial. Precipitation 
experiments on Y-bar synthetic quartz coupled with X-irradiation indicate that the trace of alum- 
inum present in the Z-zones is interstitial and that the major portion of the aluminum in the Xfast 
zone is substitutional, while the aluminum in the Xsjow zone is both substitutional and interstitial. 
The color banding in X-rayed Y-bar crystals is discussed as well as the dependence of the intensity 
of the smoky color (due to the aluminum color center system) on the crystallographic orientation of 
the growing zone and how this can be used to identify the different vicinal faces and their ‘‘birth’’ 
during growth of the crystal. Mention is made of the effects of germanium (IV) ion on the substitu- 


tional aluminum content of the Z-zones. 


INTRODUCTION quartz structure. Jost and ARNoLp found in- 
THE nature of the color center system in ~-quartz dependently that the saturation absorption coeff- 
related to substitutional aluminum impurity is well cient of the substitutional aluminum color center 
established.4-8) It consists of two absorption system gives poor or no correlation with aluminum 
bands at 460 and 625 mp. In naturally colored content in contrast to earlier agreement discovered 
by MircHert and Parce®) and CoHEN®), 
MITCHELL and Paice also find enhancement of the 
substitutional color center after neutron irradia- 
tion followed by annealing and X-irradiation. 
The proposed mechanism for this increase in the 
substitutional aluminum content is that interstitial 
silicon and silicon vacancies are produced by 
neutron bombardment resulting in one inter- 


smoky quartz the more intense band in the 460 mu 
region is apparently shifted to a shorter wave- 
length. () 

There has been some indirect evidence 10:1) 
which may be considered to indicate that inter- 
stitial aluminum is sometimes contained in the 


* Presented at Symposium on Defect Structure of Quartz 
and Glassy Silica, Mellon Institute, May 20-24, 1957. stitial silicon present per silicon vacancy while 
many times this amount of interstitial aluminum is 


+ Pittsburgh Plate Glass Company Research Project. 


x 321 





A. J. COHEN 


present in the particular crystal originally. Upon 
annealing, there is competition for the silicon 
vacancy; and some of the interstitial aluminum 
becomes substitutional with enhancement of the 
aluminum band upon X-ray treatment. 
BuERGER"*) has discussed the stuffing of the 
8-quartz structure with f-eucryptite, LiAISiO4. 
He compares his X-ray data on f-eucryptite with 
that of WINKLER"*) who found the space group to 
be the same as that of 8-quartz, namely, C622, 
while BuERGER finds P2 (probably). The cell con- 
stants of 5-02 and c 5-48, 
while the constants for 8-eucryptite are a = 5-27 
(WINKLER) or 25-275 (BUERGER), c = 25-625 
(WINKLER) or 25-61 (BUERGER). In eucryptite 
the aluminum atoms are substitutional for half the 


B-quartz are a 


silicon atoms of the £-quartz structure, alternating 
in layers along the c axis, while an equivalent 
number of lithium atoms are in the interstitial void 
tetrahedrally coordinated by oxygen and on level 
with the aluminum atoms. The interstitial lithium 
is thus bound electrostatically to the oxygens; and 
electroneutrality of the structure, containing a 
Li(I) and an AI(III) in place of a Si(IV), is pre- 
served. 

Recent unpublished work of Roy“) and of 
VAUGHAN”) indicates that §8-spodumene, 
LiAl(SiOg3)2, also has the 8-quartz structure. It is 
also possible that further studies of the high tem- 
perature forms of petalite, LiAl(SigO5)2, may dis- 
close a third lithium aluminum silicate with the 
8-quartz structure. In comparing the f-eucryptite 
and f-quartz structures, one finds that their ther- 
mal expansion characteristics are different along 
the c-axis.76) The former contracts along the 
c-axis, 6) while the latter expands.“”) At 650°C the 
expansion of f-eucryptite is about 0-5 per cent 
along the a-axis and the contraction is about 1-1 
per cent along the c-axis, while at the same tem- 
perature 8-quartz expands 1-02 per cent along the 
c-axis and 1-76 per cent along the a-axis. 


EXPERIMENTAL 

The X-ray irradiations were performed in a 
Picker Industrial X-ray Unit designed for con- 
tinuous operation at 50 kVp, 40 mA. The tube 
used was a Machlett AEG50T with tungsten target 
and beryllium window. All X-irradiations were 
made near room temperature. The quartz wafers 
undergoing transition to the 8-phase (one to two 


mm in thickness) were heated ina nichrome element 
electric muffle furnace. The samples were cooled 
slowly by shutting down the furnace and allowing 
it to cool to room temperature overnight before re- 
moving. In some cases the quartz samples were not 
one or two cracks would 


cracked, in others, 


develop. 


RESULTS AND DISCUSSION 

During an investigation of the aluminum color 
center system in synthetic quartz a specimen was 
obtained from L. A. THomas of General Electric 
Co., Wembley, England, grown on a Z-seed plate 
(General Electric Co. No. 515B). This quartz did 
not visibly color, even after several billion roent- 
gens of X-irradiation, except in regions of rhom- 
bohedral growth. The Z-growth (perpendicular to 
the c-axis) region, exhibiting no coloration, was 
analyzed by an emission method giving results 
shown in Table 1 under the heading “‘total crystal” 
and found to contain substantial amounts of 
aluminum. The aluminum content differed in 
various portions of the crystal sampled, indicating 
the aluminum content was not uniform as may be 
seen comparing columns headed (1) and (2) in 
Table 1. In one case (2) it was found that the lith- 
ium content closely matched the aluminum content 
in the Z-growth region. Since the smoky colored 
regions are indicative of substitutional aluminum 
(and interstitial lithium or sodium) and since the 
Z-growth developed no color, yet contained con- 
siderable aluminum and alkali, it was concluded 


Table 1. Emission analysis, Z-seed, General Electric 
Co. synthetic quartz (515B) impurity content per 
million silicon atoms 


Zone Total crystal* 
Impurity ;——_—_——_ 


Precipitated 





135 

11 

6 
trace 





* Excluding regions of rhombohedral growth con- 
taining substitutional aluminum. 
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Fic. 1. General Electric Co. synthetic quartz No. 515B grown on Z-seed plate after heat treatment to 
precipitate lithium aluminum silicate. 1 scale division = 1mm. Lower figure: Wafer cut perpendicular 
to c-axis. Upper figure: Wafer cut parallel to c-axis in same portion of crystal as above. 


Fic. 2. Photograph of growth figure on rhombohedral 
face of natural quartz from Herkimer County, New York. 
This figure is similar to growth figure on 0001 surface of 
synthetic quartz showing three distinct types of surface. 
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Y-bar from same crystal as in Figs. 3 and 4 

has been X-rayed rather than heated. Visible 
coloration is due to color center system related to sub- 
stitutional aluminum impurity. 1 scale division 1 mm. 
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that it was most probable that the aluminum in 
this region of the crystal is interstitial. 

At this juncture the author recalled the work of 
BUERGER 2) on the stuffing of -quartz by eucryp- 
tite and devised an experiment to test the possibil- 
ity that quartz contains interstitial aluminum. This 
experiment consisted in cutting and polishing thin 
wafers of the quartz grown on a Z-seed both 
parallel and perpendicular to the c-axis of the 
crystal. These wafers were slowly heated in an 
electric furnace through the «-f transition tem- 
perature of quartz to 650°C. The wafers were 
allowed to remain at this temperature for 2} hr and 
then cooled slowly down through the «-§ transi- 
tion temperature. The crystal wafers were then 
allowed to continue to cool slowly to room tem- 
perature overnight. The result is illustrated in Fig. 
1. A precipitate was produced by the heat treat- 
ment in both wafers. Additional experiments 
showed that the precipitate appears immediately 
on cooling to the «—f transition temperature of the 
quartz. The Tyndall effect is used in order to see 
the fine precipitate produced. The individual 
particles can just be distinguished at 80x mag- 
nification. No precipitation takes place in the 
portions of rhombohedral growth seen in the upper 
right corner of the lower wafer and the upper left 
of the upper wafer. These are the areas that 
develop the color center system characteristic 
of substitutional aluminum on X-ray treatment. 
The precipitate shows clearly the mode of growth 
of the synthetic quartz on a Z-seed plate. Macro- 
mosiacs several millimeters in diameter grow from 
the seed plate (as seen in the upper wafer cut 
parallel to the c-axis) and result in the spiral growth 
figures on the 0001 surface of the quartz crystal. 
This 0001 surface can be reproduced in the interior 
by the precipitation as illustrated in the lower wafer 
(cut perpendicular to the c-axis). These spiral 
growth patterns have a distorted hexagonal shape 
and show a threefold difference in amount of pre- 
cipitation in some cases. This corresponds with 
the threefold surface orientation of the growth 
figure as illustrated in Fig. 2. 

The upper wafer (Fig. 1) shows that the material 
that is precipitated is laid down layerwise during 
growth in different concentrations and for some un- 
known reason is not incorporated at all into this 
particular crystal during early growth or during 
late growth. This phenomenon undoubtedly is 


related to the aluminum (and possibly lithium) con- 
centration in the feed solution from which the 
crystal is growing and possibly the temperature of 
the autoclave. 

That this precipitate incorporates cations other 
than Si(IV) is proven by the increase in the spin— 
lattice relaxation time of the Si?9 nucleus in the 
quartz after precipitation.28) This indicates that 
traces of paramagnetic impurity such as chromium 
and iron are being coprecipitated and are no longer 
incorporated interstitially in the «-quartz lattice. 
These paramagnetic impurities, when present in the 
lattice and in the vicinity of Si?9 ions, cause the 
latter to relax faster in a magnetic field. These im- 
purities undoubtedly coprecipitate in AI(III) 
positions. 

Emission analyses of the clear and precipitated 
zones (Table 1) indicate that the zone where pre- 
cipitation has taken place contains a greater amount 
of aluminum, lithium and sodium. This may 
indicate that the precipitate is a mixed sodium- 
lithium aluminum silicate. Why the clear zone 
which contains aluminum, lithium and sodium, 
does not contain precipitate is not clearly under- 
stood. However, it is to be noted that in the clear 
zone the aluminum content is greater than the 
sum of the lithium and sodium contents, while in 
the precipitated zone the alkali contents are slightly 
greater than the aluminum content. Nor is it clearly 
understood from where in the lattice the silicon 
ions come if it is indeed a silicate that precipitates. 
Attempts to determine the nature of the precipitate 
by electron diffraction methods have thus far 
failed. 9) 

The precipitation technique was extended to 
Y-bar quartz, obtained through the courtesy of 
D. HALE of the Clevite Research Center, Cleve- 
land, Ohio, as illustrated in Figs. 3 and 4. Fig. 4 
was photographed using a more powerful light 
beam than in Fig. 3 in order to intensify the weaker 
lines shown in the former. 

It is seen that the major portion of the precipita- 
tion takes place in the Xs~ zone (see Fig. 5 for 
drawing listing various zones) of the Y-bar. Table 
2 gives emission analyses of the Y-bar crystal 
studied (No. 4-13). It is found that the X;- and 
X + zones contain the same amounts of aluminum 
and lithium; however, the X;~ zone is higher in 
both iron and sodium than the Xy+ zone. The 
crystal is usually grown with the X,~ side facing up 
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Table 2. Emission analysis, Y-bar, Clevite synthetic 
quartz (4-13) impurity content per million silicon 
atoms 


Zone 


and in many cases particles of acmite (aegirite), 
NaFe(SiOg3)2, are incorporated into this zone. 'The 
bright white random specks seen scattered in Fig. 
3 are of this mineral composition. There are several 
crystallites clustered along the top of the square 
seed plate in this figure. They appear as black 
specks in Fig. 4. In Table 2 it is seen that the 
Z-zones are low in aluminum and alkali. However, 
aluminum is present and one is able to precipitate a 
slight amount in these zones as is brought out more 
clearly in Fig. 4. 

Fig. 6 is a photograph of a second wafer from 
Y-bar 4-13 which was X-rayed in order to develop 
the visible color center system related to substitu- 
tional aluminum. It is seen that no color is devel- 
oped in the Z-zones and that aluminum in these 
zones is therefore all interstitial. It is further seen 
on comparing Figs. 3 and 4 with Fig. 6 that the 
areas in Xy* that do not color on X-ray treatment 
are just those areas where precipitation of inter- 
stitial aluminum occurs. Why interstitial and sub- 
stitutional aluminum do not occur in the same 
regions, or conversely why aluminum is some- 
times incorporated interstitially and sometimes 
substitutionally in quartz, is not entirely clear. The 
Z-zones may be largely free of aluminum because 
the voids paralleling the c-axis allow freer exchange 
of impurity with the solution during growth. In 
examining the seed in Fig. 6, one sees that it con- 
tains some substitutional aluminum; however, the 
aluminum incorporation into the growing crystal is 
independent of that contained in the seed. 

MitTcHeLt and Bastin®® have independently 
found cloudiness induced in General Electric Co. 
quartz grown on a Z-seed plate upon heat treat- 
ment. They found that the intensity of the light 


scattering was dependent on aluminum concentra- 
tion, temperature and duration of the heat treat- 
ment. In this laboratory increasing the duration of 
the heat treatment was found to increase the spin— 
lattice relaxation time of Si?9 indicating that more 
paramagnetic impurity would coprecipitate with 
aluminum upon continued heat treatment at 
650°C in agreement with the findings of these 
workers. 

In examining Fig. 6 in detail, one observes that 
the intensity of the substitutional aluminum colora- 
tion is not uniform. Two effects are observed: 

(1) Many lines in the X;7+ (2110) region. These 
are caused by alternating pickup of substitutional 
aluminum during growth and extend into the 
s (1121) and x (5161) regions also. This in many 
ways resembles the Liesegang ring phenomenon 
and may be due to variation in concentration of 
aluminum in the feed solution and to the variation 
of temperature of the autoclave during growth. 

(2) Substitutional aluminum occluded in the 
growing quartz preferentially in zones in the order 
— 5161 > 1121 > 2110 > 0001. 

These zones may be easily located by studying 


Fig. 5 which is a schematic representation of Figs. 
3, 


4 and 6. Normally, aluminum does not enter 
Z-growth (0001) substitutionally if only trace 
amounts are present in the feed solution. The non- 
uniform distribution of aluminum in these zones 
is undoubtedly related to its difference in charge 
from silicon (IV). The electrical charge on the 
growing face may also be a contributing factor to 
the order of concentration of impurity incorpora- 
tion. 

Germanium has been found to enter the quartz 
lattice in a statistical manner!) as one would pre- 
dict for an impurity of the same charge as silicon 
and only slightly larger in ionic size. One unex- 
pected feature in doping a Y-bar with germanium 
is that the incorporation of substitutional alum- 
inum in the Z-zone (0001) is promoted, although 
it still enters the lattice in smaller amounts in this 
zone than in the other zones.!) In flawed quartz 
grown on a Z-seed one also finds large amounts of 
substitutional aluminum because in this case the 
growth is all rhombohedral, which also accounts 
for the flawed growth. 

In examining the X* region of Fig. 6 (near top 
of figure) one observes a few dark streaks radiating 
out from the body of the crystal (see Fig. 5 for 
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representation labeled vicinal growth) to the surface. 
These streaks have the same depth of color as 5161 
or 1121 growth and the same orientation as one of 
the two. These radiating lines are very pronounced 
when observed on a Y-bar crystal wafer under the 
microscope and terminate in the vicinal growth of 
the 2110 face. When one measures the orientation 
of this vicinal growth, one finds that these faces are 
all x- or s-faces. Thus, by X-raying the crystal and 
creating the visible color centers related to sub- 
stitutional aluminum, one has solved the origin of 
these vicinal faces which are seen to originate at 
flaws or dislocations in the 2110 zone and continue 
out radially to the surface. Thus, it would be pos- 
sible to grind the rough Xy¢+ surface smooth and 
then reproduce its rough fine-structure by careful 
examination of X-rayed Y-bar cross-section cuts 
at intervals along the crystal. The vicinal growth is 
not related to nor does it start at the seed of the 
synthetic crystal. 


CONCLUSIONS 

Aluminum may be incorporated into «-quartz 
either interstitially or substitutionally, In either 
case it is always accompanied by alkali ion, lithium 
and/or sodium. Substitutional aluminum is in- 
corporated in various growing zones of the quartz 
in different concentrations generally being absent 
or interstitial in 0001 growth unless germanium is 
present, in which case it can be incorporated in the 
0001 growth substitutionally. The order of the 
concentration of alkali follows that of the substitu- 
tional aluminum in the various zones. 

Interstitial aluminum may be precipitated by 
heat-treating the quartz in the f-quartz stability 
range and then cooling. It was found that the pre- 
cipitate comes out at the «—§ transition tempera- 
ture and is most likely a lithium aluminum silicate 
phase isomorphous with f-quartz. 

Visible color center phenomenon in quartz is 


related to substitutional aluminum impurity but 
not to interstitial aluminum. 
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Abstract—A number of sharp absorption bands in the infrared spectrum of crystalline «-quartz 
between 3200 cm~! and 3655 cm=! have been assigned to defects in the lattice. Defects containing 
water may cause a broad absorption through this region of the spectrum in very imperfect parts 
of certain crystals, but it does not contribute to the sharp bands observed. One band at 3581 cm~! 
is probably due to the OH stretching vibration of a proton defect, but the other peaks are not. 
Treatments of the crystal involving X-irradiation, heat bleaching, annealing or heating in an 
electric field strongly affect the intensities of the bands observed, and it is concluded that the bands 
originate in color centers with an electronic origin. Probably more than one type of center is involved. 
No correlation with the visible color centers of smoky quartz or amethyst is observed. Interstitial 


foreign atoms play an important role in the formation of the infrared centers but vacancies or 
interstitial Si or O atoms are probably not involved. Although much information relating to the 
infrared color centers is available the full details of their structure are not yet known. 


INTRODUCTION 


THE optical absorption spectrum of the pure 
quartz lattice is characterized by a very broad 
region of high transparency, beginning with the 
electronic absorption band which produces the 
vacuum ultraviolet cutoff near 69,000 cm-! and 
continuing to about 3000 cm~—! in the near infra- 


red region as shown in Fig. 1. This wide region of 


transparency contributes to the frequent use of 
quartz for optical elements. From 3000 cm7! 


Fic. 1. Optical absorption of quartz. 


* Paper presented at Symposium on Defect Structure 
of Quartz and Glassy Silica, Mellon Institute, May 
22-24, 1957. 


toward longer wavelengths there is strong absorp- 
tion starting with the overtone and combination 
frequencies from 2500 cm~! to about 1500 cm7! 
passing through the fundamental lattice vibrations 
(not all of which are shown in Fig. 1) and ending in 
the vicinity of 120 cm~! (80) with the last strong 
fundamental lattice absorption band. Beyond 120 
cm~! the crystal is again quite transparent. ‘These 
properties are all characteristic of the pure crystal 
lattice, and therefore the same in every crystal. 
In addition to the consistent features of the 
optical spectrum, a very high percentage of crystals 
exhibit optical absorptions of a variable nature in 
the otherwise transparent regions. ‘These absorp- 
tions are of two types in general, one type being 
due to the inclusion in the lattice of a chemical 
species which imparts a color characteristic of the 
species, as in the case of iron, giving the variety of 
yellow quartz called citrine. The second type of 
absorption is usually called a color center and may, 
for example, give rise to the familiar brownish 
coloration of smoky quartz or to the violet colora- 
tion of amethyst. To the defects causing these two 
common varieties of colored quartz have been 
added an ever increasing list of color centers in the 
visible and ultraviolet regions of the spectrum. 
Some of these color centers are understood in con- 
siderable detail while others, including those in the 
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infrared, remain as yet unexplained. Those defects 
causing the visible and ultraviolet color centers are 
not the primary concern of this article and will 
only be discussed as they bear on the primary 
problem of the origin of the infrared absorbing 
centers. The question of the origin of the infrared 
bands is important in the investigation of the 
differences which apparently exist between natural 
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not the same in every crystal.(@:3) It has recently 
been recognized:5) that the reason for the appar- 
ent failure of Lambert’s law arises from the fact 
that the intensity of the bands arises from a defect 
in the crystal lattice rather than from a proper 
vibration. It is therefore not correct to assign these 
bands to overtone or combination bands as several 
authors‘6-8) have done. 
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Fic. 2. Infrared{bands in quartz at room 





4000 2000 


quartz and synthetically produced quartz“) and 
which must originate in defects in the crystal 
lattice. 


GENERAL FEATURES OF THE INFRARED BANDS 
NEAR 3400 cm~—! 


It has been known for a long time that the ab- 
sorption coefficients of a group of bands near 
3400 cm~! in the infrared spectrum of quartz were 


«= ABSORPTION 


CRYSTAL NO. 5! 





| 
4 


3500 3000 2500 
FREQUENCY IN CM~! 








4000 


temperature. NaCl prism, basal sections. 


A survey of nearly 100 quartz crystals of various 
origins has revealed several facts about the ap- 
pearance of the near infrared bands in question. 
In the first place, there are several components to 
the group, and the intensities of the several com- 
ponents occur with varying magnitude. Six com- 
mon characteristic contours of the group of bands 
for basal sections of various crystals are shown in 
Fig. 2 as recorded at room temperature using a 
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Perkin-Elmer double-beam Model 21 spectro- 
photometer with NaCl optics. The crystals num- 
bered 37, 40, 43 and 51 are clear Brazilian quartz 
selected from commercial radio-grade material. 
The crystal numbered 60 is synthetic quartz grown 
by the Bell Telephone Laboratories on what has 
been called a Y-bar seed. The sample numbered 
94 is from a very fine Brazilian rose colored natural 
crystal courtesy of Dr. A. J. CoHEN of the Mellon 
Institute, Pittsburgh, Pennsylvania. 
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The detailed picture of the individual com- 
ponents and their relative intensities is more 
clearly revealed by the spectra at 77°K which are 
shown on an expanded scale in Fig. 3 for the same 
crystal sections whose room temperature spectra 
are shown in Fig. 2. In these spectra recorded with 
the Perkin-Elmer Model 21 spectrophotometer 
with a CaF»: prism are distinguishable at least 
twelve individual lines whose frequencies are 
listed in Table 1. In the body of the table the 
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Fic. 3. Infrared bands in quartz at low temperature. CaF2 prism, basal 
77h. 


Dashed curve: room temperature. Full curve: 


The absorption bands in Fig. 2 which vary in 
intensity are found at frequencies higher than 
2700 cm~!. The several absorption peaks at lower 
frequency when reduced to absorption coefficients 
are quite constant and can be assigned to proper 
overtones and combinations of the fundamentals 
which lie below 1250cm-!. It is immediately 
obvious from Fig. 2 that there are many individual 
components in the group of variable bands and not 
all components are found with the same intensity 
in the various crystals. The intensity of the 
strongest band in the group ranges from 0-13 
cm! to 6-0 cm~! in the crystals which have been 
examined so far. 


sections. 


designated by a + 
and the lack of a line 
The designations of 


presence of a given line is 
opposite the crystal number, 
is designated by no symbol. 
the lines given in this work are noted across the top 
of the table together with the designations given by 
MITCHELL and RiGcpEN“) for comparison. Most 
quartz crystals give spectra resembling thosefof 
crystals numbered 37, 40, 43 and 51, although the 
details of the pattern may vary somewhat. The 
over-all aspect at 77°K is rather similar for these 
crystals even though the room temperature spectra 
may appear quite different. All synthetic crystals 
and the rose quartz, however, seem to have char- 
acteristics not in common with those of the natural 
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Table 1. Absorption lines in quartz at 77°K 








Line designation 





This work 











MITCHELL and RIGDEN 








Frequency (cm~*) 3234 | 3305 | 3370 


3393 | 3432 3512 


3563 | 3581 | 3634 | 3654 








Crystal Nos. 
37 


oe 
a 


crystals just mentioned. The spectrum from crystal 
number 60 shown both in Fig. 2 and in Fig. 3 
indicates that the high frequency band designated 
J has considerable intensity, while the band 
designated C, which is the dominant feature for 
common varieties of natural quartz is very weak in 
the synthetic quartz spectrum. The spectrum of 
the rose quartz is unique since no other natural or 
synthetic crystal has a spectrum even roughly com- 
parable. Because of the variability of intensities of 
these individual components it does not appear 
logical to assign all the lines to a common origin, 
and one may conclude that the bands originate 
from more than one defect. 

Even though the spectra at 77°K show consider- 
ably more detail than the room temperature spectra 
there is a great deal of detail yet to be resolved as 
the temperature is lowered. Bass and Brorpa‘) 
have shown that as the temperature is decreased to 
4-2°K the width of the individual components may 
decrease to less than 2 cm-!. At this temperature 
they have identified two lines in crystalline quartz 
(D and G) which we also find to be present in the 
spectra of our crystals. The increased detail in the 
spectrum when the sample temperature is lowered 
to that of liquid helium and when LIF is used as a 
prism material instead of CaF: is shown in Fig. 4 
where the spectrum of a basal section of crystal 
number 51 is given. Seven of the absorption bands 
in the spectrum of this crystal at 77°K as shown in 
Fig. 3 are now split in such a way as to give sixteen 
in Fig. 4. The limit of the detail in the spectrum of 


oe 


Fig. 4 is due to the resolving power of the spectro- 
meter employed and it appears that more com- 
ponents would be visible if the higher resolution of 
a diffraction grating were used. 
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Fic. 4. Infrared bands in quartz at liquid helium tem- 
perature. LiF prism, basal section. 


The variability of the infrared absorption bands 
is not only limited to the distinction between one 
crystal and another, but is also found within a 
single crystal. In most natural crystals the variation 
in the infrared bands from one point to another is 
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a matter of intensity alone, perhaps closely related 
to the segregation of impurities which causes the 
smoky color phantoms often seen, In synthetic 
crystals the variation of the infrared bands may in- 
volve the general contour of the bands as well as 
their intensity. This is perhaps not surprising in 
view of the fact that the smoky color center intro- 
duced in synthetic crystals on X-irradiation are also 
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the section uniformly. In the part of the crystal 
which grew along the z-axis there are no color 
centers at all. The small rectangle in the center of 
the photo is the cross section of the seed on which 
the crystal was grown. The infrared spectra of 
three of these parts of the crystal are indicated in 
Fig. 5 by the three curves identified by the arrows 
with the appropriate part. The part of the crystal 
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Fic. 5. Segregation of defects in quartz. Section | y-axis. 


segregated and evidently of more than one kind. 
In the center of Fig. 5 is shown a photograph of an 
X-irradiated section of a synthetic crystal cut per- 
pendicular to the Y-axis. The rhombohedral 
growth sections are very dark, but the color centers 
are concentrated near the surface which was next 
to the X-ray source. The fast and slow X-growth 
parts of the crystal are lighter in color, but in these 
portions the color centers are distributed throughout 


which grew from the seed along the z-axis has the 
smallest absorption for the frequencies in ques- 
tion, while that part which grew on the rhombo- 
hedral face has intermediate intensity. The part 
which grew along the negative X-direction (slow 
x-growth) has a very broad diffuse spectrum. This 
segregation of the defects responsible for the 
spectroscopic inhomogeneities is an important 
factor which must be considered in experiments 
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on all quartz crystals, but especially for the syn- 
thetic material. 


INFRARED BANDS AND LATTICE DEFECTS 

Several types of defect in the lattice could be 
considered in attempting to account for the infra- 
red absorption bands. We will consider five pos- 
sibilities in some detail: (i) Water molecules may 
be included in voids in the lattice to produce the 
observed absorption bands; (ii) a substitutional 
impurity or (iii) an interstitial impurity may give 
rise to either a molecular or an electronic transition 
of this energy; (iv) protons may be bound to the 
lattice to form OH groups whose stretching vibra- 
tion would give the observed frequency and dichro- 
ism ;() (v) a vacancy in the lattice may have around 
it an electronic system within which a transition 
of this very low energy may take place. 

The possibility of water in the quartz lattice 
actually was the starting point for the investigation 
described here. It was suggested that this defect 
might be found in greater concentration in syn- 
thetic quartz, and thus be the cause of the differ- 
ence in electromechanical properties between 
synthetic and natural crystals. We now believe 
that the sharp lines observed are not due to water 
in the lattice, but it is possible that the broad 
diffuse absorption of the slow x-growth material 
shown in Fig. 5 is due to water inclusions. The 
contour of the bands are similar in milky quartz 
where the myriad of inclusions causing the scatter- 
ing of light and the milky appearance may contain 
liquid water. Similarly in synthetic quartz the slow 
x-growth material contains a very high concentra- 
tion of inclusions which may also contain water, 0) 
The other regions of the crystal do not contain 
these inclusions and they also do not have the 
broad diffuse infrared absorption. Further data is 
necessary, however, before this conclusion can be 
accepted unequivocally. In particular, studies of 
synthetic crystals grown in DO should be useful. 

There is a possibility that the infrared bands 
might be due to overtones and combinations of 
fundamentals of molecular units such as LiO or 
NaO which could be formed from impurities in 
covalent bonding with the oxygen of the lattice. 
This is however untenable since the spectra of 
various crystals do not differ in any other region 
of the infrared spectrum except the 3400 cm7! 
region. If such molecular units were producing 
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QUARTZ 
these overtones, they would also necessarily pro- 
duce fundamentals at lower frequency, and these 
are not observed. Furthermore, the level of im- 
purities in the quartz lattice is in the range from 1 
to 100 ppm, and the intensity of any overtone or 
combination frequency involving these impurities 
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Fic. 6. Effect of X-irradiation on the infrared bands of 
quartz at 77°K. Basal sections. Dashed curve: before 
irradiation. Full curve: after irradiation. 


would be several orders of magnitude weaker than 
the overtones and combination of the pure lattice 
which are found nearby (e.g. at 2660 cm). The 
bands actually observed are more intense than the 
nearest lattice overtones or combinations, and 
therefore cannot have this origin. 

It is difficult to assign all the infrared bands of 
quartz to the proton defect. In the first place there 
are many components to account for. This would 
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require the postulation of at least sixteen discrete 
stable OH-group configurations in the lattice, each 
with slightly different vibrational frequency. This 
does not seem likely. Furthermore the experiments 
to be described later are difficult to explain on this 
basis. It is possible that one component (/) at 3581 
cm~! may be due to OH as suggested by MITCHELL 
and RIGDEN(™@ 
data do not warrant a firm conclusion on this point. 

Strong evidence against the OH assignment 


). But because the band is weak, our 


comes from experiments in which the intensities of 


the infrared bands were altered but only electrons 
in the lattice were affected. In the first of these ex- 
periments basal sections of the crystal were sub- 
jected to about 10°r of X-rays from a tungsten 
target tube operated at 50 kVp and 50 mA with a 
beryllium window. The results of this treatment for 
four crystals are shown in Fig. 6. It is evident that 
the change of intensity for the various components 
of the infrared absorption is not the same. Some 
bands decrease in intensity and others increase in 
intensity during the The 


treatment. results are 


Table 2. 


Intensity change 
on X-irradiation 


Frequency 


U 
U 


os 
> 


listed in Table 2 where the band designation and 
the frequency of the band are given together with 
the symbol designating no change (0), an increase 
(+) or a decrease (—). The bands of extreme 
frequency, namely A, B, K and L (K, L not shown 
in Fig. 6) do not change on X-irradiation. The 
lines C and D increase in intensity while the rest 
decrease in intensity. From the crystals examined 
so far it appears that the largest change of intensity 
occurs in the synthetic quartz crystals exemplified 
by Nos. 17 and 60 rather than in natural crystals. 

The effect of X-irradiation on the infrared spec- 
trum can be completely reversed by heating the 
crystal to 500°C for a few minutes. This is the 
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second experiment effecting electrons in the 
crystal. Any change in intensity with this treat- 
ment which will be called heat bleaching proceeds 
only to the extent of reversing the changes due to 
X-irradiation. When an unirradiated crystal is 
given this mild heat treatment no change in in- 
tensity of the lines is observed. This behavior is 
strongly reminiscent of the visible color centers 
previously mentioned since they also can be re- 
moved by a mild heat bleaching.“!-1*) These ex- 
periments suggest an electronic origin for the 
infrared bands since the X-irradiation and the heat 
bleaching presumably affect only electrons within 
the crystal. 

Since the infrared bands behave in a manner 
similar to that of the visible color centers in re- 
gard to X-irradiation and bleaching it is logical to 
ask if there is a correlation between the visible 
color centers and the infrared centers. Since none 
of the crystals having infrared bands were violet 
in color, it is concluded that these bands do not 
bear any relation to the color center of amethyst. 


Changes in the infrared bands with X-irradiation 


Intensity change 
on X-irradiation 


: Frequency 
Line oe 
(cm~*) 


WWW WwW WwW WwW 


Some crystals, however, were smoky when re- 
ceived and practically all exhibited the smoky color 
center after X-irradiation. This color center both 
in natural and X-irradiated smoky crystals has 
been attributed by GrirFitus et al.“8) to an elec- 
tronic transition in the vicinity of a substitutional 
aluminum atom in the lattice. The maximum ab- 
sorption of the ordinary ray in smoky quartz has 
been observed by most workers at 460 my wave- 
lengths. In our crystals however, we have ob- 
served two different colors in basal sections of 
smoky quartz either of natural origin or of X- 
irradiated material. The grey smoky color charac- 
terized by the 460 my peak is common but there 
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is also a yellowish variety with an absorption maxi- 
mum near 400 mu. The visible absorption spectra 
of sections of two crystals cut perpendicular to the 
c-axis and exhibiting these absorption bands are 
shown in Fig. 7. Crystal No. 51 shows the 400 mu 
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Fic. 7. Absorption curves of two different colors of 
smoky quartz produced by X-irradiation of two natural 
Brazilian crystals. Basal sections. 


absorption peak, whereas crystal No. 39 shows the 
460 my peak. Neither of these color centers, how- 
ever appears to be related to the infrared color 
centers as can be seen from the data in Table 3. 
In this table the intensity of the visible smoky color 
center is given next to the intensity of the principal 
peak of the infrared color center, namely the band 
C at 3305 cm-!. The two crystals No. 40 and No. 
48 show this lack of correlation. Crystal No. 48 is 
rather dense after X-irradiation but its infrared 
absorption is weak, whereas crystal No. 40 darkens 
very little on X-irradiation and yet its infrared ab- 
sorption is relatively strong. Another pair of 
crystals which show a similar lack of correlation 
between the visible color center and the infrared 
absorption is No. 39 and No. 70. We conclude 
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Table 3, Intensities of infrared and visible absorption- 
bands 


Intensity after 
3 hr X-irradiation | Intensity at 3305 


Crystal Nos. 
. cm7! (cm-!) 





460 mz | 400 mu 





therefore that the infrared absorption is not con- 
nected with the visible color centers and is not due 
to substitutional aluminum in the lattice. 

It should be mentioned in passing that in several 
crystals we have observed dichroism in the basal 
section for the visible smoky color centers. This is, 
of course, impossible for a defect having the sym- 
metry of the quartz lattice, and therefore, leads us 
to the conclusion that the aluminum color center 
in these crystals is segregated into sub-microscopic 
domains having symmetry different from that of 
the crystal as a whole. It is likely that the orienta- 
tion of the domains is related to the direction of 
growth of the crystal. This interesting phenomenon 
deserves further study. 


VACANCIES AND INTERSTITIAL ATOMS 

MITCHELL and RIGDEN®) have eliminated oxy- 
gen vacancies, silicon vacancies, and the corre- 
sponding displaced interstitial atoms as defects re- 
sponsible for the infrared bands because neutron 
irradiation decreases the intensity of the bands. 
Our work has not yet included direct experiments 
involving these defects, and we accept their con- 
clusions as proved. 

Another experiment bearing on the origin of the 
infrared bands involves heating the crystal to 
950°C for several hours, which causes the relative 
intensity of the various infrared bands to change as 
shown in Fig. 8. The intensity of the high fre- 
quency components is decreased while that of the 
low frequency components is increased. This is in 
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Fic. 8. Effect of annealing at 950°C for 4 hr on the infrared 
bands of quartz. Basal section. 


contrast to the heat treatment at 500°C where no 
change in the infrared spectrum is observed ex- 
cept in previously X-irradiated specimens. At 
950°C the temperature is high enough so that 
migration of interstitial ions and perhaps the 
annealing of vacancies may take place, since it has 
been observed that the intensity of the X-ray color 
centers in the visible region is increased by the 
high temperature annealing treatment. This is 
shown in Fig. 9 where spectra have been recorded 
from an X-irradiated basal section of crystal No. 
51 and from an identical section of the same crystal 
which had been heated to 950°C for several hours, 
cooled, and X-irradiated for the same length of 
time. The intensity of the absorption in the visible 
for the annealed sample is much greater than for 
the control which was not annealed. This suggests 
that aluminum atoms which originally were 
located in the interstitial voids of the crystal have 
succeeded in displacing silicon atoms from 
the lattice, forming substitutional defects. The 
increase in the number of substitutional aluminum 
atoms in the lattice, therefore, accounts for the 


increase in the intensity of absorption of the visible 
color center. It will be noticed also that the peak of 
the visible absorption band has been shifted from 
about 400 my to about 460 my due to the annealing 
treatment. This suggests that the 400 my center is 
not due to substitutional aluminum. 

A second set of experiments having a direct 
bearing on the origin of the infrared bands in- 
volves heating a crystal to 500°C in an electric field 
of about 3000 V/cm parallel to the c-axis of the 
crystal. When this is done, a considerable electric 
current flows through the crystal due to the diffu- 
sion of ions through the lattice voids parallel to the 
crystallographic c-axis. Many workers have 
shown(!4-16) that the current which flows when the 
crystal is heated in the field is due to the migration 
of alkali cations. The current which flows when the 
crystal is first put into the field starts at a large 
value, builds up to a maximum, then decreases 
over a period of minutes to a small fraction of its 
original value. After continuing to decrease more 
slowly over a period of hours, a condition is reached 
where for several days a very small current flows. 
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Fic. 9. Shift in frequency and peak intensity of the 
visible absorption band of quartz after annealing and 
X-irradiation. Basal sections. 


The initial high current value corresponds to an 
electrical polarization of the crystal, while the 
second phase corresponds to a flow of alkali cations 
through the axial voids. It is believed“) that the 
long-term small current may be due to electrolysis 
of the crystal accompanied by evolution of oxygen 
and deposition of silicon. 

The effect of the electro-diffusion on the infrared 
absorption band is appreciable after an extremely 
short treatment. In Fig. 10 are shown the spectra 
taken from four samples of crystal No. 70, each 
sample having a different duration of electro- 
diffusion treatment. After 2 min at 500°C in a 
field of 3000 V/cm, the intensities of the various 
components are appreciably altered, the most 
noticeable effect being the broadening of the 
bands, G and F lying in the vicinity of 3470 cm~1 
and 3515 cm~—!. After 45 min of electro-diffusion, 
bands marked G and F have maxima appreciably 
shifted from the original values due to the change 
of intensity of the components of these bands. ‘The 
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bands marked A, B and D have not changed in- 
tensity while those marked E and H have decreased 
in intensity until after 9 hr of treatment H is com- 
pletely missing. The band marked C on the other 
hand has increased somewhat in intensity. 

Since the principal effect of the electro-diffusion 
treatment is the removal of interstitial ions from 
the lattice, it is logical to conclude that the inter- 
stitial ions play an important role in the origin of 
the infrared absorption bands. Spectrographic 
analyses of the diffused and undiffused areas of a 
crystal show that all the lithium and most of the 
sodium have been removed from the crystal during 
electro-diffusion treatment. This is in agreement 
with the findings of Apams“4) and of WENDEN(5) 
who found that the diffusion rate of lithium was 
extremely high and that of sodium was somewhat 
lower. 

The interstitial alkali cation also plays an im- 
portant role in the visible color centers of quartz, 
since the intensity of the visible absorption bands 
introduced by X-irradiation is negligible if the 
crystal has first been treated by electro-diffusion. 
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Fic. 10. Effect of electro-diffusion at 500°C on the infra- 
red bands of quartz as recorded at 77°K. Basal sections. 
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The areas of the crystal which have been under the 
electrode during the electro-diffusion treatment 
will not exhibit the smoky color center after X- 
radiation while the areas which were not under the 
electrode during the treatment do exhibit the 
color center on X-radiation. 

O’BriEN“”) has postulated that when the visible 
color center is formed on X-irradiation of a crystal 
having substitutional aluminum in the lattice, the 
electron removed from the aluminum atom by the 
incident photon is taken up by the interstitial 
sodium or lithium ion which balances the charge 
of the substitutional aluminum atom before ir- 
radiation. If this is true, the removal of interstitial 
cations by electro-diffusion before X-irradiation 
nay mean that the photo-electron can no longer 
escape from the aluminum center, and the color 
center is not formed. The observation that electro- 
diffused crystals do not darken on X-irradiation, 
therefore, lends support to O’BRIEN’s model. 


CONCLUSIONS 

It is not possible at the present time to determine 
in detail the nature of the defects causing the 3 yu 
infrared bands in quartz. It seems certain, however, 
that the bands are electronic in origin since the 
X-irradiation and heat bleaching experiments 
affect the infrared intensities, but only electrons 
are involved in the treatment of the crystal. From 
several possible types of defect which might be 
considered, MITCHELL and RIGDEN™) have elimin- 
ated interstitial displaced oxygen and silicon and 
the corresponding vacancies because the infrared 
bands decrease in intensity on neutron bombard- 
ment. Foreign atoms in the lattice must therefore 
be responsible for the bands. From the possible 
foreign atom species we have ruled out substitu- 
tional aluminum, because of the lack of correlation 
between the intensities of the aluminum color 
center in the visible and the infrared bands. The 
experiments 


annealing and _ electro-diffusion 


emphasize the importance of interstitial alkali 


cations, principally sodium and lithium. These are 


WOOD 


important in the formation of the visible color 
centers as well as the infrared centers, as the same 
experiments show. It seems unlikely that inter- 
stitial protons can account for the infrared bands 
even though the OH stretching frequency is the 
same magnitude as that of the observed bands. We 
believe that in the case of crystals containing ap- 
preciable concentrations of liquid inclusions, the 
water in the inclusions may contribute a broad 
diffuse envelope superimposed on the sharper 
defect absorption bands. The final details of the 
centers causing the infrared bands will become 
apparent only after further experiments. 
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Abstract—An investigation has been carried out aimed at developing a process for the growth of 
large crystals of synthetic quartz using silica-rich rocks native to the United Kingdom as the raw 
material. As a result of this work the effect of impurities on the habit and quality of the crystals has 
been determined. The role of aluminium as a key impurity has been proved and the darkening 
produced by X-irradiation has been used to study the distribution of impurities in the synthetic 
quartz. Recent work has thrown further light on the manner in which aluminium, possibly associated 


with another element, is incorporated in the quartz structure. 


INTRODUCTION 

UNTIL recently, all the quartz required for the 
production of oscillator crystals for frequency 
control has been obtained from natural resources. 
Although quartz is one of the most abundant 
minerals in the earth’s crust, it is only found in 
large crystals of the required quality in a few iso- 
lated regions. During the past 15 years work has 
been carried out to develop processes for the con- 
trolled growth of quartz in the laboratory. Con- 
siderable success has been obtained both in the 
United Kingdom 2) and the United States,(3-4) 
crystals of piezoelectric-quality weighing over 
1 lb. having been grown. 

All the modern processes used for the growth of 
synthetic quartz have been developed from the 
pioneer work of SpeziA®) at the turn of the 
century. Although the methods adopted by various 
workers in this field are basically similar, there are 
certain fundamental differences which affect the 
properties of the crystals. Because of its glass- 
forming properties and its allotropic modifications 
it is not possible to grow quartz from the vapour or 
the melt. Growth from solution must be used and 
as quartz is virtually insoluble in aqueous media 
under ordinary ambient conditions it is necessary 
to use elevated temperatures and pressures to 
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obtain sufficient solubility. These so-called hydro- 
thermal conditions are probably similar to those in 
which much natural quartz has been formed. At 
temperatures approaching 400°C and pressures of 
1000 atm (about 7 tons/in.?), quartz is readily 
soluble in alkaline solutions such as sodium car- 
bonate. 


CRYSTAL GROWING TECHNIQUE 

A schematic diagram of the apparatus used by 
the authors is shown in Fig. 1. In what will be 
called the standard process a steel autoclave con- 
structed to withstand high pressures has seed 
crystals suspended from the lid and a supply of 
crushed melting-grade quartz at the bottom. The 
autoclave is about 80 per cent filled with a solution 
containing 88 g/l of sodium carbonate and sealed. 
The simple furnace used consists of a hotplate on 
which the autoclave stands surrounded by mica- 
ceous-flake thermal insulation. By this means a 
temperature gradient is established so that it is 
hotter at the bottom in the region of the nutrient 
crushed quartz than at the top where the seeds are 
located. 

At the working conditions the av oclave will be 
filled with a single-phase fluid, the pressure 
developed being a function of the temperature and 
of the percentage of the space originally occupied 
by the solution at room temperature. The tem- 
perature at the base of the autoclave is controlled 
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nutrient either by grading the particles of the 
nutrient itself or by the use of an additional bafHle 
above the nutrient. In order to obtain crystals of 
the highest visual quality, the rate of growth must 
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Fic. 1. Diagram of apparatus for the growth of synthetic 
quartz. 


at about 400 C and the temperature at the seeds 
reaches an equilibrium some 40°C lower. The 
temperature gradient along the length of the auto- 
clave is not uniform, a fall of about 20°C occurring 
across the metal at the base and most of the re- 
maining drop being across the nutrient. The space 


above the nutrient is approximately isothermal and 
the supersaturation in this region remains con- 
stant. Thus crystals can be grown at approximately 
the same rate of growth in any part of the auto- 


clave. 

For a given design of autoclave, the rate of 
growth will be dependent on seed orientation, 
pressure, temperature and temperature differ- 
ential. The seed orientation which has been 
adopted in most of the work to be described is the 
basal plane or Z-cut. Fig. 2 shows the relation 
between this cut and the minor rhombohedral or 
r-cut which has also been used as a seed for the 
growth of synthetic quartz, particularly in the 
United States. It will be shown subsequently that 
the seed orientation not only affects the rate of 
growth but also has a marked effect on the way in 
which impurities are incorporated in the crystal. 
It is most convenient to control the rate of growth 
by means of the temperature difference and this is 
done by adjusting the flow of solution through the 




















Fic. 2. Relationship between crystals grown on the 
basal plane (Z-cut) and the minor rhombohedral plane 
(r-cut). 


not exceed a certain maximum, which, for the con- 
ditions used in the standard process, is about 0-5 
mm day on each side of the seed measured in the 
direction of the optic axis. In fact the visual quality 
is in some respects a misleading criterion and the 
measurements of the mechanical damping re- 
corded in Table 1, show that a progressive im- 
provement in crystalline perfection takes place as 
the growth rate is reduced. As it happens, for most 
practical applications the quality corresponding to 
0-5 mm/day is adequate but for especially stringent 
requirements it may be necessary to employ a 


Table 1. Mechanical damping of quartz 
at 5 Mc/s 


Damping* 


Q™) 


x10-? 
Natural i 3-4 
Synthetic “o> 30 

11-15 


5 


Growth rate 
(mm /day) ( 


Material 





* The damping was measured at 20°C 
using a special design of oscillator 
crystal. (12) 
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lower growth rate or an alternative growing 
technique. 

A small pilot plant has been set up to grow 
crystals by the standard process. A growth of 15 
mm takes place in a period of about a month, the 
resulting crystals weighing about 135 g. 


INFLUENCE OF IMPURITIES 

The standard process recrystallizes a low-grade 
quartz—which due to size and imperfections such 
as twinning is unsuitable for piezoelectric use— 
into crystals of a size and quality which are ideally 
suited to this purpose. However, the melting- 
grade quartz used as nutrient still has to be im- 
ported and considerable work has been carried out 
over the last 5 years to develop processes which 
can be used with relatively impure nutrient 
materials which are native to the United Kingdom. 
Reasonable success has been obtained using flint 
and a variety of quartzites. 

Early in this investigation it was found that 
quartz could be grown on Z-cut seeds using im- 
pure nutrient materials, but that the quality, 
particularly of large crystals, was not good enough 
for piezoelectric use. It is now known that the 
poor quality is due to the incorporation of im- 
purities in the synthetic crystal during growth. 
However, it was found that it was possible to grow 
crystals of piezoelectric quality by modifying the 
solution in which the crystals were grown. Good 
crystals have been grown from flint and impure 
quartzite by using a solution containing 40 g/l. 
NagCOs, 33 g/l. NaOH and 3-4 g/l. NaF. 

Further examination of a number of different 
quartzites showed that many of them could be 
used satisfactorily with the standard process; these 
are referred to as class A quartzites. It is now 
known that the difference between class A and 
class B quartzites (class B being those quartzites 
which require the modified process) lies in the 
type of accessory minerals which are associated 
with the quartz. In particular, the structure of the 
felspar, which is commonly the primary accessory 
mineral in quartzites, plays an important role in 
deciding whether the material will be class A or 
B.(6) 

Work by GrirFitus e¢ al. using a paramag- 
netic resonance technique has shown that alumin- 
ium is the impurity which affects the quality of 
synthetic quartz crystals grown from class B 
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materials using the standard sodium carbonate 
solution. This result has been corroborated by 
spectrographic analysis on a number of specimens. 
In addition, the direct test has been made by 
deliberately adding aluminium in a number of 
forms along with a pure quartz nutrient. Such 
adulterated quartz now acts as a class B nutrient 
and crystals grown from it using the standard 
solution have the habit and poor quality of a crystal 
grown under similar conditions from flint or a 
class B quartzite. Further, by using the modified 
solution, the defects can again be overcome. Fig. 3 
shows four crystals which illustrate this result. The 
crystals from left to right were grown from nutri- 
ents and in solutions as given below. 

Nutrient Solution 


Sodium carbonate 

Sodium carbonate 

Sodium carbonate 

Sodium carbonate +sodium 
hydroxide +sodium fluoride 


Quartz 

Flint 
Quartz+aluminium 
Quartz +aluminium 


The most notable feature which can be seen from 
the photograph is the nature of the growth surface 
approximating to (0001). This surface is smooth 
on the crystals grown from quartz in sodium car- 
bonate solution and from quartz with aluminium 
in the modified solution, but it is rough and pitted 
in the case of the crystals grown from flint and from 
quartz with aluminium, in sodium carbonate solu- 
tion. It will be shown that the nature of the growth 
surface is closely related to the manner in which 
aluminium is incorporated in synthetic quartz 
grown on Z-cut seeds. 

It has been known for some time that when 
natural quartz is irradiated with X-rays or any 
other ionizing radiation, the material darkens, 
FRONDEL studied this phenomenon in detail and 
showed that the darkening produced in natural 
quartz is often non-uniform showing a banded 
structure. 8) The darkening occurs in sheets parallel 
to the major rhombohedral planes and is therefore 
connected with the growth of the crystal, probably 
being associated with changes in the environment 
in which the crystal grew. When large crystals of 
synthetic quartz were first grown by the authors, 
their behaviour under X-irradiation was deter- 
mined. Fig. 4 shows the result of irradiating an 
X-cut section of a synthetic quartz crystal grown 
on a Z-cut seed. It will be seen that the central 





340 Cc. S. BROWN 


region corresponding to the natural quartz seed has 
darkened uniformly and that there are two regions 
beneath the minor rhombohedral faces which have 
also darkened rather more intensely than has the 
seed. The remainder of the synthetic growth has 
not darkened under this dose (ca.107 r). The dia- 
gram in Fig. 5 shows the region under the minor 
rhombohedral face on a larger scale. The triangular 
region abc corresponds to growth which has taken 
the 
Spectrographic analyses of material 


place on minor rhombohedral face as it 
develops. 
taken from various regions of a number of crystals 
grown by the standard process have shown that 
the total aluminium concentration in the growth 
on the Z-cut orientation is commonly less than 
40 parts in 10° atomic replacement. However, in 
the growth under the minor rhombohedral face 
be 10 this 


figure, 1.e. 400 parts in 106, ‘The impurity content 


content times 


. 
the aluminium 


may 


of the melting-grade nutrient lies between these 
two figures and the low aluminium concentration 
in quartz grown on a Z-cut seed is in part due to 
the “scavenger action”’ of the growth on the minor 
rhombohedral faces which are formed during the 
growth. This also illustrates a general result found 
in the growth of synthetic quartz, namely that it is 
easier to introduce impurities during growth on 


rhombohedral face than on the basal 


If, however, there is a large excess of aluminium 
in the system, it is found that the crystals grown 
on the basal plane will darken readily in a char- 
acteristic way as shown in Fig. 6. In addition to 
the darkening of the seed crystal and the growth 
the rhombohedral face, there is 


under minor 


darkening of the primary growth in the form of 


distorted narrow-angled cones directed along the 
c-axis. These cones terminate in the rough, pitted 
growth surface and are apparently associated with 
the pits. This can also be seen from the bands 
which run parallel to the seed surface. These bands 
which are regions of either more or less intense 
darkening than the surrounding material are re- 
produced precisely on both sides of the seed. It 
can, therefore, be deduced that these bands are 
produced either by changes of the temperature or 
pressure in the autoclave or, what is more likely, 
by changes in the concentration of aluminium in 
the solution. These bands will therefore represent 
the nature of the growth surface at the particular 
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time when they are formed. The discontinuities in 
these bands tend to follow the boundaries between 
the cones of darkening. 


MECHANISM OF GROWTH 

The characteristic cone darkening structure can 
be used to obtain a model for the mechanism of 
growth on the basal plane. This is illustrated in 
Fig. 7. It is assumed that growth takes place in- 
dependently on a large number of centres in con- 
trast to growth on a habit face where only a 
limited number of centres are active and growth 
takes place by sheets spreading across the growth 
surface. The growth centres on the basal plane 
may be associated with spiral dislocations but there 
is, as yet, no direct evidence for growth spirals. If 
it is now assumed that quartz is deposited on the 
individual centres at different rates it will be seen 
that those which are growing faster overtake 
their more slowly growing neighbours and render 
them inactive. In the schematic diagram in Fig. 7 
all nine centres are active at the beginning of the 
growth, at a later stage only centres 2, 4, 6 and 8 
are active and eventually only centres 4 and 6. If 
the aluminium incorporation is uniform on any one 
growth centre but differs from one to the next, it 
will be seen that this gives rise to the characteristic 
darkening pattern. Fig. 7 also shows photomicro- 
graphs of the growth surfaces at various stages in 
the growth together with darkening patterns at 
similar stages for sections cut perpendicular to the 


which are the 


“cobbles’’, 


c-axis. The individual 
termination of the growth cones in the surface of 
the crystal, and the fine structure in the darkening 
patterns both tend to become coarser as the growth 
proceeds, This is in agreement with the suggested 
growth mechanism. 

The nature of the rough, pitted growth surface 
obtained when quartz is grown on the basal plane 
in the presence of a large excess of aluminium can- 
not be directly explained in terms of the suggested 
mechanism. Fig. 8a is a photomicrograph of the 
surface and shows clearly that the pits have no 
obvious crystallographic orientation. However, 
crystals have been grown with only just sufficient 
aluminium present in the system to commence 
the incorporation of aluminium by the above mech- 
anism. In this case, the aluminium apparently only 
goes into the growth on isolated centres and pro- 
duces a growth surface of the type shown in Fig. 





Fic. 3. Crystals grown to illustrate the importance of aluminium as an impurity in low-quality nutrients 











Fic. 4. Photomicrograph of an X-cut section 


from a synthetic quartz crystal grown on a Fic. 5. Diagram showing the X-ray darkening 


Z-cut seed from a pure melting-grade quartz of quartz deposited in the accessory growth on 
nutrient after X-irradiation. the minor rhombohedral face 


Fic. 6. Characteristic X-ray darkening pattern 
found in an X-cut section of a synthetic quartz 
crystal grown on a Z-cut seed in the presence 
of a large excess of aluminium. 
[ facing p. 340 
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Fic. 8. The nature of the rough growth surface formed in the presence of a large excess of aluminium. 
(a) Rough growth surface. (b) Isolated pits. (c) Interfering pits. (d) Rough surface after most of the 
damage has been removed by lapping. 


Fic. 9. Diagram of a pit formed at the centre of a growth 
cobble. 





10. Photomicrograph of an X-cut sectionshowingthe Fic. 11. Strain pattern observed in crossed nicols in a 
up between the cones of darkening and the pits. Z-cut section of a crystal containing a large excess of 


aluminium. Section taken near seed growth interface 


As Fig. 11. Section taken near end of growth. 


Fic. 13. Crystals grown in the presence of increasing concentrations of aluminium. Aluminium by weight 
of quartz nutrient: (1) 0-05 per cent, (2) 0-125 per cent, (3) 0:25 per cent, (4) 0:50 per cent, (5) 1-25 per 
cent, (6) 2:50 per cent. 





EFFECT OF IMPURITIES ON THE 
8b. It will be seen that certain of the larger cobbles 
have triangular pits at their centre. The relation 
between these pits and the rough growth surface 
produced by a large excess of aluminium is shown 
in Fig. 8c and 8d. Fig. 8c shows the growth sur- 
face of a crystal grown in the presence of a some- 
what larger concentration of aluminium than that 
of Fig. 8b. The pits are here more numerous and 
are commencing to overlap so that they interfere 
and lose their obvious crystallographic orientation. 
The crystal shown in Fig. 8d has a rough surface 
similar to that in Fig. 8a and has been lapped to 
remove most of the disturbed surface. The bottoms 
of the pits of the rough surface show approximately 
the same form as those in Fig. 8b. The character- 
istic rough surface is, therefore, formed from a 
large number of pits which overlap and interfere 
until the shape and symmetry of the pits is com- 
pletely lost. 

The nature of the individual pits is more readily 
seen by reference to Fig. 9, which shows a diagram 
of a single cobble and its pit. The pit shows perfect 
trigonal symmetry, the sense of rotation from the 
diad axes being dependent on the hand of the 
quartz. The sides of the pit form reasonably flat 
faces which have been indexed using a micro- 
scope. It is found that the orientation of these faces 


corresponds to the indices 2577. The reason for 
the formation of such a high index face, if it is a 
true face, in the presence of excess aluminium is 


not understood. Fig. 9 also shows a section con- 
taining the c-axis. If as appears likely, the pit is 
associated with the incorporation of aluminium, on 
irradiating such a section the growth cones giving 
rise to the cobbles with pits at their centres will 
darken readily. This is shown diagrammatically in 
Fig. 9 while Fig. 10 shows a photomicrograph 
which clearly illustrates this phenomenon. 

It has been seen that when crystals are grown in 
a large excess of aluminium, this aluminium is not 
incorporated uniformly in the crystal as it grows 
but is taken up preferentially on certain centres at 
the expense of the neighbouring centres. As the 
lattice spacing will be a function of the aluminium 
concentration it is reasonable to expect that strains 
will be set up at the boundaries between regions of 
different aluminium content. This strain can be 
seen readily by examining sections cut either 
parallel to or perpendicular to the c-axis in a 
polarizing microscope between crossed nicols. 
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Parallel to the c-axis there are deep fissures 
found under the rough growth surface where the 
stress exceeds that necessary to produce fracture. 
Instead of the crystal appearing dark as it should 
in the extinction position, the field is crossed by 
bands of light and dark produced by the strain. The 
same phenomenon is, perhaps, more readily 
studied by examining sections cut perpendicular 
to the c-axis. Depending on the angle between the 
polarizer and analyzer the section should appear 
to be a uniform colour when viewed in white light. 
Instead, a section cut from a crystal which has 
non-uniform aluminium incorporation will have a 
mottled appearance. This is shown in Fig. 11 and 
12, which are photomicrographs of two sections 
of the same crystal, Fig. 11 being taken near the 
seed crystal and Fig. 12 near the end of the 
growth. This again illustrates the way in which the 
number of active growth centres decreases during 
the growth. In this particular example, the density 
of active centres has decreased by a factor of the 
order of 20 in about 5 mm of growth along the 
c-axis. 

Comparison of the results of experiments in 
which crystals are grown on Z-cut seeds in the 
presence of high and low concentrations of alumin- 
ium shows that the mechanism by which alumin- 
ium is incorporated in the growing crystal is de- 
pendent on the concentration of impurity in the 
system. This has been studied more closely by a 
set of controlled experiments in which the con- 
centration of aluminium, added as y-alumina, was 
steadily increased. Six crystals grown in the pre- 
sence of aluminium deliberately added to the 
nutrient in proportions varying from 0-05 to 
2-50 per cent by weight are shown in Fig. 13. The 
concentration of aluminium added to the nutrient 
for the six crystals numbered 1 to 6 from left to 
right is given in the caption. Examining the nature 
of the growth surface it will be seen that the first 
two crystals show no obvious signs of the inclusion 
of aluminium. By contrast crystals 3-5 show the 
characteristic rough growth surface, crystal 5 
being so strained that the growth is hardly single- 
crystalline. With 2-5 per cent aluminium added to 
the nutrient (crystal 6) all growth is prevented. 
Further experiments carried out using concentra- 
tions of aluminium in the range 0-1-0-25 per cent 
show that the results are not consistent, in that a 
number of experiments carried out with the same 
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aluminium concentration sometimes give a rough 
growth surface corresponding to non-uniform im- 
purity incorporation and at other times give the 
smooth cobbled surface of the pure crystal. 

This behaviour can be explained in terms of the 
suggested growth mechanism as follows. For low 
concentrations of aluminium in the system, the in- 
corporation apparently takes place uniformly. Most 
of this aluminium is probably interstitial as the 
naterial only darkens slightly under X-irradiation. 
For high concentrations, it has been seen that the 
aluminium is taken up preferentially on certain 
growth centres. This can be understood, when it is 
considered that the energy required to introduce an 
impurity atom is a function of the number of im- 
purity atoms already incorporated in the growth on 
this centre. As the number of impurity atoms in- 
corporated increases, the distortion of the lattice 
becomes greater and it becomes easier to include 
more impurity atoms. Thus, once the concentra- 
tion of aluminium in the growth on a given centre 
exceeds a certain figure, further aluminium atoms 
will tend to be taken up preferentially on this 
centre at the expense of the neighbouring centres. 
In a physical system of this type, the probability 
that non-uniform inclusion will take place will be a 
rapidly changing function of the concentration of 
impurity in the nutrient. It will be seen that this 
qualitative analysis explains the observations. For 
low concentrations of aluminium, the probability 
of non-uniform take-up is very small. As the con- 
centration is increased the stage is reached where 
there is a reasonable chance that the aluminium is 
incorporated non-uniformly. This is the region 
where the results will not be consistent. At still 
higher concentrations, non-uniform inclusion will 
be the rule. 

Specimens cut from the crystals shown in Fig. 

e been analyzed for aluminium and sodium 
using spectrographic and flame photometric tech- 
niques, respectively. The results are given in Table 


in terms of the percentage atomic replacement of 


silicon by these elements and show that the con- 
centrations of sodium and aluminium are of the 
same order for low concentrations of aluminium 
added to the nutrient but that the sodium content 
tends to saturate while the aluminium content con- 
tinues to increase. It seems reasonable to conclude 
that the substitutionally added aluminium is associ- 
ated with a sodium atom situated interstially. This 
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Table 2. Sodium and aluminium concentrations in 
synthetic quartz grown in NagCOsg solution on Z-cut 
seeds in the presence of aluminium 


Impurity concentrations 
in crystals (atomic per cent) 


Concentration of alum- 
inium added to nutrient 
(weight per cent) 


Sodium Aluminium 





0-0050 
0-0045 
0-017 
0-037 
0-039 
0-039 


0:0045 
0:0065 
0-045 
0-065 
0-11 
0:29 


centre would be responsible for the visible darken- 
ing produced by X-irradiation (MITCHELL and 
Parce’s®) A bands), a model consistent with that 
suggested by O’BRIEN and Pryce ®, The excess 
aluminium found when the concentration added to 
the nutrient is large, could be present either as 
interstitial atoms or as two substitutional atoms 
associated with an oxygen vacancy. There is, at 
present, no evidence to distinguish between these 
two alternatives. 

In discussing the incorporation of impurities in 
synthetic quartz, some mention must also be made 
of work which has been carried out in attempts to 
include impurities other than aluminium. It is well 
known that small monovalent ions in particular 
lithium and sodium, can readily be introduced into 
the quartz lattice under the action of an electric 
field. These ions lie interstitially in the “tunnels” 
which are parallel to the c-axis in the quartz struc- 
ture. It has already been shown that sodium is 
present in all synthetic quartz grown by the 
authors. Attempts have been made to introduce a 
number of other elements which might be expected 
to substitute for silicon in the lattice. In general, it 
has been found extremely difficult to introduce 
impurities into quartz grown on the basal plane. 
This result would appear to be different from that 
found by other workers in this field who have used 
seeds cut parallel to the minor rhombohedral face. 
In addition to aluminium, attempts have been 
made to incorporate the following elements in 
growth on Z-cut seeds, 
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Group V 


Group III | Group IV 





Phosphorus 
Arsenic 


Titanium 
Germanium 


Boron 


Of these elements only germanium has been 
successfully incorporated. Bearing in mind the 
similar ionic radii of silicon and germanium it is 
not surprising to find that germanium will readily 
go into quartz as a substitutional impurity. Large 
amounts of germanium can be taken up by the 
quartz lattice without setting up measurable strain. 
As would be expected, the centre is not sensitive 
to X-irradiation. It is interesting to note that boron 
is not taken up, although its small size and its 
valency of three would, at first sight, make it an 
ideal atom for incorporation in the quartz lattice. 
No explanation is known for this behaviour. 

A recent investigation, still incomplete, has 
shown that the nature of the cation in the solution 
from which the crystals are grown can have a con- 
siderable effect on the way in which impurities are 
incorporated in synthetic quartz. A striking ex- 
ample has been the growth of an intensely coloured 
emerald green quartz, a variety which does not 
occur naturally. From the circumstances in which 
this crystal was grown, it has been deduced that 
the colouration is produced by the presence of a 
trace of chromium. This diagnosis has still to be 
confirmed. The colouration in this crystal is very 
stable, being unaffected by heat treatment up to 
the «-$ inversion temperature or by prolonged 
X-irradiation. Preliminary transmission measure- 
ments show that the material has an apparent cut- 
off in the ultra-violet at 2800 A. It appears likely 
that this synthetic material is not related to the 
“greened” amethyst described by CoHEN™), 

An investigation of the type described can be of 
value to the worker studying colour centres in 
quartz in a number of ways. 

(1) The process described for the growth of large 
crystals of synthetic quartz can provide material 
with a total impurity content, and particularly a 
substitutional aluminium content, lower than is 
found in natural quartz. This is of value to the 
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worker studying radiation damage in quartz. With 
regard to the substitutional aluminium content it 
must be noted that the concentration in a number 
of specimens grown under nominally similar con- 
ditions will differ slightly, partly as a result of the 
statistical nature of the process and also as a result 
of variations in the purity of the nutrient. 

(2) Controlled amounts of the impurities present 
in natural quartz can, in certain instances, be in- 
troduced. This can be of considerable help in 
identifying the nature of those colour centres which 
are impurity-dependent. 

(3) By the introduction of impurities not found 
in natural quartz, material with new properties can 
be grown. For example, if sufficient chromium can 
be introduced into the green quartz it may be 
possible to obtain a quartz which is paramagnetic. 
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Abstract—The surfaces of synthetic quartz crystals show many details of growth patterns. Growth 
hillocks with spiral ramps are often found on rhombohedral faces and on the irregular surface of 


growing basal pinacoids (00-1). In some instances small hillocks are replaced through etching by 


pits in a substantially one-to-one relationship. 


IN contrast to its inertness under ordinary con- 
ditions, quartz may be readily dissolved in alkaline 
solution at elevated temperature and pressure. Use 
of this fact has led to practical processes for grow- 
ing well-formed crystals of high quality and purity 


up to sizes limited only by the size of the pressure 


vessel, 1-3 

In a typical growing operation, broken clear 
quartz chunks are placed at the bottom of a vessel 
having an inside diameter of 2 in. and an inside 
length of 24 in.; seed plates cut from high quality 
crystals are suspended in the upper part of the 
vessel; the vessel is filled three quarters full with 
10 per cent (aqueous) sodium carbonate solution; 
the vessel is closed and heated from underneath to 
an average temperature of 350°C and raised to a 
pressure of 15,000 psi. These conditions may be 
maintained for a period of several weeks. Quartz 
dissolves at the bottom and the solution is carried 


J 


ipward by convection, where, through cooling, 
the solution becomes supersaturated. Growth rates 
may be controlled through a number of variables. 
Furthermore, seed plates can be cut to present 
selected crystal planes to the nutrient solution. 

The study of spiral growth patterns on various 
crystals and their interpretation, particularly by 
FRANK") in 1949, gave impetus to similar observa- 
tions on quartz. Growth patterns were observed on 

* Paper presented by FRANK AUGUSTINE at Symposium 
on Defect Structure of Quartz and Glassy Silica, Mellon 
Institute, Pittsburgh, Pa., May 23, 1957. Derived from 
work performed under a Signal Corps Contract. 


natural quartz by WeIL® and Wi uis®), A large 
variety of topographical patterns were found in 
synthetic quartz, some of which are considered in 
this discussion. 

The present study was carried out in connection 
with the developmentt of methods for growing 
synthetic quartz of low internal mechanical losses. 
The observations and conclusions presented here 
are somewhat fragmentary but are considered to be 
of interest to the art and science of crystal growth. 
In agreement with investigations on other crystals 
the hillocks are believed to indicate growth by 
means of spiral dislocations. 

After removal from an autoclave, the grown 
crystals exhibit well-formed prism and rhombo- 
hedral faces. Trapezohedron faces are suggested by 
narrow planes, which appear as hardly more than 
wide lines on prism faces. 

Even with the unaided eye, considerable topo- 
graphy can be noticed: prisms (10-0) have generally 
a shingle-like marking, rhombohedral faces show 
flattened cones, the slower-growing major-R faces 
(10-1) are typically flatter than the others. If a 
basal pinacoid is present (00-1), it shows a different 
type of mound and a relatively large number of 
them.‘8) On minor-r faces spiral patterns were ob- 
served. (9:10) 

The crystals were examined with a light- 
microscope or a metallographic microscope; the 


+ U.S.A. Signal Research and Development Labora- 
tory, Ft. Monmouth, New Jersey, Contract Da-36-939- 
SC-72415. 
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Fic. 1. Minor-r face (01:1) composed of many growth hillocks, of which under low magnification seven 
show definite spiral pattern, in this area of 12 cm?. 


facirg 





2. Minor-r face (01-1) displaying a single large 


llock on an area of 10 cm*. The magnification is 1°8 





a linear half reduction has been 


for reproduction o f llustration 


100 X 100 X 


Fic. 3. Minor-r face after only 3 days growth, showing a number of hillocks apparently of spiral character 


Fic. 4. Growth spiral of three-fold symmetry on basal Fic. 5. Terraced cone of three-fold symmetry 
I D 2 . 2 
pinacoid or (0001) surface. The magnification is 30. on (0001) surface. The magnification is 33 


[facing fig. 2 
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Fic. 10. Area of Fig. 9 after etching. Each hillock has now 
been transformed into a pit. The magnification is 69. 


Fic. 11. Deep etch pits in (01:1) face as if seen from interior 
of the crystal. The magnification is 14. 
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largest magnification used was 230 x in the final, 
enlarged print. It seems probable that interference 
methods would disclose further interesting details. 

Fig. 1 shows a minor-r face (01-1) in which 66 
well-developed growth hillocks occupy an area of 
12 cm?. Through the use of evaporated silver and 
oblique light they are given the appearance of con- 
siderable height, although actually the total range 
in elevation is not more than 0-01 mm. The peaks 
point in the general direction of the c-axis. Seven 
of the hillocks show a spiral ramp up to a summit; 
four others suggest a system of spiral terraces. 

A single mound, by the way of contrast, covers 
most of the 10 cm? area of a minor-r face shown in 
Fig. 2. Suggestions of a spiral pattern indicate that 
a more refined technique of observation would 
expose a spiral around the obvious summit. 

A very short growth time seems to lead to 
elongated mounds. The minor-r seed in Fig. 3 was 
in contact with supersaturated solution for less than 
3 days. It may be assumed that the dislocation line 
lies more or less centrally in the indicated surface 
of revolution and thus at a relatively large angle 
from the normal to the surface. 

The synthetic Y-bar crystal“) is characterized 
by rather imperfect Z-surfaces (00-1) and X- 
surfaces (21-0). The Z-surface has a pebbled or 
orange-peel appearance?) and occasionally the 
hillocks show spiral patterns. Fig. 4 shows a 
characteristic spiral of three-fold symmetry, a 
triangle with rounded points and sides. The bi- 
sectors of the suggested triangle, or the three lines 
of most gentle slope descending from the summit 
of the cone, are nearly parallel to the a-axes of the 
crystal and are so identified by CINoBER‘®), 
WILLIAM Cook of this laboratory observed, how- 
ever, that these lines lie a few degrees to the left of 
the a-axis in left-handed quartz and a few degrees 
to the right in right-handed quartz. 

The speckled background of these three figures 
seems, on closer examination, to consist of very 
tiny hillocks subordinated to the high ones. The 


pattern is surprisingly similar to the spiral terrace 


pit in germanium metal shown by ELLis“”). 

The pattern in Fig. 5 may, in microscopic form, 
show evidence of being a spiral ramp, but the ap- 
pearance here is that of a series of round terraces. 
The triangularity has the same orientation with re- 
spect to the a-axes as in Fig. 4. 

The solitary snail of a spiral on the Z-surface in 
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Fig. 6 might be characterized as an embryo. It 
seems probable that a new and more active screw 
dislocation is just getting under way on the gentle 
slope of a much older cone. 

It has been assumed that the growth hillocks are 
caused by screw dislocations and therefore the 
summit of each would develop a pit if the quartz 
were suitably etched. An instance of this is pre- 
sented in Fig. 7, the etchant being saturated 
aqueous ammonium bifluoride. The faint outline 
of several growth steps is seen although the general 
surface is particularly smooth. 

Major-R faces occasionally 
rather similar to those on the 
Examples are not shown here. In Fig. 8 the etched 
surface of an apparently smooth major-R face is 
gouged by numerous triangular pits and two large 
lines having the appearance of closely coiled 
springs. These lines lie about 45° with respect to 
an a-axis. On other major-R faces rather similar 
etched lines have been found which are much 
smaller but again run substantially parallel and 
about 45° to an a-axis. Ammonium bifluoride was 
again the etchant. 

Characteristic hillocks on a prism face are shown 
in Fig. 9. There appear to be four types of surface 
features in addition to the fine parallel lines that 
run toward the upper left corner of the figure. 
These are: 

(1) Rows of distinct hillocks, condensed or 
spaced, and exemplified particularly by the line 


show mounds 


minor-r faces. 


extending from the left edge. 

(2) Isolated hillocks, each sloping gently toward 
the upper right. 

(3) Shaded areas above each of the isolated hil- 
locks and above some of the hillocks in the lines. 

(4) Broken lines of very tiny summits (or even 
possibly pits) seen along the lower part and upper- 
left of the picture. 

In Fig. 10, hot aqueous alkali etching of the 
sample of Fig. 9 has produced a pit at each sharp 
hillock. Nearly each pit in this figure can be seen 
to have come from a hillock. Most pits are char- 
acterized by a dark hole, approximately poly- 
gonal, and a shallow-slope pointing toward the 
lower-right. A second type of pit, believed to be 
unrelated to dislocations, is very broad and shallow, 
and squared off at the upper-left. The extensive 
slopes attached to the hillocks, item 2 of Fig. 9, 
have left no trace, and the shaded structures, item 
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3 of Fig. 9, are faintly observable. The counted 
density of pits is 4-5 x 104 cm~. 

Fig. 11 presents a view of pits produced by the 
action of hot aqueous alkaline solution on minor-r 
quartz. The crystal has been sectioned normal to 
an a-axis; this surface has been polished and 
serves as the “window” through which the rear of 
the minor-r face has been photographed. The un- 
dulating surface is part of the rhombohedral face 
that did not yield pits. The etch pits run deep into 
the quartz. Perhaps a decorating technique would 
show that they extend through the crystal. Such a 
behavior is suggested by the work of DasH“5) on 
germanium. The pits in general make a small angle 
with the normal to the minor-r face. 

Seed plates often become pierced with pits dur- 
ing the heating-up of the pressure vessel. Then, 
covered by the new growth, they form liquid- 
The 


favored dissolution of the seed at these points in- 


vapor inclusions in the harvested crystal. 


dicates that they were probably centers of disloca- 
tions. Further, when the grown crystal is deeply 
etched the pits may point to, or even enter, the 


liquid-vapor inclusions. 
ZiMonyi16 
photographs showing important similarities with 


published in 1957 a number of 


certain of the figures presented here. He examined 
natural quartz and a small number of synthetic 
crystals. An observation of particular interest is 
that a large growth cone on a rhombohedral face 
displayed spiralling lines after etching. 


In another 1957 publication DespujoLs®”) pre- 
sented photographs of three synthetic crystals 


showing mound structures, probably spirals, on 


and D. R. HALE 

minor-r faces, and discussed etch data and X-ray 
observations relating to the mosaic structure of 
quartz. 


Acknowledgements are due to Mrs. Marjorie ASHE, 
Metalographer, Mechanical Research Division, for the 
photomicrographs. 
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Abstract—The attack of quartz by hydrofluoric acid proceeds at a rate approximately a hundred- 
fold greater on the optic axial plane than on the prism faces. The rate of attack on coesite is nil. 
Mica and certain other silicates are resistant to hydrofluoric acid attack on certain crystal faces. A 
reaction mechanism is proposed to account for these facts. This mechanism predicts that in a 
perfect crystal, only those crystal faces which expose simultaneously two of the four oxygen atoms 
of a given silica tetrahedron are attacked by hydrofluoric acid. Coesite is a special case, in that the 
close-packing which is assumed to exist provides double the normal number of tetrahedral sites. 
Surface silicon atoms may occupy some of these vacant sites, with the result that no unsaturated 


oxygen atoms are exposed at the surface. 


INTRODUCTION 
It 1s a well-known generalization of chemistry that 
silica and the silicates are chemically attacked by 
aqueous hydrofluoric acid. This statement over- 
simplifies a rather complicated situation, as a few 
examples will indicate. 

Alpha quartz is attacked at a rate at least a 
hundredfold greater on a plane perpendicular to the 
optic axis than on the prism faces. The effect is 
conveniently demonstrated by etching a sphere 
prepared from a single crystal.) Mica also shows a 
remarkable directional effect. The cleavage surface 
is sO resistant to aqueous hydrofluoric acid that 
mica has been used successfully as a window 
material for microscopic study of the etching of 
glass. It has been reported that “dense silica” 
(coesite) is not attacked at all by hydrofluoric 
acid, 2) 

These anomalies are of a magnitude entirely too 
great to be explained by minor influences such as 
surface energy or packing density variations. One 
must look instead for some influence which is 
capable of completely blocking the chemical re- 
action in a perfect crystal. In this paper the view- 


* Paper presented at Symposium on Defect Structure 
of Quartz and Glassy Silica, Mellon Institute, May 
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point is adopted that surface structure holds the 
key: that certain two-dimensional arrangements of 
SiOSi bonds are inherently resistant to chemical 
attack. 


SURFACE STRUCTURE OF SILICATES 

Current theories of the structure of silica and 
silicates recognize the tetrahedral arrangement of 
four oxygen atoms around one silicon atom as a 
common feature of nearly all silicates, both crystal- 
line and vitreous. An elementary fact which ap- 
pears to go unrecognized is that there are only four 
ways in which this structural element can be ex- 
posed at the surface of a solid. These ways are 
distinguished by the number of oxygen atoms 
remaining attached to the subsurface structure 
(Fig. 1). 

According to this concept, it should be possible 
to classify any silicate surface as one or a combina- 
tion of these elementary exposure types. In vitre- 
ous phases, for example, the four types will occur 
at random. They need not occur in equal numbers, 
of course. Type I, for example, is undoubtedly too 
unstable to have any prolonged existence in the 
presence of water. In crystals, on the other hand, 
the exposure type will depend on the crystal plane 
or planes which constitute the surface. 
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The four possible surface exposures of the silica 


tetrahedror 


SURFACE REACTIONS 
In aqueous systems the exposed oxygen valen- 


cies of Fig. 1 will ordinarily be electrically neutral- 


ized by protons, forming a surface layer of hydroxy] 


groups. In the presence of fluoride ions, however, 
there is the alternative possibility that the silicon 
ion will coordinate fluoride ions. This substitution 
is encountered quite frequently in crystal struc- 
tures, owing 
between OH 
face substitution is observed when glass is 1m- 


o the similarity in size and charge 
and F~. An extreme example of sur- 


mersed in concentrated sulfuric acid to which a 
trace of a fluoride has been added. The surface be- 
comes so nonpolar that it ceases to be wetted by the 
acid.) It may be assumed that a significant equili- 
brium proportion of “hybrid’’ tetrahedra (Fig. 2) 


(structure) 


(structure) —-O 


Type II 


(structure) —-O O— (structure) 


(structure) —O F 
Type III 


Fic. 2. ‘‘Hybrid’’ tetrahedra resulting from the replace- 
ment of OH™ by F-. 


exists under less extreme conditions of acidity. It 
is probable that some substitution occurs even in 
the neighborhood of pH 7, where there is no 
observable chemical attack. 

The coordination of fluoride ions at the surface 
in the manner illustrated in Fig. 2 satisfies the elec- 
trical neutrality requirement, but leaves the silicon 
atom with a serious deficiency in its coordination, 
which is known to be six with respect to fluorine, 
rather than four. Therefore the Type-II hybrid 
tetrahedron will tend to coordinate a further com- 
plement of small negative ions. This may lead to 
the adsorption of further fluoride ions, but there 
should be a particular preference for bifluoride 
ions. This species has the unique property of pre- 
senting simultaneously a pair of fluoride ions in 
is able to fill 

sites in the 


Thus the bifluoride ion 
coordination 


contact. 
simultaneously two 
manner of a chelating agent, with a corresponding 
increase in stability. The absorption of a bifluoride 
ion by a Type-II surface would lead to the forma- 
tion of a complex having the configuration 


(structure) O 


(structure) O 


Granting the possible existence of such a surface 
complex, it is easy to account for continuous chem- 
ical reaction at a Type-II surface. The four 
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fluorine atoms in the immediate vicinity of the sur- 
face silicon provide a second tetrahedral co- 
ordination site as an alternative to the one cur- 
rently occupied by the silicon atom. A moderate 
degree of thermal activation should suffice to shift 
the silicon atom from one site to the other, with 
formation of SiF4. The ready availability of pro- 
tons may be expected to ease the transition by 
occupying the oxygen valencies vacated by the 
silicon atom. The newly-formed SiF 4 molecule will 
immediately coordinate two more fluoride ions to 
form the fluorosilicate ion. It may in fact do so as 
part of the transition process. 

The Type-III surface, on the other hand, is 
clearly unreactive. Steric considerations make it 
impossible to construct an alternative coordination 
site in close proximity to the silicon atom. More- 
over, the atom in question is bound to the sub- 
surface structure by three linkages instead of two. 


Oxygen 
elevations 


c/3 3) 


Fluorine J 
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The Type-IV surface, for the same reasons, should 
be completely unreactive. 

This attack mechanism is in qualitative agree- 
ment with known facts about the reaction of sili- 
cates with aqueous fluorides. In particular, it 
accounts for the fact that only acidified solutions 
lead to measurable attack, and that attack rate goes 
through a maximum with bifluoride ion con- 
centration. 3-4) 


CONCLUSIONS 

Directional effects in the dissolution of quartz 
are satisfactorily explained by the fact that the 
rapidly-attacked basal plane presents a Type-II 
exposure, while the prism faces are Type-III. 
These relationships are illustrated in Fig. 3 for the 
case of beta quartz. In the case of alpha quartz 
the distribution of bonds is identical, though a 
puckering of the lattice exists which reduces the 


c/6,c+ c6O 
5c/6©& 
c/2@ 


Silicon 
elevations 


Fic. 3. The structure of beta quartz, projected on a plane perpendicular to the optic 
axis. Type-III prism-face terminations are shown occupied by fluorine atoms. 
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symmetry from hexagonal to trigonal. It will be 
observed that prism-face exposures in successive 
layers of atoms alternate between Types II and III. 
In the presence of chemical reagents, the surface 
will necessarily consist of the chemically-resistant 
Type-III, as in Fig. 3. 

In the case of mica, three of the four vertices of 
each silica tetrahedron are occupied in forming 
hexagonal silicon—oxygen sheets. This would lead 
to a Type-III structure, were it not that these 
sheets occur in firmly-bound pairs with the fourth 
vertex of each tetrahedron sandwiched between the 
sheets, where it is not available for substitution. 
The cleavage planes in the resulting structure are 
therefore Type-IV, and consequently unreactive. 
This unreactivity is not true of the edges of the 


Fic. 4. 
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symmetry is not this high,®-® but for purposes of 
the present discussion it will be assumed that 
coesite approaches the face-centered cubic struc- 
ture. This is in agreement with the observation) 
that coesite reverts at high temperature into cristo- 
balite. 

The structural relationship between beta cristo- 
balite and the hypothetical close-packed coesite is 
shown in Fig. 4. The effect of high pressure and 
temperature is seen to be a collapse of the re- 
latively open structure of cristobalite, but without 
any rearrangement of bonding partners. Fig. 4 also 
illustrates a fact significant to the present dis- 
cussion; namely, that the formation of a close- 
packed structure increases the number of tetra- 


hedral sites suitable for occupation by a silicon 


The relationship between beta cristobalite and an idealized coesite. (a) beta 


cristobalite ; (b) intermediate structure; (c) coesite. Surface silicon atoms are represented 
as half-spheres to denote the fact that half the silicon ion sites must be vacant in a 
cleavage surface. 


sheets, of course, so it would be expected that 
finely-ground mica would be soluble in hydro- 
fluoric acid. The same considerations apply to 
other layer-structured minerals related to mica 
(talc, pyrophyllite, etc.) which occur only as fine 
powders. 

The interesting case of coesite cannot be im- 
mediately fitted into the picture because the de- 
tailed structure is still unknown. The available in- 
formation suggests that the unreactivity is to be 
ascribed to the existence of a Type-IV surface. 

The high density of coesite (3-01) requires an 
extremely compact arrangement of oxygen atoms. 
In order to account for the observed density it is 
necessary to assume closest packing (face-centered 
cubic or hexagonal) of oxygen ions of radius 1-3 A. 
X-ray and petrographic studies indicate that the 


ion. In cristobalite every such site is occupied, but 
in the close-packed structure there are four times 
as many tetrahedral sites as silicon ions. Under 
these circumstances, a silicon ion exposed at the 
surface (represented in Fig. 4 by half-spheres) may 
complete its coordination by an alternative to the 
usual method of coordinating hydroxyl groups and 
water molecules: it can drop beneath the surface 
into one of the vacant tetrahedral sites (Fig. 4c). 
This migration of surface silicon ions will be ac- 
companied by a polarization of the equivalent num- 
ber of oxygen bonds toward the subsurface silicon 
ions, leaving the surface saturated and unreactive. 

It is interesting to speculate whether other close- 
packed oxygen lattice structures might be expected 
to show anomalous solution kinetics. The mineral 
bromellite (BeO) has the close-packed structure, 
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with Be ions occupying half the existing tetrahedral 
interstices. Thus there are subsurface sites avail- 
able, but the smaller charge of the beryllium ion 
would probably make surface polarization effects 
negligible. Corundum (AlgOs3) is also close-packed 
but the aluminum ions occupy octahedral rather 
than tetrahedral sites. Hence, there are not 
enough empty sites to accommodate all the surface 
aluminum ions in the atomic layer immediately 
below the surface. In general, any thermodynamic- 
ally stable structure such as those mentioned 
would not be expected to have as strong a polariz- 
ing influence on its surface cations as does the 
metastable coesite. The latent energy associated 
with the creation of the large number of un- 


occupied tetrahedral sites in coesite must render 
these sites extraordinarily deep potential wells 
with respect to occupation by a silicon ion. 
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THE ANELASTICITY OF NATURAL AND SYNTHETIC 


QUARTZ AT LOW TEMPERATURES—ABSTRACT* 


J. C. KING 


Certain imperfections 1n alpha-qu 
tures in 


artz are found to introduce anelastic absorption at low tempera- 
20 


tal resonators. For a shear wave of 5 mc, absorption peaks are observed at approximately 
1 unirradiated samples. X-irradiation effects 
50° K absorption, while a new absorption is introc 
The results of 


a lowering of the amplitude of the 
luced at 100°K 
f acoustic absorption measurements on a number of selected samples of synthetic 
quartz resonators suggest that, whereas the 50°K absorption is attributable to excess oxygen, the 
100°K defect involves aluminum 


vhich is present substitutionally in the crystal structure. 


iation-induced lowering of the resonant frequency of crystal resonators is clearly the 


ic modul 


lowering of the elast lus associated 1 


with the 100°K anelastic absorption, 


i 
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LETTER TO THE EDITOR 


Sur la Résistivité et le déplacement de Knight 
d’alliages liquides de sodium 


(Received 11 September 1959) 


1. Introduction 

SUBSTITUER un atome étranger B a un atome nor- 
mal dans un métal A perturbe la structure 
électronique de ce métal. Des considérations 
théoriques permettent, dans le cas de |’état solide, 
de ramener ce probleme a celui de la diffusion des 
électrons de conductibilité de A, traités comme 
des électrons libres, par un potentiel en puits carré 
représentant l’atome B dissous.“: 2) Ce modele 
simple a donné de bons résultats pour le calcul des 
résistivités résiduelles®) et des déplacements de 
Knight: 4) des solutions solides diluées. L’étude 
suivante montre qu’il en est de méme, a |’état 
liquide, pour les alliages du sodium avec les autres 
métaux alcalins, tant en ce qui concerne la résis- 
tivité que le déplacement de Knight du sodium. 
Par contre, cette approximation n’est plus bonne 
quand l’électronégativité du métal dissous differe 
nettement de celle du sodium: ainsi pour l’argent, 


Vor et le mercure. 


2. Modele utilisé 

Nous supposons que la dissolution de B dans A 
(ici, le sodium), se fait sans contraction importante. 
Nous prenons alors pour rayon du puits de 
potentiel, représentant l’atome B dissous, le rayon 
atomique du métal B pur. La profondeur du puits 
est déterminée par approximations successives de 
facon que le gaz électronique perturbé fournisse la 
charge d’écran convenable a l’atome B dissous. 
Selon BLatr®) cette charge vaut : 

Vi-Ve 
O Z+ - p 
V4 

fois celle de l’électron, Z étant la différence de 
valence entre A et B (nulle pour les alcalins), V4 
et Vz les volumes atomiques respectifs de A et de 
B et p le nombre d’électrons de conductibilité par 
atome A. Si on analyse en composantes sphériques 
autour de B la fonction d’onde d’un électron du 
niveau de Fermi de A, sa diffusion par B introduit 
un déphasage 7 dans la léme onde partielle. Ces 


déphasages sont li¢s a la charge d’écran par la 
relation) : 
? 


 ——e 2/41 
C sae yn 


Ceci permet de déterminer la profondeur cor- 
recte du puits de potentiel; pratiquement, il suffit 
souvent de se limiter aux trois premiers déphasa- 
ges. 


3. Calcul de la résistivité 

La résistivité résiduelle Ap due a la concentra- 
tion c d’atomes B dissous dans A s’exprime en 
1), par la re- 


unités atomiques (e = m=h 


lation (6) : 
4c a 
Ap } > sin?(7y 1—71); 
°p 1 


k désignant le rayon de la sphere de Fermi du 
métal A. Nous admettons que cette formule donne 
encore correctement, a la température de fusion 
du sodium, l’accroissement de résistivité di aux 
atomes dissous, par rapport a celle du sodium pur. 

Le tableau 1 permet de comparer les valeurs 
calculées de cette fagon aux résultats experimen 
taux récemment obtenus par FREEDMAN et 
ROBERTSON?) pour une concentration atomique ¢ 
de 1 pour cent : 


Tableau 1. Comparaison des accrotssements de résts- 
tivité calculés et mesurés (c = 1 pour cent) 


A peaic( #Q-cm) 


Alliage 


Apmes(#Q-cm) 





Oo 


“SIMI Ul W 


Na-Li 
Na-K 
Na-Rb 
Na Cs 
Na- Ag 
Na-Au 


— eR CO RO 
NN Re Bp 


vu Ww 


UNO Whe 


On remarque un bon accord pour les éléments 
alcalins, mais pas pour l’argent ni lor. Cette 
différence de comportement se confirme dans 
l’étude du déplacement de Knight du sodium con- 


tenant ces atomes en solution. 
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4. Calcul du déplacement de Knight du sodium 

On sait que la fréquence v de résonance mag- 
nétique nucléeaire d’un métal pur est plus élevée 
que si ce métal se trouve combiné dans un sel. 
Le déplacement relatif: K = Av/y est propor- 
tionnel a la densité aux noyaux des électrons du 
niveau de Fermi. 

Dans l’alliage A B, la perturbation de la densité 
électronique de A par les atomes dissous B modifie 
le déplacement de Knight K du métal A. Le 
changement relatif AK/K est proportionnel a la 
concentration c en atomes B, au moins tant que 


celle-ci n’est pas trop forte :( 


AK "i. 
c »> (a) sin?m,+ 8; sin 277) 
K a 


—(2/+1) S wWRR)n(RR) 
id 
R 





Dans ces formules, j; et nj sont respectivement les 
fonctions sphériques de Bessel et de Neumann; R 


désigne le rayon vecteur d’un noyau A a partir du 
noyau B pris pour origine. 

Dans un alliage liquide, pres du point de fusion, 
nous admettons qu’il subsiste un ordre local 
autour de chaque atome dissous. Nous supposons 
que chacun d’eux est entouré de huit premiers 
voisins, comme dans la structure cubique centrée 
des métaux alcalins; ou bien, quand l’atome 
dissous est beaucoup plus gros que le sodium, 
nous envisagerons la possibilité d’un environne- 
ment compact de douze premiers voisins, comme 
dans la structure cubique a faces centrées. A 
l’extérieur du volume occupé par ces atomes, nous 
tégrale de volume, de fagon a tenir compte de la 
répartition aléatoire des noyaux dans le liquide. 

Le tableau 2 permet de comparer les valeurs 
ainsi calculées aux résultats expérimentaux de 
BLOEMBERGEN et Rrmai®), d’une part d’ORIANI et 
Wess"), d’autre part : 

L’accord entre les valeurs mesurées et calculées 


remplacons la somme sur les sites R par une in- 


est assez bon quand les deux constituants de 
j alliage sont des métaux alcalins; il est beaucoup 
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Tableau 2. Variations par unité de concentration du 
déplacement de Knight du solvant dans les alliages 
liquides. 


1/C AK/K 





Alliage Calculé 
= 55 Mesuré 
CFF 
—0,5 (9% 
0,25 0,35(8) 
0,4 0,5 (8) 
0,67 0,7 (9% 
—0,25(8) 
—0,43(9) 
—0,5 (9% 
—0,5 (9% 


Na-I Ig 


Environnement des premiers voisins formant 


was Cs SER 
une structure cubique centrée. 
T<.0A, 2 


mant une structure cubique 4 faces centrées. 


Environnement des premiers voisins for- 


moins bon pour l’or et le mercure dans le sodium. 
Ceci est a rapprocher du fait que la dissolution du 
mercure dans le sodium se fait avec une contrac- 
tion considérable.@9) Dans ces conditions, il n’est 
plus justifié de prendre pour rayon du potentiel 
diffuseur le rayon atomique du mercure pur. Cette 
contraction indique que la perturbation affecte 
fortement les atomes de sodium voisins du mer- 
cure dissous; notre modeéle n’est plus valable dans 


Ce Cas. 


5. Conclusions 

Nous avons appliqué a des alliages liquides 
d’éléments de méme valence, un modéle concgu 
solutions solides diluées 
d’éléments de différentes. Ce modeéle 
nous a donné simultanément des valeurs de la 


initialement pour les 


valences 


résistivité et du déplacement de Knight en assez 
bon accord avec l’expérience pour les alliages 
formés de métaux alcalins. I] cesse de s’appliquer 
quand I’électronégativité du soluté differe notable- 
ment de celle du solvant; ceci suggére de considérer 
ensemble, dans ce cas, l’atome dissous et ses plus 
proches voisins, dont les nuages électroniques 
doivent étre fortement perturbés. 
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ERRATUM 


R. F. Bresrick, Minimum molar Gibbs free energy and small devia- 
tions from stoichiometry in crystalline binary compounds, /. Phys. 
Chem. Solids 11, 43 (1959). 


The energies to create a cation and anion vacancy have been incorrectly 
given as Cyc and Cp4 respectively. Inspection of the Boltzman factor in 


the grand partition function) shows that the energy required to remove 
an X-atom from the crystal to the standard state leaving an anion 


vacancy in the crystal and an electron at the Fermi level, the total con- 


centration of cation vacancies being held fixed, is given by €,4—U+ Ey. 
The energy to create a cation vacancy under analogous conditions is 
fnc—U—Ey. Removing the unnecessary restriction that the crystal 
be simultaneously stoichiometric and intrinsic, the term Cac—Cna in 
the right-hand member of equation (6) becomes Cac— €na—2£ 7! where 
E7* is the Fermi level in the intrinsic crystal. This quantity then is the 
difference in the energy to create a cation vacancy in the intrinsic 


crystal and that to create an anion vacancy. 
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